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^•JlFACE TO FIBST EDITION. 

1 have endeavoured, without exeeed- 
^ size of an Elementary Treatise, to give a 
^ account of the Analytical Geometry of the 
including the most recent additions to the 

years Analytical Geometry has been my 
£ind some of the investigations in the more 
Jons of this Treatise were first published in 
by myself. These include: finding the 
Circle touching Three Circles ; of a Conic 
Conics ; extending the equations of Circles 
L< 1 circumscribed to Triangles to Circles in- 
circumscribed to Polygons of any number of 
^tension to Conics of the properties of Circles 
L Og-onally; proving that the Taet-in variant of 
s tile product of Six Anharmonie Eatios; and 

ro positions in the other parts of the Treatise, 
ri^-en will be found to be not only simple and 
"font in some instances original, 
ixoogr my Work I have consulted the writings or 
iiors. Those to wh :m I am most indebted are : 
i.*. si.es, and Clehsch, ir:m the last of whom I 
tTie comparison cf Point and Line and Lin¬ 
es "Chapter II., Section III. : and ArormojI s 
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notation (Chapter VIII., Section III), now published for 
the first time in an English Treatise on Conic Sections. 
For recent Geometry, the writings of Brocard, Neuberg, 
Lemoine, MUay, and Tucker. 

The exercises are very numerous. Those placed after 
the Propositions are for the most part of an elementary 
character, and are intended as applications of the proposi¬ 
tions to which they are appended. The exercises at the 
ends of the chapters are more difficult. Some have been 
selected from the Examination Papers set at the Uni¬ 
versities, from Roberts’ examples on Analytic Geometry, 
and Wolstenholme’s Mathematical Problems. Some are 
original; and for a very large number I am indebted to! 
my Mathematical friends Professors Neuberg, R. Curtis, 
s.j., Crofton, and the Messrs. J. and F. Purser. 

The work was read in manuscript by my lamented and 
esteemed friend, the late Eev. Professor Townsend, f.r.s. ; 
by Dr. Hart, Vice-Provost of Trinity College, Dublin;. 
and Professor B. Williamson, f.r.s. Their valuable! 
suggestions have been incorporated. 

In conclusion, I have to return my best thanks to the; 
last-named gentleman for his kindness in reading the i 
proof sheets, and to the Committee of the “ Dublin j 
University Press Series” for defraying the expense of v 
publication. j 


86, South Circular Road, Dublin, 
October 5, 1885. 


JOHN CASEY. 




PREFACE TO SECOND EDITION. 


The present edition is entirely the work of my father-in-law, 
the late Dr. Casey, e.r.s. At the time of his death, in 
1891, he had seen nearly 400 pages of it through the 
press, and left me the responsibility of bringing out the 
remainder. 

In the preparation of this edition Dr. Casey had the 
valuable assistance of Professor Neuberg of the Univer¬ 
sity of Liege, who sent him numerous important theorems, 
notes, and suggestions, almost all of which he adopted. 
Knowing that Professor Neuberg was Dr. Casey’s inti¬ 
mate friend and constant correspondent, and that he had 
assisted him in correcting all the proof-sheets of what 
had been printed prior to his death, I naturally turned to 
him for advice and aid before proceeding with the printing 
of the remaining portion. He most willingly promised 
me his valuable assistance. Having revised the proofs, 
I submitted them to him, and he had the kindness to 
correct them and approve of them, before they were 
printed off. 

For all his generous help and advice I beg to re¬ 
turn Professor Neuberg my grateful acknowledgments 
and very sincere thanks. I have also to thank the 
Eev. Robert Curtis, s.j., e.r.u.i., for many useful sug¬ 
gestions, and for the trouble he took in revising the 
proofs. 
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My best thanks are also due to the Board of Trinity 
College, Dublin, for the generous manner in which, on 
the death of Dr. Casey, they undertook to defray all the 
expense of publication. 

The first edition contained 330 pages, the present ex¬ 
tends to 564 pages. All parts have been very carefully 
revised; the proofs are very rigid, though simple and 
concise. The principal additions will be found in the 
theory of “Mean Centre,” of “Anharmonic Eatios,” of 
“ Homographie Division and Involution,” of “ Decent 
Geometry,” and in the Chapter on “The Invariant Theory 
of Conics.” This last theory is expounded with more 
developments than in perhaps any other Classic work on 
the subject. The Exercises have also been considerably 
increased, many of those added being original. 

In conclusion I trust that this new edition, enriched by 
the results of the latest progress of Analytical Geometry, 
will receive from the public the same favourable reception 
accorded to the first. 


P. A. E. DOWLING, B.A., B.IT.L, 

Professor of Mathematics, University College , Dublin , 


4, FxbeidgE’Teeeace, Leesox Pabic, 
Dublin, January 1893. 
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CHAPTER I. 


THE POINT. 

Section- I. —Rule of Stuns.—Resultants.—Peojections. 

1. Rule of Signs. —When we consider several points A, B , C, 
. . . upon the same right line, in order to render formula general, 
it is necessary that the segments comprised between these points 
may be submitted to a rule of signs. 

The segment denoted by AB is supposed to be described by 
a point moving from A its origin , to B its extremity. The 
segment BA by a point moving from B towards A, B being 
origin, and A extremity. All the segments described in the 
same sense are positive. Those in the opposite are negative. 
Hence it follows from this convention that AB = - BA. 

Peop. — If A, B ... K, Lie any system of points on a line 

AB + BC + . . . KL + LA = 0, (1) 

In fact if the moving point describe in succession the segments 
AB,BC . . . LA, it commences at A and returns to A. Hence 
it describes as much in the negative as in the positive directions. 
Hence the sum is zero. 

Cor. 1 .—If 0, A, B be three collinear points, AB = OB-OA. 

For OA + AB + BO = 0; AB = OB - OA. (2) 

This equality serves to refer all segments on the same line to a 
common origin. 

Cor. 2. —If if be the middle point of AB 

OM=i(OA+ OB), OA’ OB = 02£~-\AB\ 
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The Point. 


Demonstration.— OA + AM + MO - 0, OB + BM + MO = 0. 
Adding, and observing that AM + BM = 0, we get 

OA+ OB + 2 MO = 0. Hence OM= b{0A+ OB). (3) 

Again, from (1), we have 

OA = OM - AM, OB = OM - BM= 0M+ AM. 

Hence OA . OB = 0JP - ^i¥ 2 = OM 2 - | : ^E 2 . (4) 

2. Signs of Areas. —The notation OAB denotes the area 
described by the line OM,] 
tnrning round 0 in such a Y 
manner that its extremity M 
describes the line AB in the ' 
direction AB, or, in other 
words, OA is turned round in 
the direction indicated by the 
arrow. Then, if we make the 

G X 

convention that the area OAB 

is positive, then the area OB A, which is described in the opposite 
direction, viz., from OB to OA, is negative. Hence we have 
the following:— 

Eule.— The notation ABC denotes the absolute value of the 
area of the triangle ABC taken with the sign + or the sign 
according as the rotation ABC is in the positive or the negative 
sense. Hence we have AB C = B CA = CAB - - A CB = - BA C 
= - CBA. 

3. Geometric Sum or Eesultant. Dee. —Being given several 
segments A X B V . A 2 B 2 . . . A n B n . If 'ice draw the lines OC x . 
C\ C 2 . . . C n _i C n , respectively equal and parallel to AAI, AJh 
. . . A n Bm and in the same sense the line 0 C n is called the resultant 
of the segments. 

Prop. —The magnitude and the direction of the resultant of 
several segments is independent of the order of sequence of these 
and of the origin. 
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little of Signs— Resultants—Projections. 

1°. For, drawing C\C parallel and equal to A 3 B Z , the figure 
C\C 2 a,C is a parallelogram, then CC 3 is equal and parallel to 
A z B 2 . Hence in this construction it is evident we invert the 



order of sequence of drawing parallels to A 2 B 2 , A Z B Z . Similarly, 
we can invert the order for any two consecutive segments, and 
therefore we can take the segments in any order whatever. 

2°. Taking a different origin O', and drawing O' 0/, 0/ CV, 
CjC z . . . equal and parallel to AfBi, AJB 2 . . . then the 
figures 0 O x 0/0', C\ C 2 Cj 0/ . . . are parallelograms. Therefore 
the lines 00', C x 0/ . . . O n C n f are equal and parallel. Hence 
0 O n , 0' C n f are equal and parallel. 

4. Projections .—The projection of the resultant of several 
segments upon any axis is equal to the sum of the projections of 
these segments upon that line . 

Dem.—If o, c u e 2 ... he the projections of the points 0, C\, 
Co . . . we have 

oc i -l- Ci Co + Co a,, ... -I- e n _i c n + c u o ~ 0. 

Hence oc n - oc x + CiC 2 . . . + c n . x c n . 

Put two equal and parallel lines have parallel and equal 
projections, and of the same sign. Hence projection of 0C n = 
projection of A l B 1 + projection of A 2 B 2 .. . + projection oiA n B n . 

Cor .—The projections may be oblique, that is, the projecting 
lines can be parallel and inclined at any angle to the axis. 
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p EO p._ The projection of a segment AB upon any axis OX is 

eqiml in magnitude and sign to the product of AB by the cosine 
of the angle of the positive directions of the axis , and of the line 
projected. 

Dem._Let A'B ' be the projection of AB upon OX. 

Draw AB" parallel to OX. Suppose AB positive. If we make 
AB turn round A , the sign of AB" is always equal to that of 
the cosine of the angle B"AB\ also in absolute values A'B' « 
AB cos B"AB. If AB is 
negative, the angle of posi¬ 
tive direction of OX and 
AB is equal to the angle 
B"AB ± 7 r. Hence the 

cosine changes sign. Hence 
the proposition follows. 

Cor. — If the projec- 
tants AA\ BB' make an 
angle 6 with OX, we have 

A'B ' = AB sin (6 - a) / sin 0. (5) 

Section Ii.—C artesian Co-ordinates. 

Definition i.— Two fixed fundamental lines XX', YY' in a 
plane, which are used for the purpose of defining the posi¬ 
tions of all figures that may be drawn in the plane, are called 
axes. "When these are at right ^ 

angles to each other they are 
called rectangular axes , other¬ 
wise they are called obligue axes, x*_0__ 

Def. ii.— The lines XX', 

YY' are called respectively the i 

axis of abscisses , and the axis of Y 

ordmates. XX' is also called, for reasons that will appear 
further on, the axis of a?, and YY' the axis of y. 




Cartesian Co-ordinates. 5 

Def. iii. —The point 0, the intersection of the axes, is 
called the origin. 

Def. it.— The origin divides each axis into two parts, one 
positive, the other negative. Thus XX is divided into the, 
parts OX, OX', of which OX measured to the right is usually 
considered positive, and OX' negative, because it is measured 
in the opposite direction. Similarly the upward direction, OT, 
is regarded as positive, and the downward, OY', negative. 
When the axes are oblique the angle XOY between their 
positive directions is denoted by a>. The axes will be rect¬ 
angular unless the contrary is stated. 

Def. v.—Any quantities serving to define the position of a 
point in a plane are called its co-ordinates. Three different 
systems of co-ordinates are in use, namely parallel or Cartesian 
(called after Descartes, the founder of Analytic Greometry), 
Polar, and Trilinear co-ordinates. 


Q, 


MW 


Def. vi. —The Cartesian co-ordinates of a point P are found 
thus:—Through P draw PM parallel to OY; then the lines 
OM, MP are the co-ordinates of 
P; and since OM is measured 
along OX it is positive, and MP 
parallel to OY is also positive. 

Thus both co-ordinates of P are 
positive. Similarly the co-ordi- j 

nates of R , viz., ON', N'R are 
both negative ; and lastly, the 
points Q , S have each one co-ordinate positive and the other 
negative. 


M 


-X 


Def. vii.— The Cartesian co-ordinates of a known or fixed 
point are usually denoted by the initial letters of the alphabet, 
such as a, b. They are also denoted by the letters x, y, with 
accents or suffixes, thus : xy'; x", y", &c. ; x lf y x ; # a , y 2 , &c. 
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The co-ordinates of an unknown or of a variable point are 
denoted by the final letters, such as x, y, without either 
accents or suffixes, and sometimes by the Greek letters a, ft ; 
but these are more frequently employed in trilinear co-ordi¬ 
nates, which will be explained further on. 

5. To find the distance 8 between two points in terms of their 
co-ordinates . 

1°. Let the axes be rectangular. 

Let A, B be the points, x' y ', 
x" y" their co-ordinates. Draw 
BO parallel to OX; AD, BE 
parallel to OY. Then, since 
the co-ordinates of A are x ' y', 
we have 

OB = x'; 

Similarly OE = x", 

Hence BC = x f - 

but AB 2 - BC 2 -i- 6h4 2 ; 

therefore 8 2 = (jxf - #") 2 + (y' - y n ) 2 . (6) 

Hence we have the following rule:— Subtract the x of one 
point from the x of the other , also the y of one point from the y of 
the other; then the sum of squares of the remainders is equal 
to the square of the required distance. 

2°. Let the axes be oblique. 

Since the angle A OB is the supplement of XOY : we have 
AOB = 180°- w. 

Hence AB 2 = BO 2 4 * OA 2 + 2 BO . CL4. cos a>, 

that is, S 2 = <>' - x"f + (y' - y") 2 + 2 (s' - x") (y 7 - y") cos <o. (7) 


•*yi 


BA = y’. 

EB = y". 

OA - y' - y "; 


4-y 


D X 
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In applying these formulae it is necessary to take the signs 
of x\ y '; y " ; cos oj into account. 

Thus, in the annexed figure, 



& = 67/' + ^ 6 /2 - 202?. ^ <7 cos 2? 0-4. 

Hut -4 c = .42? + 270 = y' + (- y") =y f - y", 

OB = OB - OE=x' -x". 

Hence substituting we get equation (7). 

In practice, oblique axes arc seldom, employed; but as they 
sometimes are, we shall give the principal formulae in both 
forms. 


EXERCISES. 

1. 'Find tho distance of the point xy from the origin— 

1°. Wlion the axes are rectangular. Ans. S 2 = x' 2 -f y' 2 . (8) 

2°. Wlien tlioy are oblique. Ans. 5 2 =#' 2 +y' 2 -f 2#y cos co. (9) 

2. Find the distance between the points (rcos 0', rsin0'), (r cos 0", r sin 0"). 

Ans. 5 = 2 r sin J (0' — 0"). (10) 

3. Find tho distance between the points - 

q _ 

1°. When tho axes are rectangular. Ans. 5 = VA 2 + JB 2 . (11) 


Q _ 

2°. Wkon oblique. Ans. 5 = --- \/A 2 + J%~+ 2 AJB cos «. 
AH 


( 12 ) 
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4. If the axes be rectangular determine y — 

1°. If the distance between the points (5, y), (2, 3) be equal to 5. 

Am. or ] W 

2°. If the distance between (2, y), (4, — 5) be V<38. 

Am. 3 or - 13. 

5. Find the distance between the points {a cos (a + £), b sin (« + £)}, 

{ a cos (a - J3) t b sin (a - /J)}. 

Ans. 3 = 2 sin £ { a 2 sin 2 a -f b 3 cos 2 a}*. (13) 

Def .—The line joining two points will for shortness be called the join of 
the two points. 

6. Find the condition that the join of the points x'y\ %"y" may subtend 
a right angle at xy. Since the triangle formed by the three points is right- 
angled, the square on one side is equal to the sum of the squares on the 
other two. Hence 

(x r - x'y + (y - y") 2 = (x- x')~ + (y - y') 2 + {x - x")~ + (y ~ y ") 2 ; 
and reducing, we get 

(* - *') {* - x ") + {y - y') {y - y") = o. (14) 

If the axes be oblique, the condition is 

(* - *') i x - *") + (y- iO {y - v") 

+ s 2^(%-x') (y-y") 4- (x-x") (y-f)} cosw- 0. (15) 

6. To find, the condition that three points x'y ', x"y ", 
be collinear. 

Let .4, B, C be the points : drawing parallels we have, from 
similar triangles, BB : AB :: CE : 1EB. 


Hence 


x* - x" x"- x'" 

y ' - y" ~ y"- y"° 



(16) 


or 


(x'y"-x"y') + (»Y" ~ *'Y') + -o. (17) 
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This may he written in the form of the determinant 

*'> y', i, 

x "> y", i, =o. (18) 

*t", y'"i l, 

7. This proposition may he proved otherwise, and by a 
method which will connect it with another of equal impor- 
tance. 

Lemma. The area of the triangle ivhose summits are x'y\ %"y", 
and the origin is -J {x'y" - x"y') sin w. 

Bern.—Through the points 
x'g f , x"y" draw parallels to 
the axes ; then the parallelo¬ 
grams OJDCT, OGFJS are re¬ 
spectively equal to x'y" sinw, 
x'y sin co. Hence the tri¬ 
angle OAJB , which is evi¬ 
dently equal to half the dif¬ 
ference of these parallelo¬ 
grams, is 

£ - X n y') sin w. (19) 

Cor 1.—If the axes he rectangular, the triangle 

OAB~\ {x'y" - x"y '). (20) 




To apply this, let A , B, C be three collinear points. Join 
OAj OB , OC ; then we have A OAB + A OBC- A OAC; 
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therefore Ay u ~ x u y l + x n y ,n - x ,n y ,f = x'y ,n — x f "y 
or (x'y n - x"y f ) + ( x ,f y nt - x nt y u ) + (x ,,r y f - x r y" f ) = 0. 

8. The Lemma of § 7 enables us to find the area of a triangle 
in terms of the co-ordinates of its summits . 

Lor, if any point 0 within the triangle be taken as the origin 
of rectangular axes, and the co-ordinates of the vertices be 
x'f, x' r y n , x n/ 'y ni , then join OA, OB, OC. Since the triangle 
ABC = OAB + OBG + OCA , 

we have 


A ABC = %{x'y"- 

-x"y' 

4 - x n y nt - 

1 

+ 

r 

(21) 


x f , 


i, 



or = -i 

x", 

y", 

• i, 


(22) 


x”' 

. y'", 

1, 




It is evident that we get the same result if we take the 
origin outside the triangle by attending to the signs of the 
areas (see § 2). 

From this proposition it follows that the geometrical interpre¬ 
tation of the condition that three points should be collinear is, 
that the area of the triangle formed by them is zero. 

9. The area of any polygon, in terms of the co-ordinates of its 
summits, is 

i {(^ 2 -^ 1 )+(^ 3 -^ 2 ) + . • • (23) 

For, let ABC DBF be any closed non-intersecting polygon, 



whatever may be the point 0 , we have area = OAB + OBC 
+. . . OFA, whence we get the formula (23). 
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If it be an intersecting polygon (Polygone etoile), by defini¬ 
tion its area is OAB + OB C . . . OFA ; but in this case it is 



necessary to verify that the origin 0 may be any whatever, we 
have 

OAB = O' 0.A + O'AB + O'BO, 

OBC = O'OB + O'BC + O'CO . . . 

Adding these equalities, and remarking that O r B 0- -O' OB, &c., 
we get 

OAB + OBC . . . + OFA = O'AB + O'BC ... + O'FA. 


EXERCISES. 


Find the areas of the triangles whose summits are— 

1. (1,2); (3,4); (5,2). 2. (3,4); (5,3); (6,2). 

3. (- 5, 4) ; (- 6, 5) ; (6, 2). 4. (2, 1); (3, - 2); (- 4, - 1). 


5 - ( - rV) ’ (°’ir)- 

Substitute the co-ordinates in equation (21), and we get 


2area = 


/ i 5 

■ C/A, 0, 1, 

0, - C\B, 1, 


= Cx'\B + Ci/1A + C 2 /AB = C(Ax' + B/ -l- C)IAB. (24) 

6. (at' 2 , 2at r ), (at"*, 2 at"), at'" 2 , 2 at'"). 

Ans. - or (f — t") (t" — t"’) (£"' - t'). (25) 

7. {at't", a(t' 4- £")} ; {at"t"’, a (t" + £'")} ; {at"'?, a(t'" + t')}. 

Am. Half the area of Ex. 6. 
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8. (0 cos 0', b sin 0'), (a cos#", b sin («cos0'", 5sin0'"). 

jdtws. sin ^ ( 0 ' - <p") sinJ (0" — 0'") sin ^ ( 0 "' - <p '). (26) 


9. {& tan <p } k cot 0), (k tan 0', k cot 0'), (k tan <p ", & cot 0"). 

r 

4F sm sin W" sin W ~ ft) / 2 

sin 20 sin 20' sin 20" ^ 


10. Let there he upon the same right line two fixed points, 

A , B , and a variable point (7, the quotient, y A B X 

CAjCB is called the ratio of section of the ' 1 

point C ? and is denoted by (. AB , C). When C moves from A 
to B the ratio ( AB, C) is negative, and varies continuously 
from 0 to • 00 . When C moves along BX we have CA / CB 

- (CB + BA) I CB = 1 + BA / CB. This ratio is +, and varies 
from + 00 to 1. When C moves upon AY we have CA/CB 
= (CB - AB)jCB = 1 - AB/CB, the ratio is +, and varies 
from 0 to 1. From this discussion it follows—1° that the ratio 
of section (AB, C) can take all values positive and, negative, and each 
only once ; 2° that the point at infinity upon the line corresponds to 
a ratio of section equal to -h 1, the middle of AB to a ratio equal to 

- 1, and the points A, B to ratios equal to 0 and 00 . 

11. To find the co-ordinates of the point which divides in a given 
ratio - l/m, the join of two points, x'y', x"y". 

If A, B be the given points, let C be the point of division, 
xy its co-ordinates ; then, drawing parallels, we have 


l CA C'A’ OA'-OC f 
m~'CB~~C r B t ~~ OB' - OC 


therefore x = 


lx" 4 - mx h 
l + m 


Similarly, y = 


ly" + my 1 
l + m , 
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If the join of the two points be cut externally, we get 



I 


m x - x"‘ 

Hence 

lx 11 - nix' 

x= — - 

l - m 

and 

t S 

1 l 

II 


i • 


(29) 


Cor. 1.—If the ratio Ijm be denoted by X, we have 


x = 


x' + Xx n 

T Tx ’ 


y' + Xy 

l + x * 


(30) 


Hence, by varying X we get the co-ordinates of any point in the 
line AB , in terms of a single parameter X. 

Cor. 2.—If X be equal to unity, we get 


x - 


x' + x" 


2 


y = 


y' + y" 
2 ' 


(31) 


Hence we have the following :— 

Etjle. —The co-ordinates of the middle point of the join of two 
given points are respectively half the sums of the corresponding co¬ 
ordinates of these points. 

Def. I. — Two points , C\ J), which divide AB internally and 
externally in ratios which differ only in sign are said to be harmonic 
conjugates to A, B. Their co-ordinates are of the forms 


£' + \ X " 

1 + \ ’ 

ii 

(32) 

x f - Xx n 

1 - A ’’ 

ii 

(33) 


. Def. II. —Two points , C\ JD ) equidistant from the middle point of 
AB , are said to be isotomic conjugates with respect to AB. Their 
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co-ordinates are of the forms 


x* + Xz" 

y’+Xy" 

(34) 

*= 1 + x ’ 

y= 1 + A ’ 

x" + \x r 

y" + h/ 

(35) 

x ~ 1 + A ? 

1 + A- 


EXERCISES. 

1. Find the co-ordinates of the points which bisect the joins of (8, 12) ; 
(4,-5); (-12,-6). 

2. The join of the points (3, 4) (5, — 6), is divided 1° into 3, 2° into 5, 
3° into 7 equal parts ; find, in each case, the co-ordinates of the division 
which is next to the point (3, 4). 

3. The joins of the middle points of opposite sides, and the join of the 
middle points of the diagonals of a quadrilateral, are concurrent. For, if 
x\yi, $ 2 V 2 , x$y 2 } £.i ?/4 he the co-ordinates of its angular points, then the 
co-ordinates of the point of bisection of the join of the middle points of its 
diagonals, or of either pair of opposite sides, are 

i (si + *2 + #3 + %i), i (2/i + 2/2 -I- 2/3 + //4). (36) 

Theory of the Mean Centre. 

12. Def .—Let there he given n points, A x , An . - . A n , and a 
corresponding system of multiples , m x , . . . m w connected with 
them , then, if a point B x he determined on the join of A u An , so 
that the ratio of section (A X A 2 , B x ) may he equal to - nu : m x . 
Again , if Bn he a point on the join of _Z> l5 A z , so that (B X A 3 , Bj) 
= - m 3 : nii 4- nu, §'c.; lastly, let B n _ x he on the join of B n _ 2 , A n , 
( B n . z A n , B n _ i) = - m n : m L + m 2 . . . B n _ x is called 
the mean centre of A x , An . . . A n for the system of multiples 
Mi, m 2 . . . m n . 

It will he seen that the foregoing construction is the same as that given 
in statics for finding the centre of gravity of masses mi, m 2 , . . . w», at the 
points A\, An , . . . An ; hut as Analytical Geometry is altogether inde¬ 
pendent of that science—although it may employ some of its terms—we have 
thought it best to give a purely geometrical definition of mean centre. 



Cartesian Co-ordinates. 


15 


13. Pnop.— If x x y^ x 2 y 2 , • - • x n y n he the co-ordinates of 
Ai, A 2 , . . . A n , the co-ordinates of the mean centre are 


i t Vi; 

5 ^ ^??i 1 


In fact, from § 11 we get the abscisses of the points B : , B 2 


^ m 1 x l -m 2 x 2 ^ (?;?! 4 - m2) X x 4 m : x : 

j k _ 1 — -, a 2 = ■ : ~ 

nil 4 Tt h ni\ 4 - nu - m z 


7n l x l 4 - m 2 x 2 — m 2 x> 

=-&e., 

m 1 4 - m z 4- rn z 

similarly for the ordinates. 

Cor. 1.—The mean centre is independent of the order in 
which we combine the given points. 

Cor. 2 .—In order to find the mean centre of a system of points 
for a system of multiples we may divide them in groups; find 
the mean centre of each group; then find the mean centre of their 
mean centres for multiples equal to the sum of the multiples 
belonging to each group. 

Cor. 3 .—If nii 4- ni 2 ... 4 * m n = 0, the mean centre is inde¬ 
terminate or at infinity on a determinate line. 

Let B n _ 2 be the mean centre of A ly A 2 , . . . A n _ 1? then the 
point _Z>Vi must satisfy the proportion 

(-£„—i B n _ 3 ) : (B,^ A n ) = - m n : m x 4 m 2 .. . = 1. 

If B n .o does not coincide with A n , the point B n _ x is at infinity 
on the line B n . x A n , if B n . 2 coincide with A n . B n _i may be any 
point whatever in the plane. 

14. If 21 he the mean centre of the summits A. B. C of a 
triangle for the system of multiples a. f3< 7, then a : j3 : 7 : : the 
triangle BMC : CMA : AMB. 
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Bern.—-In order to find tlie point M we divide AB in C so 
that the ratio of section ( AB , C') ~ - j3 : a, that is BC': C'A 

A 



: : a : ft ; hut BC' : C'A : : triangle BMC : CM A. Hence 

a: 13:: BMC: CMA. Similarly 0 : y :: CMA : AMB. 

Cor. If a + (3 + y = 0, hut a, 0, y variable, the locus of the 
point M is the line at infinity. 

Def .—If mi - m 2 = m 3 ... = m n the mean centre is called the 
centre of mean distances. 

EXERCISES. 

1. The medians of a triangle are concurrent, for each passes through the 
mean centre of the summits. 

2. The orthocentre of a triangle is the mean centre of its summits for 
the multiples tan A, tan B, tan C. 

3. If x'y', %”i /", x'"y be the summits of a triangle, a, b } c the lengths 
of its sides, the co-ordinates of its incentre are 

ax’ 4- bx" + ex’" ay’ + by" 4- c\j" 
x *4* b 4- c 1 b c 

4 . If B he the centre of mean distance of A \, A 3 , . .. A n , the sum of the 
projections of the lines BA\, BAz, .. . BA n upon any axis whatever is = 0. 
Take B as origin, and the axis of x the line on which the projections arc 
made. 

• 3 . Find the co-ordinates of the centre of mean position of the points 
[a cos a, b sin a), {a cos /3, b sin fi), (a cos 7, b sin 7 ), 

{a cos (a + /3 + 7), — b sin (a + $ ■+• 7)}. 

Am. x = a cos J- (a + 0 ) cos J (j 3 + 7) cos J (7 + a), 

y = b sin (a + j3) sin(£ 4 - 7) sin J (7 4- a). (39) 
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6. If S be the mean centre o£ the points A, JB, C, . .. Z for the multiples 
a, b f c, ... I, the sum of the products of the projections of the lines SA. $'ll. 

. . . SL upon any line whatever hy a, b, ... I —0. In fact, from [37} we get 

2axi — i:2a = 0, or 2a {.»*i - x) — 0. (Steiner. \ 

7. With the same hypothesis if IT he any arbitrary point, 

aTA 2 + bTB 2 . .. ITL- = aSA 2 -f bSB-~. ISL 2 A 2 (a) . TS 2 . (raid.) (40, 
If x, y he the co-ordinates of T, and S he taken as origin, we have 
2ax i = 0, 2*yi = 0 ; 

but 2 (a) TA 3 = 2* {(x - #i) 2 -f {y - yi ) 2 } = 2a (x 2 A ?/-) -f 2a (rr 4 yr) 

- 2x 2ax L - 2y 2aiji = (2a) ST 2 -f 2 (aSA 2 ) . 

S. In the same case 

2a . SA 2 - — . 2ab. AJB 2 . (Ibid.) (41 j 

2a 

Taking S as origin, 2ax\ — 0, 2ay\ = 0, square and add and we Lave 
2d 2 (xp -f yr) + 2 2ab (o:i a* 2 -f yi yi) = 0, 
or 2a 2 (#i 3 -f yr) + 2ab { x r -f yv -f xl + yi 1 — (xi — x 2 ) 2 - (yi - yi) 2 j = 0, 
or 2d 2 . SA 2 -f 2ab (SA 2 -f* SB 2 — AB 2 ) = 0. 

Hence 2aSA 2 (a + o + . . .) = 2abAB~. 


Section III. —Polar Co-ordinates. 

15. The polar co-ordinates of a point P are— 

1°. Its distance OP from a fixed point 0, called the origin. 
OP is usually denoted by p, and is called the radius 
rector of the point P. 

2 °. The angle 0, which OP makes with a fixed line ( caIL d 
the initial line), passing through the origin. 

Prom these definitions it is evident that any equation in 
Cartesian co-ordinates mil he transformed into polar co-ordi¬ 
nates if the initial line coincide with the axis oi x , by the 
substitution x = p cos 0, y - p sin 6 ; or by the substitution 
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x = p cos (0 - a), y - p sin (0 - a), if it make an angle a with, 
the axis of x. 



The angle 6 has the same meaning as in Trigonometry. If 
with 0 as centre with a unit radius we describe a circle meeting 
OP in M , M'; 0 is the arc AM or more generally AM+ 2mr. 
In some questions the radius vector OP is negative; then 9 is 
the arc AM'. 

EXERCISES. 

1. Change the following equations to polar co-ordinates. 

1°. x 2 + y 2 — 2ax. 3°. = y 2 (2a - x). 

2°. s’ - y* = lax. 4°. J/X= ^ 

a — x 

2. Change the following equations to rectangular co-ordinates:— 

1°. p 2 = a 2 cos 20. 3°. p 3 sin 20 = a 2 . 

2°. cos J0 = 4°. p% — cos ^0. 

3. What is the condition that the points pi 0i; p 2 02 j P 3 03 may be col- 

linear ? Ans. pi p 2 sin (0i — 62 ) + p 2 p 3 sin (02 - 03 ) + P 3 pi sin (03 - 0i) = 0. 

4. Express the area of any rectilineal figure in terms of the polar co¬ 
ordinates of its angular points. 

16. In some special questions we use with advantage biradial 
co-ordinates or biangular co-ordinates. These are defined as 
follows :—Being given two fixed points F, F', the biradial co- 
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ordinates of a point P are the distances PF = p, PF' = p' ; to 
every system of values of these radii vectors correspond two 
points symmetriques with respect to F. F'. p. p f are the biradial 
co-ordinates of P . The biangular co-ordinates of P are 

cot F'FP = A, cot FF’P = p. 

Section III.—Tbaxsfobmxtxqn of Co-obdinates. 

17. The co-ordinates of any point P icith respect to one system of 
axes being known , to find its co-ordinates icith respect to a parallel 
system. 

Let O x , Oy be the old axes, O'X , O' Y the new, so that O' 
is the new origin; then let the co-ordinates of O', with respect 
to Ox, Oy , be x', y r —that is, let OL = x r , LO' = if. Again, let 
x , y be the old co-ordinates of P, that is, let OM= x, MP = y. 
Lastly, let X , Y be the co-ordinates with respect to the new 




axes ; then we have 

0'N=X, JVP — Y; 

therefore, since 

0M = OL + O'X, and MP = L O' -f XP, 

we have 

x = x' -f X, and y = if -f F. (42) 

Hence , if in any equation ice replace x, y by x' - X, y'-r F, tee 
have it referred to parallel axes through the point x'y 
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EXERCISES. 

1. Refer the following equations to parallel axes:— 

1 -. x 1 -r y 1 — 12r - 16y - 44 = 0. New origin, 6, S. 

a; 2 + |/ 2 - 144 = 0. 

2 5 . 3.r 2 - 4xy + 2p + 7x - by - 3 = 0. New origin, 1, 1. 

2. Find the co-ordinates of a point, so that when the following equations 
are referred to parallel axes passing through it they may he deprived of 
terms of the first degree :— 

1°. 3x* + oxy 4- ?r - 3a- + 2y + 21 = 0. - if, ft- 

2 9 . 5.r + 2 xy -f- y~ - 10# + 2y + 10 = 0. Ans. f, — 

3\ 4x 2 + 4xy + y- - Sj - 6 y - 10 = 0. Ans. oo, oo . 

18. The co-ordinates of a point P with respect to a rectangular 
system Ox , Oy of axes being known , to find its co-ordinates with 
respect to another rectangular system OX, OY,\ having the same 
trigin, hit making an angle 0 with the former. 

Let OM ’ MP, the co-ordinates with respect to the old axes, 



be denoted by x, y; and ON. NP the new co-ordinates by 
X F. 

Let OP be denoted by p, and the angle PON by <£. Now 

since 

cos (9 -r <£) = cos 9 cos <f> — sin 6 sin <£, 
and sin (9 + <£) = sin 6 cos <£ + cos 9 sin <j>, 
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multiplying each by p, and substituting, we get 
x = X cos 6 - Y sin 0,\ 

' 43 '. 

y = X sin 0 4 Fcos 0 / 

Cor.—If the equations (43) be solved, we get 


X = x cos & 4 y sin Of. 

i ‘ 4 4 ; 

F= y cos 0 - x sin 0 ; 

Observation .—Those who are acquainted with the Diffe¬ 
rential Calculus will see that 



and 



The following more general demonstration is due to Briot 
et Bouquet. 

Let OZloe ah axis of projection, then 



proj. of OM = proj. of OP 4 proj. of PJ1 
= proj. of OP' 4- proj. of P'31. 
X cos ZOX 4 y cos ZO Y 
= x/qos ZOXXf cos ZOX. 


Hence 
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Q‘> 


Supposing OZ to be successively perpendicular to OY ’ OX , and 

vre get 


# s in # = #' sin (# - a) 4- sin (0 - a'), 
y sin 0 = %' sin a + y r sin a!. 

If both systems are rectangular, we have 

6 = 1 ' a '=i + a ’ 

and the equations are 

x - x r cos a - y' sin a, y = x' sin a 4 -y* cos a, 
which are the same as equations (43). 


(45) 

(46) 


EXERCISES. 

1. If we transform from oblique co-ordinates to rectangular, retaining 
:he old axis of as; prove Y- y sin u, X~ x + y cos a. 

2. If z, y; x', y be the co-ordinate of a point referred respectively to 
rectangular and oblique axes having a common origin; prove that if the 
axes of the first system bisect the angles between those of the second, 

x = (x'+y’) cosfw, 
y = (x* — y’) sin Jw. 

3. Show that both transformations are included in the formulae— 

x-Xx +yy + v, 
y - \'x 4 - ix y 4 v\ 

by giving suitable values to tbe constants A, y , &c. 

*4. If the old axes be inclined at an angle a, and the new at an angle w', 
and if the quantic ax 2 4 2 hxy + £y 2 , referred to the old axes, he transformed 
to aX 2 4- 2 h'XT4 - b'Y 2 , referred to the new ; prove — 

„ ab — li- a’V — h ” 2 
sin-« sir® 

a+b-2hcos 00 a' 4 V - 2 h’ cos w' 
sin 2 a> simV 


(47) 

(48) 



Transformation of Co-ordinates. 2*3 

If M be the point xy referred to one system, and XT referred to the 
other system, 

02L 1 = x 2 -f f + '2xy cos co — X~ 4- l' 2 4- 2XF cos to '; 

biit 

ax~ 4- 2 hxy -f by~ — a X 2 4- 2/i y JF 4- b' T~ (hyp.)* 

Hence if X be any multiple 

ax 1 -j- 2 hxy 4- by- -f A. (a* 2 + ?/ 2 — 2 xy ccs 

= a! X 2 + 2//IFh F 2 4- A (X 2 4- F 2 4-2XF cos 
or 

(a 4 A) a: 2 4- 2 (A 4- A cos to) xy ~ {b - X) V 2 

= («' 4- A) X 2 4- 2 (A' + A COS go') XF- ($' -4 A) F 2 . 



How, if the first side of this identity be a perfect square, the second -will 1>- 
a perfect square ; but if the first be a perfect square. 


(a 


-f* a) ~v A) — ([h -f A cos coy — 
a -r b — 2h cos to “ ab — k 

A- 4-—- 4- -r -~— 


0, or 
- = 0 ; 


and if the second be a perfect square, y 


A 2 4* 


a r 4- b' — 2 hf cos &/ 
sin 2 »' 


+ 


ah' — Ji~ 
sin 2 u/ 


0 . 


Since the same values of A satisfy both equations, the coefficients must ce 
equal. Hence, &e. 



The Point. 


^Section IV.—Complex Variables. 

19. An expression x-riy, in which x, y are the rectangular 
Cartesian co-ordinates of a point P, and i the imaginary radical , 
V /Z~i is called a complex magni- 

iude. I/p- v 7 * 2 + f = OP, 
p is called the modulus , and the 
angle 6, made ly OP with the 
axis of x , the inclination or ® M X 

argument. 

The modulus p is always positive, the argument is determined 
except a multiple of 2tt. We say that the imaginary x 4- yi is 
represented ly the point P, and also ly the vector OP. 

Complex magnitudes were introduced by Cauchy in 1825, 
in a memoir, u Sur les integrates definies prises entre des limites 
maginaires the method of representing them geometrically 
is due to Gauss. The introduction of these variables is one 
of the greatest strides ever made in Mathematics. The whole 
of the modem theory of functions depends on them ; and they 
are so connected with modern Mathematics, that some know¬ 
ledge of them is essential to the student. We shall give only 
their most elementary principles. 

20. If the complex varialles z 1} %, s 3 . . . z n le represented ly 
the vectors 0A U 0A 2 , 0A Z , . . . 0A n , the sum S(si) is represented 
ly the resultant of the vectors. 

First, to find the sum of s 1} s 2 , draw 
A , B 2 parallel and equal to OA 2 , we 
have proj. OB 2 = proj. 0A l + proj. 

A^-pvoj. OA^ proj. OA 2 . Hence 
if the co-ordinate axes OX, OY be 
taken as axes of projection, we have 
ahcissa of B 2 = %\ 4- x 2 , ordinate of 
B- = yi -r g^y and continuing thus draw B 2 B Z equal and parallel 
t o OA z , B Z B± equal and parallel to 0A±, &c., we find the 
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abcissa of B n = 5 (^i) ? ordinate of B n - ^ h/ 2 '. Hence the pro¬ 
position is proved. 

21. jZb construct the- rector tchick represents the difrrenc- 

between, two complex variables .—If we put z : - = r 3 , we have 

% = s 3 — s 2 . Hence we have the following construction for 
finding the vector and the point which represent the difference 
of two complex magnitudes. Draw from He orpin a line OA m 
equal and parallel to the line -4 3 2? 5 , joining the representative point e. 
Ai , Bo of s 1? s 3 ; then OA 2 rr/ZZ Z/<i> vector, and A_ tie p:d?:t 
required. 

22. Being given the vectors OA l5 0H 2 qf complex magni¬ 
tudes %, s 2 Zo construct the vectors y 
«/%%, Sl/%- 

1°. Their product. —Let s 1? s> be 
the given points, p 2 , p 2 their mo¬ 
duli, and 6>!, # 2 their arguments; 
then we have 

Si = pi (cos + / sin 6i). 

% = pi (cos # 2 4- Z sin & 2 ); 
therefore s 2 s 2 = pip 2 {cos (0 X 4- On) 4 - i sin - 6h : 

= p 3 (cos 0 3 4- Z sin Of. 

Hence, if s 3 he the point required, p 3 its modulus, and d its 
argument, we see that the product of two complex magnitudes 
is a complex magnitude , whose modulus is equal to fie product of 
their moduli, and argument equal to the sum of Heir argumniTs* 
Hence, if we make OA equal to the linear unit, the triangle 
A 0% is similar to s 2 0s :3? and the method of constructing the 
point s 3 is known. 

2°. Their quotient. —This follows from Xh Tor wc have 

S3 S 2 

So " I' 

Hence the quotient s 3 4- s* makes with axis of x an angle equal A 
that which s 3 makes with s 2 , and the modulus is a tout A. pt.pjr- 
tional to p 2 , p 3 , and 1. 
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EXEECISES. 


1. Transform £ 4- l U to polar co-ordinates. Ans. pe { 0. 

2. Find the point which represents— 

2 i » i 
3 5 ~ 2 ’ 3 J 

S. If r 2 , ~s he three coinitial complex variables, prove that if three 
multiples l. m, n can be found satisfying the two equations 

hi 4- mzo + nzz sO, l 4 on 4- « = 0, 


the corresponding points are collinear. 

4. If 0 be the origin, a, fi, y complex magnitudes representing the 
angular points of the triangle ABC, prove that if la + mfi 4 ny = 0, the 
points A', B', C\ in which the lines AO, BO , CO meet the sides of the 
triangle, are denoted by either of the systems 

- la — mfi - ny m onfi + ny ny 4 la la 4 onfi 

ni -r w * n -r l £4 on on 4 n n + l l + n 




5. If a, fi, y , 5 represent any four coplanar points A, B, C, I), and if 
the multiples 1, on, n, p satisfy the two equations la 4- onfi + ny + p§ — 0, 
i - m -i- n -r p- 0, prove that the point of intersection of AB and CD is 


- mfi 


l- 


of BC, AD is 


mfi 4- oiy 
on -f oi J 


and of CA, BD is 


la 4 oiy 
1 4- n 


6. If z be the complex magnitude which represents the mean centre of 

the points ri, -2 * - * &c., for the system of multiples a, b } c . . . I, prove 

- _ 2 

7. If - denote any complex magnitude, prove that the points z°, z l , z 2 , s 3 , 
&c.j represent the summits of a polygon whose angles are equal, and whose 
sides are in GB. 

Dep.— The polygooi of this Ex. is called co logarithmic polygon. 

S. Prove that the n values of zk represent the summits of a regular 
polygon. 

9. Between the points z° and 2 , prove, that can be described, 01 logarithmic 
polygons each of n sides. 

10. If a figure be given, the vectors of whose summits are sj, s 2 , s 3 , &c., 
prove that a translation of the figure is expressed by adding a complex 
magnitude, a 4 fii, to the vector of each summit; and a rotation through 
an angle 9 about the origin by multiplying z Xf 23 , &c., each by 
cos 9 4 i sin <p. 
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IMASCEEEAXEOtrS EXERCISES. 


1. Show that the polar co-ordinates (/>, 0); (- p, ir~ 8]: (- p } d — ir\ all 
represeat the same point. 

2. Prove that the three points 

— _ / oo 33% 

(«> b ); (a -r 2S V 2, b + 2Si/2); U + jr d - 7 = S 

V v2 v'-; 

form a right-angled triangle. 

3. Find the perimeter of the quadrilateral whose vertices, taken in order, 
are 

(a, a Vs) : (- iV3, o) ; (- r, - c y's) : -rrt. 

4. If the opposite sides, AD, DO of a quadrilateral he divided in the same 
ratio in the points F, F ; and the sides AD, BO in the same ratio in the points 
6% S ; prove that 2&F, 6rDT intersect in a point l f so that 

io^fa if_ga 
IS ED ’ if~od ’ 

5. If the points (a5), («' &'}, (# — a', 6 — 6') he collinear, prove ah’ = 

6. If the co-ordinates (#' y'), (a*' 7 y”), (a;"' */'") of three variable points 
satisfy the relations 

(A - x") - x"') - u (y" - y'"}, 

(/ - /') = * (/' “ SO -r (*" - 4”), 


where A. and p. are constants, prove that the triangle of which these points 
are vertices is given in species. 

7. If two systems of co-ordinates have the same origin and the same axis 
of x, prove tfhat 

, sin (o> — «') 


x — x + y 


y = y 


8. For what system of multiples is the cireumcentre of a triangle the 
mean centre of its angular points ? 

9. If S be the mean centre of the points A, D, C ... Z for the multiples 
a, b, c . . . I, prove, if The any arbitrary point, that 

{2a) TS 2 = {2a) 2a . TA 2 - 2ab . AD 2 . (49; 

LagbjlNGE, Mtcaniqne Analitique. 

2TA- = -SAB- + « TST-. ..50) 

n 


10 . 
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11. Prove that the degree of any equation cannot be altered by transfor¬ 
mation of co-ordinates. 

12. HA. B, C, I) be four collinear points, prove that 

AB . CD -f BG. AD 4- CA . BD - 0. 


13. P: 


polar co¬ 


re the following formula? of transformation from oblique axes to 


x = p 


sin (a? — 6) 
sin oj 


V = P 


sin 0 
sin (a 


14. Prove that the diameter of the circle passing through the two points 
p 6\ p’ 3’', and the origin, is 

\p- -r p"~ - 2p' p" cos (6' — 6 ") 
sin (O' - 6 ") 

15. Find the area of the triangle whose vertices are the three points 


1 9r\ 

/ 27r\ 

( 2a > e + s)’ 

( 3a > 6 + y) 


10. If B be the centre of mean distances of the points A\ , Az . . . A n 
2 [AlAzJC- = n 2 [BAiA»)\— Desire Andre. (51) 

17. If B be the mean centre of A h Az, A n for the multiples m 2 . . . 
?j<: i, 2 »h:W 2 W 3 {AiAzAzY = 2 (f«i) (BAiAz) 2 .— (Nbubbro.) ( 52 ) 

Multiplying the matrices 



hlZ 

. . »2«, 


1, 

i . 

-1, 


m 2 Xz 



a*i, 

Xz . 

• Xn, 


- • Wn^n, i 

j 


■ 

■ • Vn, 


The product will be 42a?i?«2/«3 [AiAzAz) 2 (Muir. Det., § 72), and also 


2 »2:. 

2 Ttl'X', 

2//212/I. ; | 



1 j 2 

2 «!>*:, 

2 ViiiZ' 2 , 

2?JZia*iyi, ! = 2 jui j 



| 2 m lXit/i, 2Wiyi 2 , 

2 

2 mixiyi, 

2wiyr, 1 j 


if 2? be the origin of co-ordinates. 

But the last determinant is the product of the matrices 


mixi. 

nuxz . . 



Xl, 

*2, . 

- . #», 


mzyz * 

. . m n y n , 

1 

y i, 

3/2j • 

- • y», 


which is equal to 42 niimz {BAiAzf. 
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18. In the same case if Ci, C 2 , C 3 . . . Cn, be a second system of « points, 
2 Mi»n 3 m 3 (AiAzAs) (C 1 C 0 C 3 ) = 2 « 12 ?hiw 2 (BAiA 2 ) (BCiC 2 ).—(Ibid.) (53; 

If (^iVi*) {p-% 1 / 2 ) . . . {Zn'ijn) be the co-ordinates of Ci, C 2 .. . C«, replace 
the second matrix by 

1 , 1 ... 1 , | 

, a 2 ... a (• 

i 

Vi » 2/2 ... f/ «, 

19. If D be the mean centre of Cb, C 2 . . . C» for »ii, . . . ni }i , 

2 -Mims {BA 1 A 2 ) (BO 1 C 0 ) = 2 (DAiA«) {DCx Cy.—(I3id.) (54) 

20. If tbe sides 15C, CD, &e., of a polygon be each divided in the 
same ratio, the centre of mean distances of the summits coincide with that 
of the points of division. 

21. If Ai, Ao, A z , Ai be four coplanar points, and if A\A 2 be denoted 
by 12 , &e. ? then, 

0 , 17, fr, u\ 1 , 

2T, 0, ' 23 2 , 24% 1, ! 

3l 2 , 32 2 , 0 , 34 2 ? 1, 1 = 0. (55; 

4T, 42’, 43 2 > 0, 1, 



CHAPTER II. 


THE EIGHT LINE. 

Section I. —Caetesian Co-obdinates. 

23. To represent a right line ly an equation , there are three 
cases to he considered. 

1°. When the line intersects loth axes , but not at the origin. 

First method .—Let the line he SQ, and let it cut the axes 
in the points A, JB ; then OA, OF 
are called the intercepts on the axes, 
and are usually denoted hy a, b. 

Also when the axes are rectangular, 
the tangent of the angle which the 
line makes with the axis of x on the 
positive direction (viz. the angle 
FAX) is denoted by m. Row take 
any point F in SQ, and draw FM parallel to OF ; then OM , 
i IF are the co-ordinates of P\ and if the axes he rectangular,* 
we have, drawing FT parallel to OX, since TF = MP - OF 
= y - 


or 

TP 

— =ta nPAX, 

y-b 

- = m; 


therefore 

X 

y = mx 4- b. 

(56) 




Cartesian Co-ordinates. 


31 


If we had taken any other point in SQ, and called its 
co-ordinates x and y, we shonld have obtained the same 
equation. On this account y = mx + b is called the equation of 
the line . If the axes were not rectangular, the equation would 
still he of the same form. Lor in that case TP ~ BT= OB ~ AO 
= sin OAB ~ sin ABO = sin A -f sin (co - A), 


or 


y~b 

x 


- sin A -f- sin (w - A) = m ; 


therefore 


y - mx + b, 


and the only thing changed is the quantity represented by m. 
Since x , y denote the co-ordinates of any point along the 
line, they are called current co-ordinates. They are also called 
variables, because they vary as the point which they represent 
moves along the line. 

The quantities m, b are called constants , because they retain 
the same values while the line remains in the same position, 
and vary , only when the position of the line varies; b is called 
the ordinate at the origin and m the coefficient of direction. 


Second method .—Let AB be the 
line; and denoting the co-ordinates 
of any point P in it by x, y , and the 
intercepts (see first method) OA , OB 
by a, b , we have, from similar tri¬ 
angles, 



x 

a 


PB ‘ij 

zg’ and r 


AP 

Air 


therefore 


x y 
- + v = L 
a o 


( 57 ) 


a, b are subject to the rules of signs. 
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Third method .—Let AB be the line. Let fall the perpen¬ 
dicular OP from the origin; and de- 
noting OPbyp, and the angles A OP, \B 
POP by a, ft, respectively, we, from 
(38), have ^>\* 

* . v ,. / x 


OA 1 OB 


p p 

-52* + o3 Vmp ’ 


x cos a + y cos ft = j?. 


\ 

B 


\P 


- _ 

0 

\ 

p- 

(58) 


In this equation the positive direction of p is from the origin 

towards the line, and a , /3 are the angles which the positive 

directions of the axes make with the positive direction of p. 

Hence, if the axes be rectangular, 

x cos a + y sin a -p. (59) 

This form of equation, which in many investigations is more 

manageable than any other, has been called the standard form. 

See Hesse, Yorlesungen Analytische Geoynetrie. 

Fourth method.—The general equation Ax + By + 0 - 0, of the 

first degree , represents a right line. 

Dem.—Ey transposition, and dividing by B , we get 

A C 
y = - ~ x--: 


and this (see first method ), being of the form y « ynx + b , re¬ 
presents a right line. 


24. 2°. When the Ime passes through the origin. 


Let OA be the line. Take any 

Y 

X 


point P in it,. and draw PM 
parallel to OY; then, if the angle 

POM be denoted by a, we have 

MP: OM: : sin a: sin (<o - a), 
or y : x : : sin a : sin (co - a) ; 
therefore 

/A 

P 

sin a / 

V = “ 7-r x. / 

sin (co - a) 

0 ft 

3 X 


unw umi 

riT‘?T? 

1 JL x: .t - 

kLC '■$ 
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Hence, putting .. r = m, we get y = (60) 

sin (<d - a) 

This equation may be inferred from (56) by putting 5=0. 
Hence— If the equation of a line contain no absolute term , the 
line passes through the origin. 

25. 3°. When the line is parallel to one of the axes. 

Let the line AB be parallel to the axis of as, and make an 
intercept b on the axis of y. Now 
take any point P in AB, and draw 
the ordinate MB, which is equal 
to 5 [Eire. I. xxxiv.]. Hence the 
ordinate of any point P in the line 
AB is equal to b ; and this state¬ 
ment is expressed algebraically by the equation y = b, which is 
therefore the equation of the line AB. 

This result can be obtained differently, and in a way that 
will connect it with a fundamental theorem of Modern 
Geometry. 

From equation (57) we have^ + | = 1, where a and b are the 
intercepts on the axes. Now if the intercept a be infinite, 
that is, if the line meet the axis of x at infinity, the term - will 

y ® 

vanish, and wc get *- = 1, or y - b ; but y - b denotes a line parallel 

to the axis of x . Hence a line which meets the axis of x at 
infinity is parallel to it; and we have the general theorem, that 
lines which meet at infinity are parallel. In a similar manner 
x = a denotes a line parallel to the axis of y at the distance a. 
Hence we have the following general proposition:— If the 
equation of a line contains no x, it is parallel to the axis of x ; and 
■if it contains no y, it is parallel to the axis of y. 

From the discussion in the preceding §§ 23-25 we infer the 
following definition:— 

The equation of a line is such a relation between the co-ordinates 
of a variable point that if fulfilled the point must be on the line. 
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EXERCISES. 


1. What line is represented by the equation y = 0 ? 

Ans. The axis of x. For if b - 0 in the equation y = b, we get y = 0. 

2. Prove that if the equations of two lines differ only in their absolute 
terms, the lines are parallel. 


3. 

axes. 


Find the intercepts which the line Ax 4- ity 4 G = 0 makes on the 


Ans . 


G _C 
A ’ B' 


4. If the equation of a line be multiplied by any constant it still repre¬ 
sents the same line; for the intercepts made by A Ax 4- A By + \G = 0 
on the axes are the same as those made by Ax 4 By + G— 0. 


5. Prove that the line which divides two sides of a triangle proportion¬ 
ally is parallel to the third side. 

6. Find the locus of a point which is equally distant from the origin 
and the point (2#', 2 y'). 

If (xy) be equally distant from (0, 0) (2a;', 2 y), we have 


x 2 +y 2 = (x- 2a;') 2 4 (y - 2 y') 2 . 


Hence 


xx f + yy' = x' 2 + y' 2 . 


(61) 


And since this contains x and y in the first degree, the locus is a right 
line. 


7. Find the loci of points equally distant from the following pairs of 
points :— 

1°. (a cos <p, b sin <p); (acoscp', b sin </>'). 
ax bu 

Ans ' „ n , i Vi - «,; ■ rrr = 003 -<!>')• < 62 ) 

COS jr [<P 7- <P ) Sin TJ (<£ 4 <p ) 

2°. {a cos (a 4- j8), dsin (a 4 fi)}; {«cos (a-/3), & sin (a - j3) } . 

Ans. ... — hi— — ( rt 2 _ £2\ CO sj8. (63) 
cos a sm a 

3 °. (kt, -); (let, -). 

Ans. 2.r — ^ ^ 1 — (£4 t'). 


(64) 


4°. (at 2 , 2at)\ (at' 2 , 2at'). 

Ans. 2 (£ 4 1 ') x + iy - a 4 t f )(t 2 + t' 2 4 4). (65) 

5°. (asecep, btan.(p); (asec<p', 6tm<p'). 


Ans. 


2 ax 


—I— _ 

cos cp 4 cos <p' sin (<p 4 <£') cos cp cos <p‘ 


2by 


a 2 + b~ 


, ^ ( 66 ) 
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26. If the equations Ax + By + Q - 0 ; x cos a + y sin a ~p ~0, 
represent the same line , it is required to find the relations between 
their coefficients. 

1°. When the axes are rectangular. 

Dividing the first equation by R, and equating^with the 
second, we get 

A B . 


R 


— cos a. 


R' 


Square, and add, and we get 
A 2 + B 2 


R~ 


Hence 


= 1; therefore R = VA 2 + B 2 . 
A B 


cosa= ^/jmp’ a,la vra 

2°. When the axes are oblique . It 
is required to compare the equations 
Ax + By + (7 = 0, 

and #cosa + 2 /cos/3-jp> = 0. 

Let 0<3, OR be the intercepts; 
then we have 

C C 0 

or -b 


Hence 

but 

Hence 

In like manner, 
Cor. 1.— 


C 

" AB 


cos ft = 



2 AB cos co; 

: sin co : sin 

<3 or cos a. 

A 

sin co 

VA*+B- 

- 2 AB < os co 

B 

sin co 


B - A cos < 


yjA? + B 2 - 2 A B cos co 
A — B cos co 


V A 2 j rB 2 — 2 A B cos co 


, sin/3= 


(67) 



_ . B - A cos co A 

Cor. 2.—tan a = ——-, tan j 3 = — 


^A 2 + B 2 -2AB costo 
B cos co 


( 68 ) 

( 69 ) 


A sin co 


B sin co 



36 


The Right Line. 


27. To find the angle between the lines Ax + By + C~0 (1); 
and A'x 4- By + C f - 0 (2). 

1°. let the axes be rectangular. Then, if <f> be the angle 
between (1) and (2), it is equal to the difference of their 
inclinations to the axis of x; but the tangents of these in¬ 
clinations are (see § 23, fourth method ), 


A . A ' 
~£’ md -W 


Hence tan </> = 


A! A 


B' 


- 5 Ud + 


AA '\ 
BB')* 


A'B-AB' 


(70) 


AA’ + BB r 

Cor. 1.—Ifjthe lines (1) and (2) be parallel, they make equal 
angles with the axis of x; therefore 

~B~ B r 

Hence the condition of parallelism is 


AB'-A'B = 0. (71) 

Cor. 2.—If <£ ='-, tan <£ is infinite ; and from (70) we infer 

the condition of the lines, being at right angles to each other, is 
AA' + BB' = 0 : (72) 

That is, if two lines whose equations are given be perpendicular 
to each other , the sum of the products of the coefficients of lilco 
variables is zero. 

Cor. 3.—If the lines y ~ mx + b, y = m'x + b' be perpen¬ 
dicular to each other, 

mm* + 1 = 0. (73) 


Cor. 4.—The angle between the lines y~mx+b, y = m'x + 
is given by the formula 

m - m' 


tan <£ = 


. (74) 

1 + mm K 


Cor. o .—If the equations of the given lines be in the 
standard form, 

x cos a + y sin a -p = 0, x cos fi + y sin j3 —p f = 0, 
we have <£ = a - /?. ( 66 ) 
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2°. Let the axes he oblique. 

If 6, 0' denote the angles which the given lines make with 
the axis of x; then (§ 26, 2°) we have 6 = a + 90; therefore 

tan0 = - cot a= -^ sm .. y (See equation (69).) 

A cos o> - B 

A' sin a) 

Similarly, tan 6' = —r. - 

A! cosu-L 


Hence 

(. A'B ~ AJB') sin <& 

tan <£ = tan(0-a ) = AA! _{ AB >+ A 'JB) cos ©’ 
Cor.— If the lines he perpendicular to each other 
AA' + BB f - (AW + A'B) cos o> = 0. 


( 76 ) 

( 77 ) 


EXERCISES. 

1. Find the angle between the lines 


x cos t y sin jB 1 _ 

I i 1 - 


Ans. sin <b — ~ 


• 0 — CQS Z i =Q 

9 a b 

db sin ($ -y) _ 


yja 2 sin 2 /3 4- b 2 cos 2 # sin 2 7 + b 2 cos 2 7 

2. Find the angle between the lines x — y - 0 and 
x y 


+ • 


-77 = 7C. 


( 78 ) 


tan <$>’ + tan <p" cot <p’ + cot <p " 

, (1 + tan <*>' tan d >") 
tan- 1 ——X-——771 - 79 

(1 — tan <p tan ) 

Def. —The result of substituting the co-ordinates of any point 
in the equation of any line or curve is called the Powee of that 
point with respect to the line or curve. 


[This definition, first given by Steiner, 
is now employed by all the French and 
German writers.] R 

] 

p ( xy \ 

28. To find the length of the perpen¬ 
dicular from the point x'y' on the line 

Ax + By +<7=0. 



1°. Let the axes be rectangular. 0 

Let the line intersect the axes in 

Q \ 


the points Q, B, then the perpendicular from P is equal to 
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twice the area of the triangle PQR divided by the base QR ; 
but the area of 


PQR = -£= {Ax' + By' 4 C), (Equation (24).) 

Q _ 

and QR = A 2 + B 2 . (Equation (11).) 

AB 

Therefore the length of the perpendicular is 

Ax' 4 By' + 0 (g0) 

± -y/A 2 +B 2 

The area PQR changes sign when R goes from one side to 
the other of the line QR. Thus the formula (80) must have 
the sign + for all points on one side of the line, the sign - for 
those on the other side. ¥e find the proper sign by observing 
that the distance from 0 to the line, viz. A 2 + JB 2 must be -h 
Hence we have the following rule for finding the length of 
the perpendicular from a given point on a given line :— 

Divide the power of the given point with respect to the given line 
by the square root of the sum of the squares of the coefficients of the 
variables, and the quotient taken with the proper sign will be the 
length required. 

2°. Let the axes be oblique. 

Since the axes are oblique, the area of the triangle PQR is 


C ( Ax' + By' + C) sin w 

Tab ; 

and the length of QR is 

C s/A 2 + B 2 - 2AB cos co 
AB * 


/ 


(Equation (12).) 


Therefore the perpendicular is 

(Ax + By' + C) sin to 
- A 2 + B 2 — 2AB cos a/ 


( 81 ) 
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29. If the equation of the line AB he given in the form 



x cos a + y cos /3 - p, we find the length of the perpendicular 
from the point M } as follows :— 

Let OP ~ x', PM = y\ and MR the perpendicular from M 
upon AB « p f . Then the projection of OR on OQ is equal to 
the projection of the contour OPMR on OQ. Hence, 

p = x' cos a + y' cos ft +p\ -p r = x r cos a + y f cos /3 ~p, 
p' = - the power of the point Jf. (82) 

"We suppose that p' is subject to the same rule of signs as^>; 
p is always +, and the points for which p is positive are on the 
same side of the line as the origin of co-ordinates. 

Cor. —The power of any point on a line with respect to the 
line is zero ; and, conversely, if the power of a point with respect 
to a line be zero, the point must be on the line. 

30. If S = Ax + By + C = 0, S' = A'x + B\j + C' = 0, be 
the equations of any two lines , and l, m any two multiples {includ¬ 
ing unity ), either positive or negative , then 

IS + mS f = 0 (83) 

is the equation of some line passing through the intersection of the 
lines S and S'. 

For, since S and S' are of the first degree with respect to 
x and y , IS + mS' = 0 will also be of the first degree, and there¬ 
fore will be the equation of some line. Again, if P be the point 
of intersection of S and S' , the powers of P (§ 29, Cor.) with 
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respect to S, S' are respectively zero. Hence the power if P 
with respect to IS 4- mS' = 0 is zero, and therefore the line 
IS + mS' = 0 must pass through P . 

Cor. 1.—The line y -y' - m(x - x') =0 passes throug'. the 
point x' y '; for the power of x' y f with respect to it is zero. 

Or thus : y - y' - 0 denotes (§ 25) a line parallel to the ixis 
of x at the distance y 1 ; and x - x' - 0 a line parallel to the ixis 
of y at the distance x f . Hence, 

y - y r - m (x - x r ) - 0 (i ) 

denotes a line passing through their intersection, that is, thi igh 
the point x f y l . 

Cor. 2 .—In the same manner it may he shown th ; if 
S = 0, S'- 0, be the equations of any two loci (such as a lin and 
a circle, or two circles, &c.), IS + mS' = 0 will denote some < rve 
passing through all the points of intersection of S and S'. 

31. To find the equation of a line passing through tivo g mts 
x'y\ x"y". 

Take any variable point xy on the line, then the three p nts 
xy , x'yi x ,r y" are collinear. Hence (equation (18)), 


X, 

y> 

i, 



•f. 


i, 

= 0, 

(«) 

X”, 

y", 

i, 




which is the required equation. 

It may be otherwise seen that this is the equation of € ine 
passing through the two given points. 1°. It contains x t d y 
in the first degree ; hence it is the equation of a right ne. 
2°. If we substitute x'y' for xy the determinant will have ;wo 
rows alike, and therefore will vanish; hence the co-ordi: ites 
x' y' satisfy it, and the line passes through x' y'. Similai r it 
passes through x" y". The determinant (85) expanded giv< 

(; y' - y”) x") y + x' y" - x" y' = 0 ; (8 ) 
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from which, we infer the following practical rule for writing 
clown the equation of a line passing through two given points 
x' y', x" y" :— 

Place the co-ordinates of one of the given points 
under those of the other, as in the margin ; then the x', y', 

difference of the ordinates of the given points will x", y", 

give the coefficient of x: the corresponding difference 
of the abscissae with sign changed will be the coefficient of y. Lastly, 
the determinant, zoith two rows formed by the given co-ordinates , 
will be the absolute term. 

Cor. 1.—If the equation of the line joining x'yx" y" be 
written in the form Ax 4 By + C = 0, we have 

y' - y" = A, (V - x") = - B, x' y" - a" y f = C. 

Cor . 2.—Hence may he inferred the condition that the points 
x" y", x r " y 1 " may subtend a right angle at x' y f . 

For, let the joins of the points 

x'y', x" y" be Ax + By + C = 0, 
and the join of the points 

x'y', x"' y'" be A'x + B'y + C' = 0 ; 
and, since these are the right angles to each other, 

AA! + BB' = 0 ; 
and, substituting, we get 

(x f - x") (x ! - x ,n ) + (; y' - y ") ( y' - y nt ) - 0. (Comp. (14).) 

EXERCISES. 

1. Find the equation of the join of {2, - 4), (3, - 5). 

Am. x + y + 2 = 0. 

2. Find the medians of the triangle whose vertices are Ay, x'y', x ,,, y ,,f . 

Ans. (y" 4- y" - 2 if) x — ( x " 4- A" — 2A) y 4 ( A ' 4 A") y' 

- ( y " 4 y"') A = 0, &c. (87) 



The Eight Line. 

-f jrl s of the joins of the pairs of points— 

. f o’, r sin p'i; (>' cos p", r sin p"). 

■. ' o’ - p”. - sin b (p - p") y = r cos b (p' - p*'). (SS) 

-»3 sin ci';; (« cos p", h sin p"). 

= l >• - c»"> (*' + *1 f = cos i (f - 0"). (89) 

- s a — #, 0 sin (a -r j6)} ; {« cos (a - j8), 5 sin (a - j8)}. 

x . y 

Ans. cos a - + sin a ~ = cos j8. (90) 

“2 j; : 2«0- *2z — (t-r f) y -f latf =0. (91) 

oe o, i ; tan &]; (a sec o', £ tan p'). 

*. ccs 3 r <? - &’) ? - sin J (p -f p'} | = cos b (p -f p'). (92) 

an a, .v cot p) ; [h tan p', 7: cot p'). 

x ?/ 

-JM5. -;-7 h -7---; = k. (93) 

tan p - tan p cot p -f cot p 

conations of the joins of the middle points of the opposite 
cr the joins of the middle points of the diagon als of the 
•hose vertices are xij\ x"y ", x ,n if\ and show that 

thus found are concurrent. 


d He co-ordinates of the point of inter section of tico 
•nations are given. 


-ordinates of the point of intersection must satisfy 
of each line, this problem is identical with the 


i soiling two simultaneous equations of the first 
tne co-ordinates of the point of intersection of 


„y = L f 

n ? n 


— = 1, are 
m 


mn 

7)i + n 


)nn . 
m -f n 




Cartesian Co-ordinates. 


43 


EXEBCISES. 

1. Find the co-ordinates of the points of intersection of the following 
pairs of lines:— 

1-. x cos £ -f y sin (p = r, x cos <p> -f- y sin <p' - r. 

J re os b (d>-T <p f ) r sin k (<p 4- d>’) 

Ans. x- - f y — f-xL—zJ (94) 

cos k (9 — <p ) J cos (0 — 9 ) ' J 

2®. ? cos <p -r % sin (p = 1, - cos <[/ -f % sin*' = 1. 

a o a o 

A a cosh {$ + $') b sink 

Ans. x — -—-j-, y — - 77- (96) 

cos i (9 — <p) cos ■§ (<£ — (p ) 

3°. x — ty -J- at z as 0, x — fy -f tf^ 2 = 0. 

Ans. x — atf, y = a (t + if). (96) 

2 . If ~f 77 = 1 ,~*.T 777 = 1 be one pair of opposite sides of a 

2 a 2o 2a 2b 

quadrilateral, and the co-ordinate axes the other pair, find the co-ordinates 
of the middle points of its three diagonals, and prove that they are 
eollinear. 

3. Find the co-ordinates of a point equally distant from the three points 

(a co s<p, b sin 9 ); (a cos <p\ h sin <p’) ; (a cos <p", b sin 9 "). 

The locus of a point equally distant from 

(a cos cp, b sin <p ); and (a cos <p', b sin <p'), 

is the line — 7 —- 7 -r—~—- 7 , = (« 2 - £ 2 ) cos k (<p — <p'). 

cos k{(p-r <p) sm -J (<p -{- <p ) 

Similarly, -7-—-77. —:— 7 ~ (® 2 — ^ 2 ) cos i (9 ~ 9 ") 

J cos k {9' + 9) sm § (9 -r 9 ) 

is the locus of a point equally distant from 

(a cos 9 ', h sin <p '); and (a cos 9 ", b sin 9 "). 

Hence, solving from these equations, we get 


x = —-— cos J (9 + 9 ') cos k ( 9 ' -f 9 ") cos J ( 9 " -f 9 )} 
y = h -—^~ sin J (9 -f 9) sin £ ( 9 ' -f 9") sinj ( 9 "+ 9 ) 
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*4. Find the co-ordinates of a point equally distant from- 

V. ( at 2 , 2«<); 2«<'); K*. 2«H- 

a = | (<* + t ' 2 + <"* + * + + l " t + 4 )« 

„ = _^ i + r)(t'+r)(t"-f-0- (««) 

4 

* 2 3 . sec <£, 5 tan <£); (« sec </>', 5 tan </>'); (tf »oc </>", b tan <}>'). 

« 2 4- £ 3 cos | (<ft - <ft r ) cos j (<{>' ~ 0:<yj (ft" ‘ ^ ' 

$ = - eog ^ cos ( j>' (joa <■/>" 

+ 52 sin| (ft + ft') sin •} (</> r -!-</>") win (ft" I ft) 

2 ^ “ j cos <f> coa 4 / cos ft" / n 

* 3 ®. (A* tan ft, A cot ft); (A tan ft', Is cot ft'); (/*•’ tan ft"). K c f 

Ans x = - (cot ft cot 4 / cot ft" + tan ft + tan ft' + tan ft"), 

2 r (l()(>) 

y = - (tan ft tan 4 / tan ft" + cot ft i cot ft' -I- not </>") 

2 - 

*4°. (a cos a, 5 sin a) : {« cos (a + j3), A sin (a /3)} ; 

{ a cos (a - £), b sin (a-/3)}. 



ar 

-P 

Ans. x 

= — 

- COS [a - 



a 



- ar . 

V 

— 

~— sm(a - 


33. To find the equation of the line through x’y', waking an angle 
</) + 6 ' = 0 . 

Let A'x + B'y + C" = 0 be tlie required line ; and wince this 
passes through x'y', we have A'x' -l- B'y' I O' - 0 . Hence 
A'{x -x') + J5'(y - y') = 0 is the form of the required (‘({tuition. 

Again, we have tan<£ = fifi/jr (Mq nation (70).) 

Hence A'(B - A tan </>) = IV (A + B tan </>). 

And the required equation is— 


x — x y - y 

JB - A tan <j> *" A + B tan <j> ~~ ^ 



Cartesian Co-ordinates . 


45 


which may be written in either of the following forms :— 
x - x' y - y' 

-7-- — : — — 4 -= 0. (103) 

B cos <fi - A sin </> A cos + B sm $ 

A sin <£ - B cos <£, A cos cj> + B sin <£, 0 

y , i=o. (104) 

y', i 

If the angle be right, the equation becomes 
B(x - x') = A(y - y'). 

Hence the equation of the line through x'y\ perpendicular to 
Ax + By + C, is 

B{x - x’) = A(y - y f ). (105) 

This may be otherwise proved as follows :— 

The line Bx - Ay + C' fulfils the condition (72) of being 
perpendicular to Ax + By + C ; and if it pass through x'y we 
get Bx' - Ay' 4- C' - 0. Hence subtracting, we get the equation 
just written. 

34. The line through x'y\ making an angle with y = mx + 5, 
is 

x - x' y - y l 

i-7—v= - J —r-■ (106) 

1 -t - m tan <p m - tan </> v ' 

Cor. —The line through x'y' perpendicular to y = mx 4 b is 


y ~ y ' = " 7 (* _ ^ 


(107) 


EXERCISES. 

1. Find the line through (0, 1), making an angle of 30°, with % + y = 2. 

2. Prove that Jthe lines x 4- y V'3 - 6 = 0, Sx — y V3 - 4 = 0 are at 
right angles to each other. 



46 


The Bight Line . 

3. Find the equations of the perpendiculars of the triangle whose angular 

points are %'y\ x V * 

4. Find the equation of the perpendicular to the lino 

£ cos a _j_ y S -- n a = 1 at the point (a cos a, sin a). 
a b 

5. Find the perpendicular to 

x - y tan (p + a tan ~<p = 0, at the point (a tm 2 <)>, 2 a tan </>). 


35. To find the equation of a line dividing either of the angles 
between the lines Ax + By + C = 0, A!x -i- B r y 4* (l f — 0, into 
two parts ivhose sines have a given ratio a : b. 

Let LL\ MM 7 he the given lines; ON the required line. 


Prom any point JF on ON 
let fall perpendiculars on 
the given lines : these per¬ 
pendiculars will he to one 
another in the ratio of the 
sines of the angles, and will 
both he of the same sign 
(§ 28), if the origin of co¬ 
ordinates lies in either of the 
and of different signs, if in er 
Hence 



angular spaces L0M\ JJON .'; 
r of the two remaining spaces. 


Ax + By + C 


A'x + B'y + O' 

^/aNTb 1 - 



the choice of sign depending on the position of the origin. 
Hence the equations of the lines dividing the angles between 
Ax + By + C = 0, A r x + B'y + C' = 0 into parts, whose sines 
are in the ratio a : b : are 


b (Ax + By + C ) __ + a (A'x + B'y -i- O') 
yA* + B 2 


(108) 


the sign + being the proper one for one of them, and - for the 
other. 
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In this proof it is assumed that the powers of the origin with 
respect to both lines have like signs. If they have unlike signs, 
the conclusions will be reversed. 

Cor. 1.—If we put 




= l , and 


V'A't + B'' 


the equations (108) arc transformed into 


l (Ax -i- By 4- C) ± 7)i (A'x -h B r 7j + C') - 0. (109) 

Now if a and b are given, l and m will be given. Hence we 
have the following important theorem:— If the equatmis of 
two given Imes be multiplied respectively by given constayits, and 
the products either added or subtracted , the result loill be the 
equation of a line dividing 07ie of their angles into parts whose 
smes have a given ratio. 

Cor. 2.—If in the equation 

l (Ax -i- By -1- C) + m (A'x + By' + C') = 0, 

wc put 

m 11 = A, we get Ax + By + C + A (A'x + B'y + C f ) = 0 ; 

and giving all possible values to A, we get all possible lines 
through the intersection of 

Ax -l- By + C = 0, and A'x + B'y + C' = 0 ; 

Compare § 30, Cor. 1. 

Cor. 3.—If the equations of the given lines be in the stan¬ 
dard form, the ratio of the sines will be the same as the ratio 
of the multiples. 

Cor. 4 .— Since the line passing through a fixed point x'y' 
and the intersection of the lines 

Ax -i- By -i- C = 0, A'x + B'y + C' = 0 

divides the angle between the lines into parts whose sines 
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sere in the ratio of the perpendiculars on them from x'y' 7 we 
have 

Ax' + By' + C h _ A f x f -b B'y'+ C ' 
a ~ </A* + & ’ ~ y/A*~+B* 

Hence, substituting these values in (108), we get 
{Ax + By + C){A'x' + 2?y + 67') 

- (J/a? + B'y + C'){Ax f + By'+C)~ 0. (110) 

36. To j/M condition that three given lines be concurrent , 
let the lines be 

Ax + By+C = 0, A'x + H'y + O' = 0, ui"a? + + C" = 0, 

we see (§ 35, (7or. 2) that the third must be of the form 
l {Ax + By + CQ + m {A'x + T'?/ + C"). 

And, comparing coefficients, we get 

IA + mA' - = 0, 

IB + mB' - B" = 0, 

IC + mCC" = 0 . 

Hence, eliminating Z, m, the condition of concurrence is— 

. 4 ', 

-B, -B" = 0. (HI) 

(7, (7', C" 

Cor. If the coefficients in the equations of three lines be such 
that when the equations are multiplied by any suitable constants 
they vanish identically , the lines are concurrent. 

For if 

X {Ax + By + C) + fi (A'x + B'y + C') + v (A"x + B"y + C "). .. 0, 
we have, comparing coefficients, 

XA + fxA' + vA" - 0, 

. XB + fjiB' + vB" = 0 7 
XC + n C' + v C" = 0 ; 

and eliminating X, /x, v, we get the condition (111) of concur- 


rence. 
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EXEBCISES. 

1. Find the lines which divido the angles between 

Zx 4- 4y + 12 = 0, Sx + 15?/ + 16 = 0, 
into parts whoso sines are in the ratio 2:3. 

Am. 51 (3$ + 4y + 12) ± 10 (8a? + 15y + 16) = 0. 

2. Write the equations of the bisectors of the angles between 

x cos a -I- y sin a - p = 0, x cos j3 + y sin /3 — p' = 0, 
in the standard form. 

3. Form tho equations of tho perpendiculars of the triangle whose sides 
are 

A[X 4* B\y d* Ci = 0, (1) AzX-\r Bzy + Cz = 0, (2) Aax-\-B%y + $3 = 0, (3); 

tho porpondicular on (1) must bo of the form (2) — h (3); and the condition 
of perpendicularity gives 

h = (Auh + JS1B2) -f {AaAi + Jfetfi). 

Hence tlio perpendicular is 

(AaAi +■ JSzB 1 ) (Azx + Bzy *H C 2 ) — (A\A% + Bi.Bz) (A$x + Bay + <? 3 ) = 0. (112) 

4. Show that tho orthocentro of the triangle formed by the lines 

x — ty -I- at- = 0 ; x — t’y + at"- = 0; # — /"y + ^"2 = 0 

is tho point -a, a (H- L’ -M" + tt't"). (113) 

5. Find the equation of the lino which passes through the intersection of 

A\X -I- B\y + C\ = 0, Azx -I- Dry + Cz - 0, 
and is parallel to AaX -I- Bay + Cz = 0. 

(5. If tho distances of a certain point from the linos 
x cos a I- y sin a ~p = 0, x cos a! + y sin a! -;/ = 0, a? cos a"+ y sin a"-p"~ 0 
bo rf', aT, respectively, and if 

A = j? + d, A' =/ + A"=/'+ ; 

prove A sin (a — a") + A' sin (a"- a) + A" sin (a - a) = 0. (114) 

7. Being given two triangles Mi Mall fa, JSfiN’zN’ 3 , to find the condition that 
tho parallels through Mi, Mz, M 3 to 2Vi;iVjj, NaJSTi, NiJSTz maybe concurrent. 

Lot tho co-ordinates of Mi, Mz, M 3 bo a\b\, azfa, ; and the co-ordi¬ 
nates of N\, Nz, iV;{ bo cid-i, czdz, czda, respectively, then the equations of the 
parallels 

(y ~~ h) {('2 - <*3) - (*« - (ti)(dz - da) = 0, &c. 

i.’ 
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If these equations bo added, the coefficients of x and y vanish identically- 
Hence in order that the lines raay bo concurrent, the sum of the absolute 
terms must vanish in 

20i (fa - ch) - (Co - c 2 ) — 0. 

0i, di, 1 ci, ht 1 

#2, tk, 1 + cz, fa, 1 =0. (115) 

03 , d 2} 1 c h fa, 1 

(NBuinsna). 

Cor. 1.—If parallels through tho summits of the first triangle to the sidet-i 
of the second be concurrent, parallels through tho summits of the second to 
the sides of the first are concurrent. {[bid.) 

Cor. 2.—If two triangles nro such that lines through the summits of tho 
first making the same angle a with tho sides of tho socond aro concurrent, 
the lines through the summits of tho second making an angle a with tho 
sides of the first are concurrent. {Ibid.) 

8. To find the condition that the perpendiculars through the summits of 
MiM 2 M z on the sides of N\N 2 N 2 may he concurrent. 

The equations of tho perpendiculars aro 

(x - «])(<?2 ~ Gz) + (// - bi){d 2 - dz) - 0, &c. 

And we find, as in Ex. 7, the condition of concurronco 
— C3) + — d 2 ) = 0. 

Or 

oil, Gi, 1 bi, dx, 1 

02, C- 2 , 1 + 02, d 2, 1 = 0 . (UG) 

03 , 03 , 1 b 2 , d 2 , I 

{Ibid.) 

Cor. 1.—If the perpendiculars from tho summits of M\J\faM 2 on tho sidon 
of NiNnNz are concurrent, the perpendiculars from tho summits of N\'N»N- A 
on the sides of M\MzMz are concurrent. (Stkinkk.) 

Two such triangles aro said to ho orthologique. 

Cor. 2.—rlf N\NnN-t ho orthologique, and if l) h /)•>, Jb A divide 

the lines i/iiYi, M 2 Nz, MzNz in tho same ratio, DJhlh is ortho! ogiquo to 
each of the triangles tfiJNWz. For, if wo substitute in (11G) for 

^ mai + nci ^ 7 mb 1 + nd\ rt , . 

b "m + n 3 ±0V dl ~~^T +n ~' &C ' ? tlie r0Sultlu S determinant will vanish. 

(Nkuiikikj.) 

-Cor.Z .—If JE 1 JE 2 E 3 divide ilTiJVj, M\ *iVJ>, Jf 3 JV 3 in the same ratio, tho 
triangfe#^iI)2-#3, EiJEzEz are orthologiquo. {Ibid.) 
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37. To find when an equation of the second degree is the product 
of the equations of tioo lines . 

1°. Let the equation contain only one of the variables, such 
as 

x 2 - (a + b) x + ab. 

Since this is evidently the product of the equations 
x - a- 0, x - b - 0, 


ve see that an equation of the second degree , containing only one of 
the variables , represents tioo lines parallel to the axis of the other 
variable. 

2°. If the equation be homogeneous in both variables , it represents 
two lines passing through the origin . 

For example, 

x 2 - 5xy + 6y 2 = 0 is the product of (x - 2 y) = 0, (x- 3 y) = 0. 

3°. If the general equation 

ax' 1 + 2 hxy + by 2 + 2 gx + 2fy + c-0 
denotes two lines, throwing it into the form 


(ax + hy + gf- {(fir-ab)y 2 + 2(gfi-af)y + (g 2 -ae)} =0, 
we see that the second member must be a perfect square. 

Hence ( h 2 - ab)(g 2 - ac) - (gh - of) 2 = 0, 

or abc + 2fgh-af 2 -bg 2 -ch 2 = 0. (117) 

This important function of the coefficients of the general 
equation of the second degree is called its discriminant. It may 
“be written in determinant form as follows: 


a, 

h, 


h, 

b, 



9, f, o 


(118) 


Or thus, let 

ax 2 + 2 hxy + by 2 + 2 gx + 2 \fy + c= (lx + my + n)(Vx + m'y + n'). 



52 37^ if/y/// Xzw. 

Hence, comparing coefficients, wo got 

a = U\ h ~ ww', c"" */w', 

2/= 4* w'-w, 2y - w/' -i w7, 2// ///;/ { /' m . 

How the product of the matrices 

/, Z' ?, * 2/Z', <0w.'i/,/i hi f 

m, m! x m' } m -- /w' i /w', K lvm\ mu* i ///'// j 0, 

w, ft' n hi' \ l'n } mn , \)n , n 1 2 nn* J 

Hence <(■> h, // 

A » ; 0. 

<h J\ o 

The student should carefully commit ouch of the formula* 
(117), (118) to memory. Tins minor,s of tin* determinant (118* 
will be denoted by the corresponding capital letters. Thun, 

A^lc-j*, It m tj\ 0 .ah ■ /r, F <jh <tj\ 

G hf— lxj ) // j\j rh, 

38. If the general equation rep remit tiro linen, it, in required fn 
find the co-ordinates of their point of intersection. 

Let 

atf + 2hzy + If -Y%jx-\.y>j | „)(/',,• | m ',j | „< u 

2/ = inn' + m'n, 2y nl'n’l, "h ., i I'm ; 

and solving for x and y from tins otfuuiions 

lx -i my i n 0, l'x. \ m 'y .\ H ! 0, 
we get X : y : 1, :: mix' - m'n : nl' -n't: hu • ■ I'm ; 

Hence * : y : l :: Ji : /;i. (;i) 

which are the required values. 
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Cor. 1.—If the general equation represent two perpendicular 
lines, 

a + b = 0 for rectangular axes. (119) 

a + l - 2h cos co = 0 for oblique axes. (120) 

Cor . 2.—If the general equation represent two lines making 
an angle <£, we have for oblique axes, 


tan <j> - 


2 yh 2 ~ab . sin to 
«H- b - 2h cos co * 


( 121 ) 


Hence, if h 2 - ab = 0, the lines are parallel. 


EXEBCISES. 

1. What lines are represented by x 2 — y 2 = 0 ? 

2. What lines are represented by x 2 — 'Lxy sec 0 + y 2 — 0 ? 

3. Prove that the two lines ax 2 + 2 hxy -\-by 2 - 0 are respectively at right 
angles to the lines bx 2 - 2 hxy + aij 2 = 0. 

4. Find the angle between the lines ax 2 + 2 hxy -f by 2 = 0. If the 
equation represent the two lines y — mx - 0, y - m'x = 0, we get 

- A -j- Va 2 — , — h — VA 2 — «£ . 

m — ---, m — ---» 

o b 

i * , m — m' . 2 Vh 2 - aA , 

and since tan <b = -- 7 , we have tan d> =--—• (122) 

r 1 + mm r « + 5 v ' 

5. The angle between the lines. 

(x 2 + y 2 )(cos 2 0 sin 2 a + sin 2 0) — (x tan a — y sin 9) 2 is a. 

6. Find the bisectors of the angles made by the lines ax 2 -h 2 hxy + by 2 = 0. 
The bisectors of the angles between the lines y - mx = 0, y — mx ' = 0, 
are— 

y — mx ^ y — mx ^ y — mx y — m'x ^ 

Vl + m 2 Vl+m' 2 Vl +m Vl + tti' 2 

Hence, multiplying and restoring values, we get 

A (x 2 - y 2 ) - (ct - b) xy = 0. (123) 

7. The lines x 2 + 2#y sec 2a H- y 2 = 0 are equally inclined to x + y = 0. 
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8. The difference of the tangents which the lines 

x 2 (tan 2 0 + cos 2 0) - 2 xy tan 0 + y 2 sin 2 0 = 0 
make with the axis of x is 2. 

9. If A denote the discriminant (118), prove the following relations— 

aA = BC-F 2 , b A ~ CA — G 2 , cA = AB-B 2 . (124) 

10. When A = 0, prove A : B : C: : -^z : (125) 

Jo* br~ JtL~ 

11. If ax 2 4- 2 hxy 4- by 2 + 2 gx + 2 \fy 4- c = 0 represent two lines, prove 
that the lines ax 2 4- 2 hxy + by 2 — 0 are parallel to them. 

12. Find the discriminant of 


{ax 2 + 2 hxy 4- by 2 4- 2 gx +2 fy + c) + \ (x 2 4- y 2 4 2 xy cos w). 

13. Prove that if in the result (123) we change x, y into 
Ai B i 

“ + ci’ y+ ci’ 

we get the equations of the bisectors of the angles made by 
{ax 2 4- 2 hxy 4- by 2 + 2gx 4- 2 fy 4- c) = 0, 
when it denotes lines. 

*14. If the sum of the angles <£, <p', <p", <j>'" he 27r, prove that the 
points 

(a cos <jt>, b sin <p); (a cos <p f , b sin <p'); {a cos <p" 3 b sin <£>"); (a cos <p'" 3 b sine p"’) 
are concyclic. 

By hypothesis £ (<£> 4- <p>') = t - £ {<j>" + <£'"), and J {<j> 4- <jt>") = 
7T - J <£'") making these substitutions in (97) we infer that the point 
which is equidistant from the 1st, 2nd, 3rd of the given points is equidistant 
from the 2nd, 3rd, 4th. Hence the four points are concyclic. 

*15. If t 4- f + f 4- t"’ = 0, prove that the points 

{at 2 , 2 at ); {at' 2 , 2 at '); (at 2 ", 2 at') ; {at" f \ 2at ,n ) 
are concyclic. This follows from equations (98). 

*16. If x, y denote the mean centre of the points in Ex. 14, prove that 
the co-ordinates of the circumcentre are 



(126) 


Compare the co-ordinates of the mean centre (39) and of the circumcentre 

/Q*7\ 
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*17. The points 

(7c tan <p, 7c cot cj>); (7c tan <p', 7c cot $’); (7c tan <f r , 7c cot <p ”); 
(7c cot <p . cot <p7 . cot <\>", 7c tan <p . tan <p' . tan <£>"), 
are coneyclic. Make use of equations (100). 


Theory of Anharhostic Eatio. 

39. Def.— The anharmonic ratio of four collinear points 
A, B, Cj L is the quotient of the ratios of section of the two 
last with respect to the two first, and is denoted by (ABCL ). 




CADA _ CA. LB 
CB 1 LB CB . LA 


Cor. 1 . —The anharmonic ratio is inverted by inverting either 
pair of points. Eor 


(. ABCL) = 


CA LA 
Ojs ' BB 


; (. ABBC) = 


BA CA 
BB : CB 


Hence (ABCB) = 1/(ABBC). (128) 

Similarly (ABC’B) = Ij(BACB). (129) 

Cor. 2.—The anharmonic ratio remains unaltered if any two 
of the four points be inverted, and at the same time the two 
remaining points. Thus 

(ABCL) = (BALC) = (CLAB) = (LCBA). (130) 


40. To express (ABCL) in terms of the co-ordinates of 
A, B, a, L. 

Let OX, OY be the axes, and let parallels to OY, OX through 
A, B, C, JD meet the axes in A', B', C', L ; A ", B", C", L "; 
and putting OA' = a', OB' = V, &c. Then, evidently, 


(ABCL) = (A'B'C'L) = 


CAL' L'A' 
OB r 'WB' 
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Hence 

Similarly 


(A BCR) = 


(a' -d)(V-d') 

(V - c') (a' - d ') 0 


(. ABCR) = 


(a"-c")(b"-d") 
(b"-c”)(a n -d") 


\ 


( 131 ) 


41. express {ABCR) in terms of the ratios of section made 
by the points A, B , C, R on a given segment BQ. 

P A B C D Q 


Let AJP/A Q- a . . . Brora ABjA Q = awe have AF ~ aAQ; 
therefore 

QF - = a A Q. Hence QA = QP/(1 - &). 


Similarly 

but 


(ABCR) = 


Q5 = Q5/(l - 3), &c. ; 

Q5 


(3.5 - QC ' Q5- Q5’ 
and substituting for ^4, (35, &c., we get 

- c a - d 


(ABCR) = 


l-c'b-d 


(132) 


Hef. — 7/ 1 (ABCR) = - 1, A, B, C, R are called a har¬ 
monic system of points, and C , R are said to be harmonic con¬ 
jugates to A, B. In this case we have 

CA RA 
CB ~ RB' 

which agrees with § 11, Def. i. 


42. If A , 5, C , 5 be a harmonic system of points, and M tht 
middle of AB — 

1°. MB 2 = MC . if5. 2°. 2/AB = (ljAC+l JAR). 

MC AC 2 BC 2 


3°. 


MR ^5 3 55 2 


(133) 
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Let a , 5, ^ be tlie abscissae of -4, B, C, B with respect to 

an origin 0 upon AB. Then 

~— c - = - ^^ or 2 (#3 + 0 ^) = (a 4- 3)(tf + 2) (1). 

1°. If 0 be the middle point of .^2? we have a = - 3, and (1) 
becomes = cd. 

2°. If 0 coincide with A or a = 0, (1) becomes 2^2 = 3 (c 4 d)> 
and dividing by bed , we get 

2 _ 1 1 
3 c + d 

3°. If 0 is at if, we have 

-4 0 £ - & c + £ 

.42) 2 ~ # d* \/ cd *>/d 


Hence 


AC* c MC 
AB 3 ~ 2 “ MB' 


Cor . 1.—If 2V be the middle point of CB, the relation (1) 

T\ A/* ATY1 AC! 

OA.OB+ 00. OB = 20M. OJST, (134) 

or the sum of the powers of 0 with respect to two harmonic 
segments is double the power of 0 with respect to their middle 
points. 

Cor. 2.—If the abscissae of the points A, B be given by the 
equation ax 2 4- 2fix 4- y = 0, and those of <7, B by a!x 2 4- 2/3'ar 
+ y' = 0 ? we have ab = y/a, a 4- b = - 2/3/a, &c., and substituting 
in (1), we get 

ay' 4- a'y = (135) 

It is the same, if the points A, B, C, B are defined by their 
ratios of section (§ 41). 

43. Def.— The (inharmonic ratio of four rays a , b, c, d of a 
pencil is the quotient of the ratios of section of c and d relative to 
a and 3, and is de7ioted by (abed). 
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If p, p r ; y, q f be tbe perpendiculars from two points C, D of 
c and d upon a and 2>, we have 


P <1 


sin ac sin ad sin ac . sin Id 
sin be * sin Id sin ad. sin be 


(136) 


The sign of {abed) is independent of any particular convention 
of signs. For if the rays c , d both pass between a and Z>, the 
P <7 

ratios ^ and ~ have the same sign, and {abed) is positive. 



It will be the same if c and d divide the supplementary angle 
{a'b) ; but if one divide the angle {ab) and the other (a'b), 
{abed) is negative. 

44. If the pencil of four rays a , b , c , d be cut by any trans¬ 
versal in the points A, B, C, B, then both in magnitude and sign 
{abed) = {ABCB). 

Dem. —Both in magnitude and sign 

p_AG / BC 
q~ A& <f~ BB 

Hence 

<■**> = t 7- f : 7 "= ^ 

(137) 
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45. If S = 0, S' = 0 be any two lines , the ankarmonie ratio of 
the four lines S 4 a S' = 0, S + IS'= 0, S 4- cS f = 0, £ + = 0 

is to 

a — c a — d 
b - c~ b - d 

Bern.—Let S = Ax ~ By + C = 0, S' = -4'# -f B'y + 6" = 0 ; 
and cutting the pencil “by the axis of x, the abscissae of the 
points of intersection of the four rays are 

C + aC' C+bC' p 

*^1 ~ “ J i/J *^2 — / 7 fire. , 

A-ha A' A + bA J 

and substituting, ive get 

x 1 -x 3 x 1 -x 4c a-c a-d 

z 2 -x 3 ' x 2 - x, b-c'b-d [ } 

Cor. —The anharmonic ratio of the four lines S, S', S -f a S', 
S ~ bS' is equal to a : b. 

3 )ef. — A pencil of four rays (< a, b, c, d) is said to be har¬ 
monic ■when ( abed ) = - 1. 


Examples— 

X c . An angle and its internal and external bisectors. 

2°. The sides AB, BC of a triangle, the median AM, and 
a parallel through A to BC. 

EXEBCISES. 

1. 'With a given range of four points A, B, 0, JD there can be formed 
six different anharmonic ratios. 

For with four letters can be formed 24 different permutations, and these 
considered as anharmonic ratios are equal 4 by 4. (§ 39, Cor. 2). 

The six distinct anharmonics are (ABCB), (ABBC), ( ACJBJD ), ( ACBB ), 
{ABBC), (ABCJB ); and the 2nd, 4th, 6th are reciprocals of 1st, 3rd, 5th 
(j 39, Cor. 1). 
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(ABCB) + (ACBB) = 1, 

(ABBC) + (ABBC) = 1, 

(ACBB) + (ABCB) = 1. (139) 

3. If ABCD = A, prove that the values of the other five anharmonics are 

1/A, (1-A), 1/(1-A), A/(A — 1), (A — 1)/A. (140) 

4. If through the point C (see fig., § 43) we draw a line iftTF parallel to 
Sd. and cutting Sa, Si in the points E, I, show that the six anharmonic 
ratios of the pencil ( S . abed) can he expressed in terms of the three seg¬ 
ments EC, OF, BE. 

5. If (ABCB)'-- 1, prove that (ACBB) = 2, and ACBB = §, 

6. If circles described on A3, GB as diameters intersect in an angle 6, 
the values of the six anharmonic ratios are* 

-tan 2 -, sec 2 -, siri^; -cot--, cos--, cosec 2 -. (141) 

7. If two different transversals cut the same pencil, their anharmonic 
ratios are equal. 

S. If two equal anharmonic pencils have a common ray, the intersections 
of the remaining three homologous pairs are collinear. 

9. If three sides of a variable triangle pass through three collinear points, 
and two of its vertices move on fixed lines, the locus of the third vertex is 
a right line. 

10. If A , B, C ; A', B\ C' be two triads of points on two lines inter¬ 
secting in 0, and if ( OABC) = (OA'B’C'), the lines A A', BBCC are 
concurrent. 


Section II. —Systems op Three Co-okdihates. 

46. Def. i. — A fundamental triangle ABC , whose sides are 
given in ‘position, and which is used for the purpose of defining 
the position of any figure in its plane, is called the triangle of 
reference , and its sides the lines of reference . 

* This theorem was first published in the BhilosopMcal Transactions in 
the Author’s “ Cyclides and Sphero Quarries.” 
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Systems of Three Co-ordinates. 

Def. ii .—If the perpendiculars from any point P to the sides 
of the triangle be denoted by a, /?, y ; a, /?, y 
are called the teilixeae or noemal co-oedi- 
NATES Of P. 

If the point P be on the side PC, the 
perpendicular from it on PC will vanish. 

Hence in trilinear co-ordinates the equation 
of P C is a = 0. Similarly the equations of 
GA, AP are /3 = 0, y = 0, respectively. In order to pass from 
trilinear to Cartesian co-ordinates (a problem of frequent recur¬ 
rence) it is necessary to express the equations of AP, PC, CA 
in x, y co-ordinates. For this purpose the most convenient arc 
the standard forms 

x cos a 4- y sin a - p = 0, x cos ft -f y sin /3 ~p f = 0, 
x cos y + y sin y - p" = 0 ; 

the origin being in the interior of the triangle. From this it 
follows that the normal co-ordinate of any point P correspond¬ 
ing to any line of reference is positive or negative, according as 
P and the opposite summit of the triangle are on the same or on 
different sides of that line. 

Cor. 1.—The normal co-ordinates of any point P in the in¬ 
terior of the triangle of reference arc all positive, and for any 
exterior point two are positive and one negative. 

Cor . 2.—If a, f3, y be the trilinear co-ordinates of a point P, 
x, y its Cartesian co-ordinates, 

a s x cos a + y sin a - p, /3 = x cos ft + y sin J3 - p', 

y = x cos y + y sin y - p ,f . 

Observation.—In these identities it will be seen that a, /3, 7 are used 
with different significations; but after a little practice this causes no 
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Cor. 3.—If a, 3, c be the lengths of the sides of the triangle of 
reference, A its area, a, f3, y the normal co-ordinates of any point 

in its plane, 

aa + bfi + cy = 2A. (142) 

4. —If .2 he the eircnmradius of the triangle of reference, 
a sin -I- /3 sin i? + y sin 0 = A/R. (143) 


EXERCISES. 


1. Find the equations of the bisectors of the angle C of the triangle of 

reference. The equation of any line through <?is of the form a-k/3, where 
?: denotes the ratio of the sines of the angles into which Ci s divided. Hence 
the internal bisector is a - /3 = 0, and the external a + £ = 0. Both are 
included in the equation a ± J3 = 0. (144} 

2. Find the equation of the median that bisects AB. 

If I) be the point of bisection of AB, we have BD = BA. Hence the 
ratio of section of the angle C is sin 5/sin A = k, and the equation of CL is 

a sin A — f3 sin -5=0. (145) 

3. Find the equation of the perpendicular from C on AB. 

Here the ratio of section is cosLjeosA. Hence the perpendicular is 


a cos A - /9 cos 5 = 0. 


(146) 


, Observation.—The equations of the internal bisectors of the angles of 
the triangle of reference, viz.. 


a - $ - 0, @ — y z= 0, 7 - a = 0, 

mav be written in the form a = 0 = y, where, by omitting any letter, we 
have the equation of the bisector of the angle between the sides denoted by 
the remaining letters. Similarly the three medians are 

a s in A = fi sin B = y sin C\ 

and the perpendiculars 

a cos A = j3 COS B ~ y cos C. 

eaien^ 6 *'“** eqUationS are “ = « 7 , are con- 

For these equations are equivalent to 


la - = 0 , - ny = o, 

and these, when added, vanish identically, 
b n h 1 s n satisfy the three equations. 


ny - la. = 0 ; 

Or thus, the co-ordinates 1 ll. 
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47. The lines la - mp = 0, a/l - fi/m = 0 a/re equally inclined 
to the bisector of (aft). 

For the ratio of section of the first is ljlil/m; that is, as 
m : lj and the ratio of section of the second l : m. Hence one 
makes the same angle with a which the other makes with ft. 

Cor. 1.—If three lines through the summits of a triangle be 
concurrent, the lines equally inclined to the bisectors of its 
angles are concurrent. For if the three first he la = wifi = ny, 
the others are a/l = fi/m = yjn. 

Dee. i.— Two points P> F, which are such that lines draion 
from them to the summits of the triangle of reference are equally 
inclined to the bisectors of its angles are called isogonal conjugates 
with respect to the triangle. 

Cor. 2.—If a, ft, y, a'p'y'he the normal co-ordinates of P, F, 
aa' = pp' = yy'. (147) ' 

For aa' = CT sin B CP . OF sin P CP' 

= CP sin P CA . CP' sin F CA = pp'. 

Dee. ii.— The isogonal conjugate of the centroid of the triangle 
of reference is called its symmedian point , and the lines from the 
angles to the symmedian point the symmedian lines of the triangle. 
Their equations are 

a/sin A = /2/sin P = y/sin C. (148) 

48. If the limes -a = ~/2 = ~y meet in 12, and if 12' be the iso - 

gonal conjugate of Cl, the angles ClAB , ClBC, QCA, Cl'BA, Cl'CB, 
Cl'A C are all equal. 

Dem.—Let ClAB be denoted by <d, then CAC1 = A - <d; and 
since the equation of AC1 is 

~P = yy we have - sin (A - w) = ~ sin co. 
a o' a x J b 

Hence, by an easy reduction, 

cot co (that is cot ClAB) = cot A + cot P + cot C ; 
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and it maybe shown that the cotangents of ClBG, QCA, &c., 
have the same value.- 

Dm.—The points O, O' are called the Brocard points, and w the 
Rrocard angle of the triangle. 

49 . The ratios of the normal co-ordinates of a point are 
sufficient to determine its position. Tor all the points of a 
erven line drawn through A are such that (3 : y is constant. 

The following Table contains the normal co-ordinates of some 
special points:— 

If h, h ', W denote the altitudes of the triangle of reference AB C, 
the co-ordinates of— 

A are h, 0, 0 ; B are 0, h! , 0 ; C are 0, 0, h" ; 

centroid Ji, \h!, \W ; or simply 1 /«, 1/3, 1 jc- 

the symmedian point a, 3, c ; 

incentre r, r, r; or 1,1, 1 ; 

excentre -r a , r a , r a , &c.; or - 1 , 1 , 1 , &c. ; 

circumcentre cos A, eosi?, cos (7; 

orthocentre sec A , sec B , sec C ; 

O c/h, a\c, 3 /a; 

O' hjc , c/a, ajb. 

Certain points related to the triangle have been named 
after the Geometers Steiner, Tarry, Nagel, and others. These 
will occur in the course of the work. 

Cor. —The orthocentre is the isogonal conjugate of the 
circumcentre. 

Baeycentbic Co-onniXATEs. 

50. The areal co-ordinates of a point M are the areas of the 
triangles BMC, CM A, A MB, formed ly joining M to the summits 
of ABC. Since Mis the centre of gravity (§14) of masses pro¬ 
portional to the areas BMC, CMA, AMB, placed at the points 
A, B, C, the areal co-ordinates are called ly French and German 
Geometers Baeycexteic Co-obdinates. 
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If the areas BMC , CM A, AMB be divided by ABC, the 
quotients are called the absolute Earycentric co-ordinates of M. 
Hence if these be denoted by 

ai, Pi, yi, <ii + fii + y i = 1* (149) 

Cor. 1.—If a, p, y be the normal, and a lf pi, y x the Eary- 
centric co-ordinates of a point M, then 

< is °> 

aa bp cy 


Cor. 2.—If (a, p, y), (a', /3', y') be the absolute normal, and 
(aj, pi, yi), (a/, /?/, y/) the absolute Earycentric co-ordinates of 
two points M, M\ then the co-ordinates of a point P such that 
MP : M’P: : -l: m are respectively 


lo! -f ma 
l + m 


, &c., and 


lai + mcLi 

l + m 9 


&c. 


(151) 


51. The lines la - mp = 0, ajl- Pjm- 0 meet the side AB of 
the triangle of reference in points equally distant from its middle. 
Eor if la - mp = 0 meet AB in B, we have BBC. I = Cl)A . m. 
Hence BjD : BA :: m : l ; therefore (l -I- m) BA = mBA. Simi¬ 
larly if a/l - p/m meet AB in B we have (l + m) BT) r = mBA. 
Hence BB ! = 2)^4 ; therefore 2), 2)' are equally distant from the 
middle point of AB. 

Dee. — Two points P, P f which are such that pairs of lines con¬ 
necting them loith any angle of the triangle meet the opposite side 
equidistant from its middle are called isotomic conjugates with 
respect to the triangle. 

Cor. —If (a, p, y), (a', p', y') be the Earycentric co-ordinates 
of isotomic points with respect to the triangle, then 


aa' = PP' = yy\ 


( 152 ) 
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52. The following are the Barycentric co-ordinates of some 
special points:— 

The Lemoine or symmedian point, or, £ 2 , 


The Brocard points O, Q, 

The third Brocard point, 

The centroid, .... 
The circnmcentre, . . 

The orthocentre, . . . 

The incentre, .... 
The excentres, . . . 

Steiner’s point, . . . 


5 2 ’ s 2 ’ a 2 5 ^ a 2 ’ ¥ 

[ 1 1 
d? I* 

1 , 1 , 1 . 

sin 2.4, sin 2jB, sin 2 0. 
tan A, tan 2?, tan C. 
sin A , sin 2?, sin C. 

-sin A, sin JB, sin C , &c. 
1 1 1 
b 2 -c* c~-d? aT^~7 2 ' 


Barycentric co-ordinates are for many investigations simpler 
than the normal, hut not always. Whenever we employ them 
we shall state it explicitly. 

53. To find the equation of the join of the points a'fi'y', a"/3"y". 
The determinant 


a, 

/*. 

v 



a'. 

P> 

y 

= 0, 

(153) 

a", 

P, 

y 




or say La + If/3 + Ny = 0 is evidently the required equation, for 
it contains a, /3 , y in the first degree, and is therefore a right 
line. Again, if for a, (3 , y he substituted the co-ordinates of 
either point, the determinant will have two rows alike, and 
therefore vanishes identically. Hence the line (153) passes 
through the given points. The foregoing will he the form of 
the equation whether the co-ordinates are normal or Barycentric. 
If they are normal, Z, M,] JST are respectively twice the areas of 
the triangles formed hy a // /5 / 'y // , and the summits of the 
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triangle of reference multiplied respectively by sin-4, sin I?, 
sin C. But these triangles having a common base are propor¬ 
tional to the perpendiculars on it from the points A , _2?, C. 
Therefore, if these perpendiculars be denoted by X, fx, v , the 
equation (153) may be written 

(Xsin.4) a+(fi sin B)/3 + (v sin C)y = 0, or \aa+ fxb/3 + vcy = 0. 

That is in Barycentric co-ordinates Xa+ jx/3 -l- vy = 0 . Hence when 
the equation of a line is written in Bary centric co-ordinates the 
coefficients X, /x, v are proportional to the perpendiculars on it from 
the summits of the triangle of reference —a result which is other¬ 
wise evident. 


EXERCISES. 


1. Find the equations of the joins of the four points a, ± 0, ± y. 

Ans. a/a'+ 3/3' = 0, j 8 /j 8 ' + 7 / 7 '= 0, 7 / 7 ' ± a/a' = 0. (154) 

Hence they intersect in pairs at the summits of the triangle of reference. 
b, e 


2 . The determinant 


For 


b, c 


M, JS T 



M , 2 V 
0 , -c } b 

a, 3 ', y 
3 ”, y' 


— 2 a (a — a"). 


(155) 


- c, 0 
J 8 % 2A 
3", 2A 


3. Find the equations of the joins of the following pairs of points :— 

1 °. Orthocentre and centroid. 

Ans. a sin 2 A sin (2? - Q) +3 sin 22? sin ( G—A ) + y sin2C'sin (A~B) = 0. 
This is called the line of Euler. (156) 

2 °. The circumcentre and symmedian point [diameter of Brocard). 

Ans. a sin [B - C) + 3 sin (C—A) +7 sin [A - B) = 0. (157) 

3°. The Brocard points n, XI' (rf/ie Brocard line ). 

(« 4 — 5 2 c 2 ) - + (5 4 - tf 2 « 2 ) (c d — a 2 £ 2 ) 7. (158) 

ct b c 

4°. The centroid and symmedian point. 

Ans. [b 2 - c 2 ) aa + [c 2 — a 2 ) b$ + (a 3 — b 2 ) cy * 0. (159) 
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Tbiluteae Poles and Polaes. 


54. Cotes’s Theoeem.— If on each radius vector through a fixed 
point 0. and meeting the sides of the triangle of reference in the 
pomts i? 1? i? 2) E Z) there he taken a point R so that 

3/ OR = IjORx + 1 \0R % + 1/ 0R Z . 

The locus of R is a right line. 

Dem — Let 0 be taken as origin of Cartesian co-ordinates, and 
the equations of the sides of ABC be given in their standard 
forms x cos a + y sin a - p - 0, &c. Then, if OR make an 
angle 0 with the axis of x , we have 

0R X =p ! /cos (0 — a), OR 2 =p , '/cos(0-ft), OR z = p '"/cos (6 - y). 

Hence denoting OR hy p, we get 

3 cos (6 — a) cos (0-/3) cos (0 - y) 

_ = ___ + _ —- + p ,„ ■ . 

cos (6- a) 1 cos (O-P) 1 cos {0 — y) 1 

or -;-i- T, -J- -77/-= 0 ; 

p 1 p p" p p m p 


x cos a + y sin a - p' x cos ft + y sin /3 - p n 


^ x cos y + V smy - p'" ^ 


or as it may be written 


a/p' + fill"* y/p'" = 0. (160) 

Hep .—The line (160) is called the polar line of 0 with respect 
to the triangle , and 0 is called the pole of the line (Salmon, Higher 
Curves), or for shortness , trilinear pole and polar (Mathieu). 

Cor. 1 . — The polar line of the point a', /3 f , y' 
is a/a r -f filfi' + y/y f = 0. (161) 

Cor. 2.—The trilinear polar of a point has the same form in 
normal and Barycentric co-ordinates. 
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Cor. 3.—If la - m/3 = ny be three concurrent lines, the tri- 
linear polar of their common point is 

la + m/3 + ny - 0. (162) 

Cor. 4.—The line connecting a point 0 with any summit of 
the triangle of reference and the trilinear polar of 0 meet the 
opposite side in points that are harmonic conjugates with respect 
to the remaining vertices. Tor making y = 0 in la + m/3 + ny = 0, 
we get la + m/3 = 0, which is the harmonic conjugate of la - m/3 
= 0 with respect to a and (3. 

Theory oe the Complete Quadrilateral or Quadrangle. 

55. Tee. i.— The figure formed by four lines a, b, c, d produced 
indefinitely, no three of which are q 

concurrent, is called a complete 
quadrilateral. The lines are 
called the sides of the quadri¬ 
lateral. The intersection of 
the sides its summits. There & 
are six summits, which consist 
of three couples, A,A r \ B, B'; 

C, C r of opposite summits. The 
joins of opposite summits, viz. 

AA', BB', CC r , are called the 
diagonals. The triangle formed by them is called the diagonal 
triangle of the quadrilateral. (Steiner.) 

Dee. ii .—The figure formed by four points A , B, C, D and 
their joins is called a complete quadrangle. The points are called 
■its summits; and the joins of the summits are called its sides. There 
are six sides which consist of three pairs of opposite couples, AB and 
CD, BC and AD, CA and BD. The point of intersection of two 
opposite sides is called a diagonal point. There are tlvree of these 
points. The triangle formed by them is called the diagonal triangle 
of the quadrangle. (Steiner.) 
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Def. ni .—A quadrilateral whose three diagonals are the sides 
of the- triangle of reference is called a standard quadrilateral; and a 
quadrangle whose diagonal poin ts are the summits of the triangle of 
reference is called a standard quadrangle. 

56. The equations of any four lines F = fpa + f 2 y + f 3 = 0, 
C^g x x ~g 2 y -r-g 3 = 0, II = hgc + h 2 y + A 3 = 0, JT= hpc + h 2 y + h= 0, 
no three of which are concurrent , are connected by an identical 
relation of the form 

fF + gG + hJB+ IX ^ 0 (163) 

where f g, h, h are constants. 

Dem. — Such an identity requires that ffi + gg x + hh x + Jch x = 0 , 
ff 2 + gg- t hh 2 + hh = 0 , ffz + gg 3 + hh z + kh z ~ 0 . Hence (Salmon, 
Modern Algebra, page 4), the values of f g, h , Jc are proportional 
to the minors of the matrix 


fii 9n h x , h\ 

Li g%i h 2 ) Jc 2 

Li ddj h z , X*3 


triangle ABC , the 
C 


These minors each differ from zero, since no three of the lines 
are concurrent. This proposition may be stated an d proved 
differently as follows:— 

If a, fi, y be any three lines forming a 
equation of any fourth line BF is of 
the form la + m/3 -f ny - 0. 

Dem.—since CD passes 
through the intersection of a and f3 its 
equation is of the form la -f m/3 = 0, 

§ 30, and since BF passes through 
the intersection of la + m/3 = 0, and 
y = 0, its equation is the form 



la -f m/3 + ny ~ 0. 

57. In every complete quadrilateral each diagonal is divided 
harmonically by the two others. 
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Bern.—It results from (163) that fF- f gG = - (7LET + £j5T). 
Therefore the equations /i^-f gG- 0, AiT + IK - 0 represent the 


4 



same line. This line passes through the point of concourse of 
F and G , and through that of JET and K. It is therefore the 
diagonal M y from which it follows that the equations of the 
diagonals are 

M s fF+ gG = - (hH + IK) = 0, 

JF=fF + hH = - (gG + IcK) = 0, 

F s fF + IcK = - (gG + UT) = 0. 

Hence JF - P = (hK - IK) ; hut JF - P = 0 represents the 
line passing through 7, and &ZT- MTthe line passing through 4. 
Hence the equation of the line 47 is hH - IcK - 0 ; it is there¬ 
fore the harmonic conjugate of M = hFL + IzK — 0 with respect 
to the lines K-0, P = 0 ; .*. (2578) = —1. 

Cor. In every complete quadrangle any two diagonal points are 
separated harmonically by the pair of opposite sides passing 
through the third diagonal point. 

For, if the complete quadrangle be 2356 the diagonal points 
are 1, 4, 7, and the line 17 is divided harmonically by the lines 
35, 26. This follows from the fact that the pencil (4*2578) is 
harmonic. 
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58. The quadrilateral whose sides are la + m/3 + ny = 0(1), 
!a t m/3 - ny =0(2), 7a-»»j8+»y = 0(3), - Ja+*»£ + »y= 0(4), 
or say the four lines Za ± az/J ± ^y= 0 is a standard quadrilateral. 

For '!)- (2) s 2?iy = 0, (3)+(4) = 2ny = 0. Hence y = 0 is a 

diagonal. 

59. Def .—Two triangles which are such that the lines joining 
corresponding summits are concurrent are said to he in perspective, 
the point of concurrence is called the centre of perspective. 

Prop .—Two triangles -whose corresponding sides intersect in 
colli near points are -in perspective. 

Dem.—Pet one be the triangle of reference, and let the line 
of collinearity be la + m(3 + ny = 0. Then evidently the equa¬ 
tions of the sides of the other triangle are I'a + m/3 + ny = 0, 
Za-t- m'/3 - ny =0, la + mf3 + n r y = 0 ; and taking the differences 
of these in pairs we get the concurrent lines (gn-m')f3 

=- n—n } ) y, which are evidently the joins of corresponding vertices. 

Def.— The line of collinearity of the points of intersection of 
the corresponding sides of triangles in perspective is called their 
axis of perspective. 

EXERCISES. 

!• The points (a, /S', 7 '); (- a, /S', y') ; (a, - y') ; («', - y') are the 

summits of a standard quadrangle. 

For the pairs of opposite sides are 

a a ± &jj S = 0 j8//8' ± yjy' = 0 yjy'± a]a = 0, 
equation (154), and each pair intersect in a summit of the triangle. 

2 . The triangle formed by any three sides of a standard quadrilateral is in 
perspective with the triangle of reference, the axis of perspective being the 
fourth side of the quadrilateral, and the triangle formed "by any three s ummi ts 
of a standard quadrangle is in perspective with the triangle of reference, the 
centre of perspective being the remaining summit of the quadrangle. 

3. The trilinear polars of the four summits of a standard quadrangle form 
the sides of a standard quadrilateral. 

4. The centres of perspective of the triangle of reference and each of the 
rour triangles formed by the sides of a t standard quadrilateral form the summits 
or a standard quadrangle, and the axes of perspective of the triangle of 
reference and each of the four triangles formed by the summits of a standard 
quadrangle form a standard quadrilateral. 
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5. If the lines la + m/3 + ny — 0, all + film + y/n — 0, meet the sides 
JSC y CA, AB, of the triangle of reference in the points A', B f , O'; A\, B h Ci , 
respectively, then the pairs of lines AA', AA\; BB\ BB \; CC r , CCi> are 
isogonal or isotomic conjugates according as the co-ordinates are normal or 
Earycentric. 

6. If two points be isogonal conjugates, their trilinear polars are isogonal 
transversals; and if they be isotomic conjugates, the polars are isotomic 
transversals. 

60. To find the length of the perpendicular from, the point 
a', /?', y' on the line la 4- m/B + ny - 0. 

This equation in Cartesian co-ordinates is 

2,1 ( x cos a + y sin a - p) = 0 ; 
and the distance of the point x'y 1 from this line is 
%l (x r cos a + y' sin a - p) 

*/(2,1 cos a) 2 + (2,1 sin a) 2 ' 

or (^a') ls/l 2 +m 2 + n 2 - 2 mn cos A - 2 nl cos B - Tim cos C; 
putting l 2j r m 2 + n 2 - 2 mn cos A - 2 nl cos B - Tim cos (7 = 0. 

The perpendicular distance of a!fi'y' from (la + m/B + ny) is 
(la' 4- m(B' + ny') / O. (164) 

61. To find the angle between the lines 

la 4- m/B + ny - 0, Va -I- m'/B + ny = 0, 
let V denote the angle between the lines. Then if when 
transformed into Cartesian co-ordinates they become 
Ax 4- By 4 C = 0, A'x + B'y 4- C' = 0, 

, . ^ AB'-A'B 

we have sin V =— ■ — — • 

. V A' + B-V A* + 

The numerator of this fraction is 

A, B 

A', B' 

l cosa+m cos/ 3 + 72- cosy, l sina+m sin/?4-w siny 
l' cos a+m'cos /B + n ! cosy, V sin a 4- m r sin (B + n' sin y 


or 
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That is the product of 

cos a, cos / 3, cos y 
sin a, sin j3, sin y 

Hence the numerator is 

| I , m> n 

I V , «»', n' , (165) 

! sin sin -5, sin C 

and the denominator is evidently 00'. See § 60. 

Cor. 1.—The vanishing of the determinant (165) is tlie con¬ 
dition of parallelism of the lines 

la -f m/3 -r ny - 0, Va -f m'/3 + n'y - 0. 

Cor. 2.—The equation of the line at infinity is 

a sin A -r /3 sin B + y sin (7=0, (166) 

for the determinant (165) is the condition that the lines 
la~ m/3 + ny ~ 0, l'a + in'[3 + n'y — 0 
should intersect on that line. 

Cor. 3.—If Ax -f By + <7=0, A'x + B'y -f- C' = 0 he per¬ 
pendicular, AA! + BB' = 0, § 27. Hence the condition that 
la + m/3 + ny = 0 may he perpendicular to I'a + ?n'/3 4- ny = 0 is 
(57 cos a) (57' cos a) + 5 (J sin a) 5 (7' sin a) = 0, 
or IV + mm' + nn' - (mu' + m'n) cos A - (nV + n'l) cos JB 

- (7w' -f I'm) cos C = 0. (167) 

Cor. 4.—Every line is parallel to the line at infinity, and 
every line is perpendicular to the line at infinity. The first 
follows from (165) by substituting sin A, sin B, sin C for l', n' 
and the second from (167). * 

Cor. 5.—The condition that la+ m/3 + ny = 0 may he perpen¬ 
dicular to y is n = m cos A+ 1 cos B. (168) 

Cor . 6.—The angles which la + m/3 + ny~0 makes vritli a, /3, y 
are ■ 

sin Y a = (n sin B - m sin <7) /Q, sin Vp - (j sin C—n sin A3) j O, 
sin Y y = (m sin A -l sinR) /O. (169) 


j 1. m, n 
! V, *»', n' 
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Cyclic Points—Isotropic Lines. 

62. The function denoted by Q 2 , § 60, being the sum of two 
squares breaks up into the two imaginary factors 

(21 cos a) ± \f- 1 (21 sin a), 
or le lCL + me L & + ne L v and le~ La - +■ men? + ne~ L v. 

The quantities e La , e L P, ew 9 and e~ ta , e~ L P, e~ L y are the co-ordi¬ 
nates of two imaginary points, say the points I ’ f which are 
called cyclic points. They are at infinity, for if we form the 
equation of their join we get a sin A +sin Z-fy sinZ=0, which 
is the line at infinity, and we shall see in Chapter nr. that every 
circle passes through them. 

63. Dee.' — The join of any real point to either I or J is called an 
isotropic line. 

The join of a'/Ty' and I is 

a > A y | 

a', /S', V | = 0. 

i 

e ta , e l P, e l y j 

or Xe La + Ye^ + Zew = 0, where X = (fiy - fi'y), &c. Similarly 
the join of a'fi'y' and J is Xe~ La 4- Ye~ L P + Ze~ L y = 0. Hence the 
product of the equations of the two isotropic lines from a'ft'y' to 
/, Jis 

X 2 + Y 2 + Z 2 - 217 cos C -2 YZ cos A - 2ZX cos Z = 0. (170) 

64. If Zj, Lj denote the powers of the points /, J with respect 

to the line L = la + : m/3 + ny = 0. Then the condition (167) that 
the lines Z = la + + wy = 0, Z'= l'a + m'/? + ^'y = 0 may be 

at right angles, can be written L x L'j + LjLj =0. How let M 
be the finite point of intersection of Z, Z', and if Z pass through 
J, the condition just written proves that Z' passes through I; 
therefore Z' coincides with Z. Hence a line zohich passes through 
either cyclic point is perpendicular to itself. 
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EXEECISES. 

L Find the equation of tlie perpendicular to the side y of the triangle of 
reference at its middle point. 

Ans. a sin A — $ sin B A y sin {A — B) — 0. (171) 

2. Find the condition la 4- m0 -f ny = 0 may he perpendicular to itself. 

Ans. £1 = 0. 

3. Find the equation of the line a'&'y parallel to la 4- m0 + ny. 

Let l'a — m'l3 -f uy = 0 be the required parallel; then since it passes 
through a'0'y\ we have Va 4- m 0 f 4- n'y r = 0 ; and the condition (166) of 
parallelism may be written 

I (m sin C - n sin JB) 4- m' {n sin A — l sin 0) 4- n (l sin JB — m sin A). 
Hence eliminating V, m\ ri, we get 


! °3 


m sin C — n sin B 

! P’ 

JB', 

n sin A - l sin 0 

j % 

y> 

IsmB- m sin A 


4. Prove that 

+1 , n y ; gj _ [ mn> - m ' n ) smA -r (nV — Wl) sin-g+ {hn! — I'm) sin O 

U’-rmm'-r?in'—(}im'-\-m'n)cosA — (nl f +nl)cosB—(lm'+I'm) cos O' 

(!73) 

5. Find the equation of the perpendicular to la -f m0 + ny thr ough a 0 y, 

6. If 8 a , 8b, 5 C be the distances of A, B, C from the line la 4- m0 4- ny — 0 
prove that 

4A 2 = 2a 2 8 a 2 - 2 2ab 8 a 8b cos C. (174) 

Let j?, q, r be the altitudes of ABC, we have 8 a = Ip fa, 8 b = mq/n, 

8 e = tirja. Hence l=n. 8 a /p , m — Q. $ h \q, n = a. 5 c /r, 

but 

XI- = P 4 - m 2 4 n 2 — 2 Im cos C—2 mn cos A — 2 nl cos B (§60) 

therefore 

1 _ ^ da ' o ^ COS 0 2A 

1 ~ 5 Ts ~ 1 2 -; butp = —, &c. 

P P-<2 a * 

Hence the proposition is evident. 

7. Prove that the parallel through a0y r to the join of a"0'y", a"'fr"y'" 

is 

a > 0, y 

y =0. (175) 

a"-a", y"-y'" 
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8 . Prove that the join of the orthocentre and centroid is perpendicular to 
a cos A + j3 cos B 4 - 7 cos 0= 0. 

Def .—A line EE cutting the sides CA , CB of the triangle of reference so 
that the triangle CEE is inversely similar to CBA is called an antiparallel to 
the base. 

9. If la. + mfi + ny be antiparallel to 7 , prove that 

l sin A — m sin B — n sin (A — B) = 0. (176) 

10 . Prove that 

4A 2 = 2 « 2 (8 a ~ S b )(8 a - 8 e ). See ex. 6 . (177) 

11 . If la + m/3 + ny = 0 he the equation of a line in absolute Barycentric 
co-ordinates, prove that the distance of the point a , /3', y' from it is 

la! + m$' + ny‘. (178) 

12. If JR be the circumradius of the triangle of reference, prove that the 
perpendiculars from its summits on Euler’s line, equation (156), are 

2 JR cos A sin (B - C) / Vl - 8 cos A cos 13 cos C , &c. (179) 

13. Prove that the locus of the centres of mean distances of the points in 
which parallels to la + mi 3 -f ny = 0 meet the sides of the triangle of reference 
is, 

aj(n sin B — m sin C) +&l(lsinC—n smA) + yl(msmA--lsmB)=Q. (180) 

[Make use of equations (169).] 

14. If the points a!B'y, a ,, /3 ,, y' subtend a right angle at a$y y prove that 
2 a 2 {B'fi" 4- y’y" + (#' 7 " + & 'y) cos A] — 2 aj8{a'/3"-f a!'fi' 4- 

(ya" + y'a ) cos A 4- (&y" + /3'V) cos B - 27 ' 7 " cos C } = 0. (181) 

15. If the equation aar + bJ3 2 4- cy 2 4 2hafi + 2/j3y + 2gya = 0 represent 
two perpendicular lines, prove that 

a + b + c - 2/ cos A - 2g cos B - 2 h cos C = 0. (182) 

16. If the same equation represent two parallel lines, prove that 


a, 

h , 

9, 

sin A 

1 ® 

h, 

h 

/> 

sin B 



f, 

c, 

sin C 

= 0 . 

smA, 

sin B, 

sin C, 

0 



( 183 ) 
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Distance between Two Points. 

65. To find the distance 8 between two points a^yu a 2 fty 2 . 
Fioiq the mven points draw perpendiculars to the sides AB , 
AC of the triangle, and from a 2 fty 2 draw parallels to AB, AC. 
Then denoting i/lYby l, we have 
d 2 sin -A = Z 2 = (A - ft) 2 (yi - y 2 ) 2 + 2 (ft - ft)(yi - y 2 ) cos A, 
but (ft - ft} = (cZ - aJT)/2A, ji - y 3 = (<&2f- 6Z)/2A ; 
therefore (155) 

4A~8~siirA = (cL — aJST) 2 4- (aM — bL ) 2 4- 2 (cZ - aN)(a-M 

- 5Z) cos .4 

= <r {Z 2 -f if- -riT- - 2MJST cos -4 - 2iVZ cos Z - 2 LM cos Z}. 
Hence 

o = ~-/l 2 - JI 2 -f uY 2 - '2MN cos A - 2iVZ cos Z - 2Zif cos C. 

(184) 



Cor .— The quantity under the radical is the power of either 
of the given points with respect to the pair of isotropic lines 
drawn from the other to the cyclic points. 

EXERCISES. 

1. P?ove that 

» g i — as? 5 sin2 A -f (ffi — ffsFsin 2/3 4 (yi — y 2 ) 3 sin 26'} 

2 sinsin ,5 sin G * 

This may be reduced to (184) by substituting for (ai - a 2 ), &c., their 

values from equation (loo). 
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2 . Prove that 8 2 = - (£1 — £ 2 ) (71 - 72 ). (186) 

3. The distances of ai&iy% from the summits of the triangle of refe¬ 
rence are 

\Z(a 2 -fj3 2 4-2a£ cos <7)/sin 0, &c. (187) 

4. Prove that the distance between the points of intersection of 

la -f mb + 527 = 0 

with the lines ha + ni\ft 4 - 2217 = 0 , ha 4 - wc /3 4 - #227 = 0 , 
is n (l, mi, 222 )/{( 222 i, sin C)(J, 2222 , sin £)}. ( 188 ) 

where (l, mi, n%) denotes the determinant 
l, m, n 
h, m h n 
hi mo, ti2 

Area of Triangle. 

66. To find the area of the triangle whose summits are a^y^ 

0 - 2 ^ 272 ; a- 3 ^ 373 . 

If the axes he oblique, the area of the triangle whose sum¬ 
mits are x x y x , x 2 y 2 , WJz (§ 8), is— 

X\, *^3 

sin Co 

-j~ y i» y 2 ’ y 2 

1 , 1 , 1 


But taking as axes the lines a - 0, /3 = 0, we have 


sin a) 

= sin C, 

X\ sin co = a 1? yi sin co = 

A. 

&c.; 

therefore 









ai, 

a 2 , 

a 3 ai, 

«2, 

<*3 

4 , cosee 

C 



_ cosec (7 



A = 2 


A? 

A> 

A =~2^- A, 

A? 

A 



! i, 

1, 

1 r, 




hTow, taking T= a sin A 4- fi sin B 4- y sin C = A/AJ, we get, 
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diminishing the last row by the sum of the first multiplied 
by si nA and the second by sini?, 

CL 1; flOj ^3 

ft? ft? A 


# J2 
A = — 
2A 


B(a iftys) 
2A 


(189) 


a l) 

Oo, 

«3 


*1) 


i 


COS a, 

sin a, -pi 

A, 


ft 

= 

*3i 

y 3 , 

i 

X 

COS ft 

sin/?, -p 2 

yi> 

7=! 

73 


*3? 


i 


f cosy, 

siny, -p-i 


yi> 73 

Or :—-Writing the equations a x = 0, &c., in Cartesian 

co-ordinates, 

x cos <x x + y sin a - p 1 = 0, &c. 

By multiplication of determinants, we have 


= 2A 'T: 


therefore A' = (axfty 3 )/2r = R (oxfty 3 )/2A. 

Cor. 1.— If a l3 ft, y l3 &c., be not the actual lengths of the 
co-ordinates, let them be 

(m^x, fflxft, WiyO; (^2^25 ^ 3 ft, ^ 2 y 2 ); (»2 3 a 3 , ^aft? *» 3 y 8 ), 
and we get Ax = Bm^n^n 3 (<xxfty 3 )/2A. (190) 

Cor. 2.—To find the factors «z 1} ^s, we have evidently 

WxOx sin -d + ?«ift sini? + tf^yx sin C = A/i£; 
or niiT l = A/R ; 

therefore m' - A/RT lt (191) 

Cor. 3.— Ax = A 2 (a 1 fty 3 )/(2i2 2 T 1 i 7 . r*). (192) 


EXERCISES. 

1 . Find the factors w of proportionality for the following points— 

1°. The symmedian point; 2°. The circumcentre; 3°. The orthocentre. 

2 . Prove that the area of the triangle formed by % cos a + y sin a — p and 
the line pair ax 2 -f 2 hzy + by 1 = 0 is 

p 2 VA 2 - abl(asm 2 a - 2Asin a cos a 4- b cos 2 a). 


(193) 
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3. Find tlie area of the triangle formed "by the lines 

l\a 4 4 nyy — 0, ha 4 «i 2 j 8 4 iiiy = 0, ha 4 mzfi 4- «37 = 0. 

Solving between the second and third, we get the co-ordinates of their 
point of intersection proportional to the minors L\, Mi, Mi of the determi¬ 
nant (hmznz). Hence, in this case, 

Ti = Li sin ^4 + Mi sin B + N i sin C, &c.; 
and substituting in equation (191), we get the area. 

4 . If (Ai, /ti, vi); (Ac, ^2, vi) ; (A3, ^3, ^3) be the absolute barycentric 

co-ordinates of three points, prove that the area pf the triangle whose sum¬ 
mits they are is A {\1fi2v3). 


Complementary Points and Figures. 

67. Let A', B\ C r he the middle points of the sides BO, CA, 
AB of the triangle of reference. Then, if M, M' he homologous 
points with respect to ABC , A'B'C', M' is called the complemen¬ 
tary of M, and M the anti-complementary of IB. 

If G be the centroid of ABC, then it is also the centroid of 
Al'B' C '; that is, it is their double point. Hence G divides 
MM' in the ratio 2:1. Hence if (a/3y), (a//3y) be the 
absolute barycentric co-ordinates of M, M', the co-ordinates of 
G are— a + 2a' /3 + 2/3' y + 2y' _ 1 

3 _ 3 “ 3 _ 3' 

Hence a 


4 y 

2 ’ 

B'- y + a 

P 2 ’ 

, a4j$ 

7= 2 ’ 

(194) 


o-’-P’+y’, 

y = a' 4 fi' — y f . 

(195) 


If the point M describe any figure F, M' will describe a 
figure F'. F' is called the complementary of F, and F the 
anti-complementary of F'. 


EXERCISES. 

1 . If three concurrent lines be drawn through the middle points of the 
sides of a triangle, parallels to them through the summits are concurrent. 

2. If A\B\C\ be the triangle formed by parallels to BG, GA, AB through 
A, B, C, the triangles A1B1C1 , ABC have M , M' as homologous points. 

3. In normal co-ordinates, the complementary of the point afiy is the point 

b/3 4 cy cy 4 da aa + b@ bj3 + cy - aa 

—o—*> —oa—, —- 1 the anti-complementary, the point- - -—, 

2i Cl 2*t} JdC Ctf 

&c. ( 186 ) 

4. Centre of circle ABC is complementary of orthocentre. 
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SuPPLEATENTARY 3?OUSTS. 


6S. If a, ft, y he the normal co-ordinates of a point M, the 
point 1f\ whose co-ordinates are ft 4- y, y 4- a, a + ft zs called 

the supplementary of If. 


Ev definition, 


ft' 




ft + y y -r a a + /? 

Hence, if we seek whether JA Hf' can coincide, we must have 

g _ ft _ _y_ a + ft 4-y 

ft-7 y-ra a 4- ft 2(a + ft + y] 

These will be satisfied either by a = ft = y ; that is, by the 
ineentre of the triangle of reference, or by the points of the 
Hue a -r ft 4- y = 0, which is the trilinear polar of the incentre. 


EXERCISES. 

1. Any point and its supplementary are collinear with the ineentre. 

2 . If if describe the line la 4 m3 4 ny = 0 , prove that If' describes 

fj 4 »J 4- «} (a 4 £ -f 7 ) - 2 (/a + m3 4 «y) = 0. (197) 

3. The points supplementary to the summits of the triangle of reference 
are the points A\ C, where the internal bisectors meet the opposite sides. 

Per, putting « = 0 in (197), we see that the supplementary of any line 
la -r m3 = 0 passing through C is the line [l — m)(a -£)-(? 4 - m) 7 passing 
through €’. 

4. The supplementary of the triangle whose summits are the centres of 
the escribed circles is the triangle of reference. 


Triangles in Multiple Perspective. 

69. "We have given, in § 59, the fundamental property of 
triangles in perspective; but here we shall enter into more 

detail. 

To find the condition that the triangle of reference may he in 
perspective with one ichose summits have the co-ordinates c^ft^, 
a 2 p 2 / 2 - &3$f/3j or whose sides have the equations 

4 m x ft -f y = 0, la 4- m 2 ft + m 2 y = 0, I 2 a + m 3 ft + ny z = 0. 
l c * The equations of the joins of corresponding summits are 
easiiy found to be £/£, = y/ 7l ; r /y 2 = a /a 2 ; aja, = /?/&. Hence, 
eliminating, the condition of concurrence is 
Piy^z » yi^/is- 


( 198 ) 
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Or thus— 

Let la + mfi + ny = 0 , the axis of perspective. The lines 
l x a + m$ + n x y = 0 ... meet B C , CA, AB in the same points as 
m m l n n 2 l l 3 

la+ mp + ny = 0 : — = —, 7 = —, — = —; m x 7i 2 t 3 = n x l 2 m z . 

71 7l\ l vo 771 71 3 

2 °. If the minors of the determinant ( l x m 2 n z ) he as in § 66 , 
Ex. 3, Z x , M l , iVi, &c., the summits of the triangle whose sides 
are l x a + niifi + n x y - 0 , &c., will he these minors. Hence, from 
(198), the required condition is 

IfJSToL, = N x LoM z , (199) 

70. If ABC , AiB 1 C l be such that the lines AA X , BB X , CC X 
are concm'rent in a given point , say ( 1 , 1 , 1 ), the co-ordinates 
of A 1} B 1} C x are of the following forms (m x , 1 , 1 ), ( 1 , m 2 , 1), 
(1,1, m 3 ), a7id the triangle ABC can be in six different ways 
in perspective with A l B l C l — 

1 °. ABC, A X B X C X ; 2°. ABC , B X C X A X ; 3°. ABC , C X A X B X ; 
4°. ABC, A x CiB x ; 5°. ABC, C X B X A X ; 6 °. ABC, B X A X C X . 
The equation (198) gives for these different cases the follow¬ 
ing conditions, viz., for 

2° and 3°. m x 7n 2 m 3 - 1 ; 4°. 7n 2 -m 3 ; 5°. mi « m x ; 6 °. = m 2 . 

71. :Z7^ quantities m x , 7iu, m 3 denote anharmonic ratios. 


A 



Eor let J? he the point ( 1 , 1, 1 ), the equations of BP and 
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BA : are a = 7 and a = my. Hence m x is equal to the anhar- 
r_ ,l:o ratio :AA'PA Z ). Similarly, 

w s = (PPPPO, m z = ( CC'PCy 

From § 70 we have the following cases of multiple per- 

a If m 2 = v/? 3 , ABC is in perspective with A 1 B l C\ and with 
A : C\B : . and the triangles are biperspective; the second centre 
cf perspective is on the line AA X . Similar results follow from 

.j, - m : or mi - m 2 . 

I b) If 3 = 1 , there is triple perspective, viz. ABC with 
AB : C\. and with B x C l A l and C X A X B X . 

■/ If /^ = w 2 = ^ 3 ; that is, if ( AA'BA l ) = (. BB'RJB ,) 
= CC'PCi there is quadruple perspective. 



In order to construct A X B X C\ in quadruple perspective with 
A PC, being given APC and P. 

Let AP, PP, CP meet PC, CA, AP in A', P', C' ; respec¬ 
tively. Join P'C, cutting P'Cin A", and-drawing any line 
through .4", cutting BP in B 1 and CP in C x . Again, let 
C 7 be the point of intersection of A'B' with AB. Join C"JB U 
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cutting AB in A lu Then A X B X Ci has quadruple perspective 
with AB C. 

P or, join A"?, C"B, and it is evident that ( A A'PA i) 
= {BB , PB X ) = {CCPC X ). 

( d ) The triangles ABC , A 1 B l C 1 will have quadruple per¬ 
spective if = m 2 - l/\/ m z . 

(e) If m x - nu = m z is equal to an imaginary cube root of 
unity, there will be a sixfold perspective, but then the triangle 
A X B X C X is imaginary. 


EXERCISES. 

X. If in the triangle ABC we inscribe A'B'C' in perspective with ABC; 
and in A'B'C', A"B"C" in perspective with A'B'C , then A"B"C' is in 
perspective with ABC. 

2 . li A'B'C' the orthique triangle of ABC (that is, formed hy the 
feet of perpendiculars) and A"B"C" the orthique of A'B'C , show that 
the normal co-ordinates of the centre of perspective of ABC and A"B"C" 
are sec A cos 2 A, &c., and that it is a point on Euler’s line. 

3. In the same case, if A'", B"', C'" he the summits of the triangle formed 
hy tangents in A, B, C to the circle ABC, the normal co-ordinates of the 
centre of perspective of A’B'C', A"'B"'C"' are— 

sin A tan A, sin I? tan B, sin C tan C, 
and it is a point on Euler’s line. (Gob.) 

4. Prove that the isogonal conjugate of the centre of perspective in Ex. 3 
is the isotomic conjugate of the orthocentre of the triangle ABC, and also 
the anti-complementary of its symmedian point. 

Def. — Three points, whose barycentric co-ordinates are (a'fi'y'), (fi'y'a), 
(y'a'fS'), is called an isobaryc group of points. 

5. The triangle formed by an isobaryc group is triply in perspective with 
the triangle of reference. 

6. If the triangle ABC is in perspective with A X B X C X , the sides of 
A i B\C\ have equations of form 

l x x + my + nz = 0, lx + m x y + nz = 0, lx + my + n x z — 0. 

Deduce from these equations the conditions of multiple perspective. 



86 


The Bight Line . 


Section III.— Comparison op Point and Line 
Co-ordinates. 

72. Pep- —The coefficients in the equation of a line are called 
line co-ordinates. Because, if the coefficients be known, the posi- 

X 'll 

tion of the line is fixed. Thus, let - + - - 1 = 0 be the equa- 

a o 

tion of a line ; then, putting -\=u, - t = ®, we get 

a o 

xu 4 yv + 1 = 0, (200) 

In this equation u, v are called line co-ordinates , and x, y 
point co-ordinates. If x, y he fixed, and u, v variable, we shall 
have different lines, but each shall pass through the fixed 
point Ucy). Thus, if xy be the point (alb) ; then, in Modem 
Geometry, the equation 

au 4 bv + 1 = 0 (201) 

is called the equation of the point (ab) 9 and the variables m, v 
are the co-ordinates of any line passing through it. Hence we 
have the following general definition : —The equation of a point 
is such a relation between the co-ordinates of a variable line which , 
if fulfilled , the line must pass through the point; thus, if the point 
co-ordinates 00 satisfy the equation of a line, it must pass through 
the origin ; and if the line co-ordinates 00 satisfy the equation 
of a point, it must be at infinity. 

73. The following examples will illustrate the reciprocity 
between both systems of co-ordinates:— 

EXERCISES. 

1". Take the general equation:— 

Equation of the line, 

Ax -f By 4 € = 0. 


Equation of the point, 
Au 4 Bv 4 (7=0. 
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We shall have— 

For the line co-ordinates. 
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B 


For the point co-ordinates, 
A B 
X =C' y ~c‘ 


c’ o' 

Cor. — u% + vy — 0 denotes either a line passing through the origin or a 
point at infinity. 

2°. Let there he given 

Two points, Two lines, 

(«V)» («v), tu"v”). 

We shall have— 

For the equation of their point of 


For the equation of their line con¬ 
nexion 
points , 


called 

the join of the two \ 

intersection, 

a?, 

y, 1> 



n, 

s', 

y\ i, 

= 0. 


u\ 

s", 

y’\ i 



u 


1 , 

1 , 

1 


= 0. 


The results and the operations which lead to them are the same in both 
cases. The significations of the variables only are different since the deter¬ 
minants will he satisfied if we put 


x — lx + mx\ 
y = li/+ my'\ 
1 = l + on. 


u = W + onu", 
v — W + onv\ 
1 = l + on. 


For, in fact, they are the results of eliminating l , on, 1. Between these 

. 0” 
two systems of equations, we shall have, putting A = - 

s' + As" 


y = 


1 -f • A 

y* + Ay" 


1 + A 

Supposing A variable, these two 
equations represent the co-ordinates 
of any point of a row by means of 
two special ones. It is the onost 
general o'epresentation of a lioie as 
the base of a o'ow of points. Com¬ 
pare §11, Cor. 1. 


V 

it -HA u" 


I+A 1 

v’ + \v" 
v = —-. 

1 + A 

Supposing a variable, these two 
equations represent the co-ordinates 
of any ray of a pencil by means of 
two special rays. It is the onost 
geoieo'al o'epreseoitation of a poioit as 
the vertex of a pencil of o'ags. Com¬ 
pare § 35, Cor. 2. 
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QQ 
CO 

74. The equation (198) can be rendered homogeneous by 

taking - - for point co-ordinates, and — for line co-ordinates, 
^z'z ic w 

then (19$) becomes 

xu + yv -f zw = 0 . ( 202 ) 

Cor.—iv = 0 is the equation of the origin. 

Theee-poiot Lixe Co- obdixates. 

75. If a, ft, y be the baryeentric co-ordinates of a point with 
respect to the lines of reference EC, CA, AB, and if ua + v/3 
+ icy = 0 be the equation of a line, u, v, ic the co-ordinates of 
this line (§ 53) are proportional to the perpendiculars from 
A , B, d on the line. Hence we hare the following defini¬ 
tion :—The absolute co-ordinates of a line are its distances o a , o b , 
B c from the summits A , B, C of the triangle of reference, and are 
of the same or different signs according as the summits are on the 
same or on different sides of the line. 

76. The equations ( 200 ) and ( 202 ) express the union of the 
positions of the point and the line ; in other words, they denote 
that the point is fonnd on the line, or what is the same thing, 
that the line passes through the point. And since it does not 
vary, if we interchange u , v, w with x , y, z we have the follow¬ 
ing important result:— In the equation icJiich expresses the union 
of the positions of a point and line, point and line co-ordinates 
enter symmetrically. The point therefore enjoys in the geometry 
of the line the same role which the line does in the geometry of 
the point. 

77. The equation 

/ ft \ 2 ft ft 

J, = 2 I - '] - 22 — eos (7=0, (203) 

\p) n K J 

denotes the cyclic points. 

Tor, if a, ft, y he the angles which the lines BC , CA, AB 
make with any line whatever, the equation may he written 

2 — cos a ^ + ^2 — sin a ^ = 0 , 
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2 — ( cos a + l sin a] js —( cos a - t sin a )[ = 0, 


8 “ + + «V) = o, 

q r )\p q r J 


which proves the proposition. 


EXERCISES. 

1. If the coefficients in the equations of a given line be connected by a 
given linear relation it passes through a given point. 

2. If the vertical angle of a triangle he given in magnitude and position, 
and l times the reciprocal of one side plus m times the reciprocal of the 
other be given, the base passes through a given point. 

3. If a variable triangle ABC have its vertices on three concurrent lines 
OA, OB, OtfVhich are given in position, and if two of its sides pass through 
fixed points, the third side will pass through a fixed point. 

For, if the reciprocals of OA, OB, OCbe u, v, to the conditions of the 
question give au + Iv + 1 = 0, a'v + b'w + 1 — 0. Hence, eliminating v 
we get a linear relation between u and w, which is the equation of the point 
through which the third side passes. 

4. If (it, v, w), (u r , v f , w') be the co-ordinates of two lines, prove (lit + mu\ 
Iv + mv', ho + mw') are the co-ordinates of a concurrent line. 

5. If (it, v, w), (u f , v f , w') be the co-ordinates of § 72, prove that the line- 
(lu + mu', Iv + mv', ho + mw’) divides the angle between them in the ratio 
of section l : on. 

6 . The anharmonic ratio of four lines corresponding to the values (h, mi), 
(h, mz), (h, 0 JI 3 ), (h, ^ 4 ) is equal to 

mih - mzh m m\h - mh 
mzh — onzh * mzh - nuh' 

7. If u - 0, v = 0, 10 — 0 in the equations of the three summits of the 
triangle of reference, prove that the equations of the middle points of the 
sides are 

u + v — 0, v + w = 0, 10 + it = 0. (205) 

8. In the same case prove that the points at infinity on the sides are 

u - v = 0 , v — w - 0, w - u - 0. (206) 

9. If 11 = 0, 0 = 0 , w = 0 be the equations of three points, prove that they 
are collinear if for any system of multiples l, on, n, lu 4 - mv + mv = 0. 
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MISCELLANEOUS EXERCISES. 


I. Find tie equation of the join of the origin to the intersection of 


* + £-1 = 0, 

a o 


a b 


2. Prove that 2# 2 ~ 3 xy - 2 y~ - Sx -f 4=y = 0 denotes two lines at right 

angles. 

3. The opposite sides of a parallelogram are 

x 2 - ox + 6 = 0, y 2 - 13 y -f 40 = 0, 
find the equations of its diagonals. 

4. If L = 0, X' = 0 be two parallel lines, prove that X 4 - X' = 0 is mid¬ 
way between them. 

5. Find the locus of the intersection of the diagonals of the quadrilateral 
formed by the axes and the lines 


- + f -1 = o, -S.+ * 

a b A a \b 


- 0 if A vary. 


6 . Find the equation of the line which joins the intersections of the 
transverse and direct joins of the point-pair x 2 -f 2 gx + c ='0 with the point- 
pair y 2 ~ 2fy -r c = 0 . 

7. Prove that the lines represented by x 2 — xy — §y 2 + 2x — y + 1 =0 are 
inclined at an angle of 45 3 . 

S. If A\B\, A 2 JB 2 . * . A n B n ; C\Di , C 2 X 2 . . . C n B n be two systems of 
segments in the same plane, such that ^ 1 X 1 : CiD± = A 2 B 2 : 62 X 2 . . . 
= A n B n : C n Dn ~ Jt ,* and if 

{AiBi^CiBi) = (^ 2 X 2 , A C r 2 X 2 ) . . . = (A n BnlO n D n ) = a, 

the resultants of these systems have the same ratio Jc, and are inclined at 
angle a. 

The proof is easily inferred from § 3 . 

9-14. If on the sides BO, AC, AB of a triangle there be constructed 
externally three squares BCBI), ACFG, ABKE, and if A', BC be the 
centres of the squares, then 

1 °. The middle points a, b, c of BC, CA , AB are the centres of squares 
constructed externally on the sides of the triangle A f B'C'. (Neubekg.) 
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For C’c = and perpendicular to ah, ca = and perpendicular to IB' ; there¬ 
fore the resultant of Cc and ca = and perpendicular to the resultant of ah 
and bB' ; that is, Ca — and perpendicular to aB\ Hence a is the centre of 
the square described on B’C. 

T. The quadrilaterals BCGE, GFBE\ EECF are each equal to B’G’\ 

(Ibid.) 

For it is easy to see that EC — and perpendicular to BG ; therefore area 
BCGE =b EC * BG = hEC~. Again; EA = CA' *."'2 and AC — AB ; 
therefore resultant of EA, AC = v'2 times the resultant of O'A, AB'; 
that is, EC = * CB\ Hence BCGE ~ B'C 2 . 

3 3 . The lines AA', BB’, CC' are equal and perpendicular to the sides of 
the triangle B'C'A'. (Ibid.) 

4°. The lines AA', BG, EF, CE are concurrent. (Ibid.) 

Let Y he the intersection of BG, CE, then in the cyclic quadrilateral 
AVCG the angle AVG = ACG — 7 r/ 4 . In the same manner, in the quadri¬ 
lateral B VCA' the angle B YA’ = BCA' = tt/ 4. Hence A Y, A'Y are the 
bisectors of the angles EYG, BVC. The demonstration is the same for EF. 

5°. The quadrilaterals JDFGE, FGEB, EEEF are each equal to 
4 A'B'C'. (Ibid.) 

For BG — and parallel to 2 A'B', and BE = and parallel to 2A'C’. 

6 °. The quadrilaterals BCGE, BCFE, CAEF are each equal to 2 A'B'C'. 

(Ibid.) 

15. Find the locus of a point, the sum of whose distances from the sides 
of a given polygon is constant. 

16. If a = 0 , £ = 0 , 7 = 0 , 5 = 0 be equations of the four sides of a 
quadrilateral in standard form, and a, b, c, d their lengths, prove that 
the line aa — h$ cy — do — 0 bisects the diagonals. 

Hef.— The line which bisects the diagonals of a quadrilateral is called the 
Newtonian of the quadrilateral. 

17. The Newtonians of the five quadrilaterals formed by five given lines 
Ml, M 2 , « 3 , M 4 , its, taken 4 by 4, are concurrent. 

For, taking 114 , 115 as axes of co-ordinates, the equations of u\ s ui, U 3 , 
x y 

—f -— 1 = 0 , &e., the Newtonians of the quadrilateral passes 

Mi b\ 

through the points (J^i, J£o), (i a 2 , §£ 1 ). Hence its equation is 
(hi — fa) x 4 (ai — aC) y - (ai b\ - a 2 h 2 ) = 0. 

Adding this to the equations for the quadrilaterals u 2 11511411 $, uzUiu±Uo, 
the sum vanishes identically. Hence, Ac. 
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IS. If on the three sides of the triangle of reference ABO three similar 
isosceles triangles BOA', CAB\ ABC' be described, prove that the lines 
AA' t BB\ CC* are concurrent; that is, the triangles ABCA’B'C ' are in 
perspective. 

If the triangles be described externally, and if the base angles be 0 , the 
normal co-ordinates of the common point are 1 /sin (A + 0 ), 1 /sin + 0 ), 
1 . sin {C — 8). 

19. In the same case, prove that the equation of the axis of per¬ 
spective is a / (sin B sin C -f sin A sin 20) + £/ (sin C sin A + sin B sin 20) 
-f 7 / (sin A sin B -f sin G sin 20) = 0. 

20 . Find the equations of the perpendiculars to the sides of a triangle at 
their middle points. Ans. a sin A — j 8 sin B + y sin [A — B) = 0, &e. 

21 . Prove by the properties of a harmonic pencil that y is parallel to 
a sin A -f jS sin B. 

22 . Prove that the equations of the lines joining the middle points of the 
sides of the triangle of reference are £ sin B -f y sin C — a sin A — 0, &c. 

23. Prove that the line at infinity is the trilinear polar of the centroid 
of the triangle of reference. 

24. Find the equation of the line through afi'y' perpendicular to 
la -f + ny ~ 0. 


Ans. 

) a, 

*9 

l — m cos C - n cos B, 




1 &9 


m - n cos A — l cos C , 

= 0. 

(207) 


; 79 

7 9 

n - l cos B — m cos A 




25. Prove that the perpendicular to Euler’s line, which bisects the dis¬ 
tance between the eircumeentre and orthocentre, is 

a sin ZA 4 - £ sin ZB + y sin 3(7= 0. (208) 

26. Find the area of the triangle formed hy the lines 

z cos a . ysina x cos y sin £ ^cosy y sin 7 

-;-7-1 = 0,-i---1 = 0,-i- -1 = 0. 

a 0 ah a 0 

Ans. ah tan b (a - £) tan (£ — 7 ) tan J (7 — a). (209) 

27-29. If A\ B\ C he the feet of the altitudes of the triangle ABC, 
prove that the normal co-ordinates— 
l 3 . Of the centroid of A'B'C\ are 

simhf cos {B — C), sin 2 B cos (C - A), sin 2 C cos {A—B). (210) 

2 °. Of the orthocentre of A'B’C\ are 

cos 2 A cos (B - C), cos 2 B cos ( C—A ), cos 2 C cos (A —B). (211) 
3°. Of the symmedian point of A'B'C', 

tan A cos (B — C), tan B cos (C — A), tan C cos (A — B ). (212) 
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30. If a transversal make with, the sides of the triangle ABC angles 
A\ B', <?', all measured in the same direction, and if n he any integer, 
prove that 

sin nA * sin nA' 4 - sin nB sin nB' 4 - sin nG • sin nC — 0. (M £ Cay.) 

(213) 

31. If A, B , C he three points of a line u, and A', B', C' three points of a 
line v ; show that the points of intersection of AB ' and A'B, BC and B’C, 
CA' and C'A, are collinear. 

32. If v he the line at infinity, show that the Xewtonian of the quadri¬ 
lateral afiyv in harycentric co-ordinates is 

(jS -f 7 — a) j1 4- (7 -{- a — j 8 ) / m 4- (a 4- £ — 7 ) / n = 0- (214) 

33. Prove that the join of (1, 1, 1) and (cos (B — C), cos ( C — A), 
cos (A - B)) is perpendicular to aaj (b — c) + bfij (e - a) + cy Ha — b) = 0 . 

34. Show that Cotes’ theorem, § 54, may be extended to any number of 
lines. 

35. Prove that the ratio in which the join of Ay’, x”y" is divided by 

Ax 4 - By -j- C ~ 0 is — (Ax 4 - By 4- C) 1 (Ax 4- B y 4- G). 

36. If a transversal cut the sides of a polygon of n sides, the ratio of one 
set of alternate segments of the sides to the product of the remaining seg¬ 
ments is (- l) tt . 

37. Prove that the triangle whose sides are 

a 4- -j- 7 1 m = 0, j8 4 ly 4- aj n — 0, 74 - via 4- £ A — 0 

is inscribed in the triangle of reference. 

38-40. If x, y, v denote the sines of the angles which la ~ mft 4- ny ~ 0 
makes with a, 7 , respectively, prove that 

1 °. y? 4 - v- 4 - 2 yy cos A = sin 2 ^4, &c. (215) 

2°. A 2 sin 2 A + y? sin 2 B 4 - v~ sin 2 C= 2 sin A sin B sin C. (216) 

3 C . sin Ajx + siixBjy. 4 -sin Cjv 4- sin A sini? sin G\Xyv - 0 . (217) 

41. If A he the mean centre of the points A\, Ao, ... A,> for the mul¬ 
tiples jhi, m 2 , ... »in, and if A r describe a right line A r B r , prove that A 
describes a parallel line whose length = m r ArBrj^im). (Xextberg.) 
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42. If A be the mean centre of the points A u A 2 , • • - ^ for tte mul " 
tipies m Zl ;«2, * - • »*»> and J? the mean centre of B\, B 2 , . • • -^nfor the same 
multiple! prove that AB is the resultant of segments parallel toAiB h A 2 B 2 

AnB :i multiplied respectively by »ii/5«, wa/Sw, &c. (Neuberg.) 

43 . If two polygons ^2 • -. ^ 1 , ^ have the same 

cent r e of mean distances, the resultant of the lines A 1 B 1 , A 2 B 2 * • • A n B n is 

(Ibid.) 

zero. v 1 

44 . If on the sides of a polygon A\A 2 -. . A n Ai triangles directly similar 
AtBiA*' A 2 B 2 A 3 , kc., be described, the summits B\, B 2 . * • B n of these 
triansles have the same centre of mean distances as the original polygon. 

(Lais ant.) 

45 . Being given two triangles ABC, A'B'C in the same plane to find 

multiples mi, m 2 , m 2 for which the summits of both triangles have the same 
mean centre. (Neuberg.) 

46. If the summits of the triangles ABC, A'B'C' have the same mean 

centre for the multiples mi, ?n 2 , m, and if the triangles A A'A", BB'B", 
CC’C” be directlv s imil ar, the triangle A"B”C " has the same mean centre 
for the same multiples. (Ibid.) 

47 . If on the altitudes AA', BB', CC' be taken portions AAi, BBi, CCi, 

respectively proportional to BC, CA , AB, the centre of mean distances of 
A 1 B 1 C 1 coincides with that of ABC. (Ibid.) 

48. If A 1 B 1 C 1 , A 2 B 2 C 2 , ... A n BnCn be a system of n triangles directly 

similar, and if a, J3, 7 be the mean centres of the A summits, the B sum¬ 
mits, and the C summits respectively for any common system of multiples, 
the triangle afiy is similar to ABC. (Laisant.) 

49 . If for each of the triangles formed by four tines, a line be drawn 

bisecting peipendieularly the distance from cireumcentre to orthocentre the 
four bisecting lines are concurrent. (Heryey.) 

50. If the joins of corresponding vertices of two triangles be concurrent 
the intersections of corresponding sides are coltinear. 

For, if the joins be the lines a = & = 7 , the sides of the triangle will be 


a-f £ -f & = 0 , j 8 -f 7 + 5 = 


-a 4-5 = 0; a-f jS 4 - 8' = 0, j 8+7 + ?' = 0, 


and each pair of corresponding sides intersect on 5 - S' = 0. 

Def. —A line BB cutting the sides CA, CB of the triangle of reference in 
the points B, JE so that the triangle CBE is inversely similar to CBA is called 
an anti-parallel to the base AB. 
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51. Find the condition that Aa-f- + vy = 0 may be anti-parallel to. 7 . 

2 sin A-m sin JB — n sinful -B) — 0. (21S) 

52. Find the equation of the line through the symmedian point of a tri¬ 
angle anti-parallel to the base. 

Ans. a cot A sin JB -f j3 cot JB sin A = 7 . (219) 

53. The summits JB, C of a triangle moYe on a fixed line, the summit -4 
is fixed; prove that the locus of the trilinear pole of a given line with 
respect to the triangle AJBC is a right line. (Hermes. Crelle’s Journal,, 
vol. 56, page 207.) 

54. Find the co-ordinates of the points anti-complementary to the four 
points a, b, e; — a, b, c ; a, — b, c ; a, b, — c. 

Ans. cot A/2, cot .3/2, cot C/2; — cot A/ 2, tan .3/2, tan Cj2 ; ia.nA/2, 
— cot B/2, tan Cj 2 ; tan Aj 2, tan JBj 2, — cot C/2. These are called Nagel’s 
■points, and are denoted by v, v ay vb, v c , respectively. Their isotomic conju¬ 
gates are called the Gergonne points, and are denoted by r, r«, Fa, T Cy 
respectively. 

55. The diagonal triangle of the quadrangle whose summits are the Nagel 
points is the anti-complementary of AJBC. 

56. The triangle ABC is in perspective with each of the four triangles 
formed by the Gergonne points, the centres of perspective being the Nagel 
points. It is also in perspective with each of the triangles formed by the 
Nagel points, the centres of perspective being the Gergonne points. 



CHAPTEE III. 


THE CIRCLE. 

Section I.—Caetesllv Co-oeei^ates. 

78. To find the general equation of a circle. 

Let ( ab ) be the centre, (xy) any 
point P in the circumference ; then, 
if the radius OP be denoted by r, 
we have (Art. 1), 

Or-*) 5 + (y-J)W; (220) 

or 

x~-rfi- 2ax - 2by -i- ar + l 2 - r = 0, 
which is the required equation. 

The following observations on this equation are very impor¬ 
tant :— 

1°. It is of the second degree. 2°. The coefficients of x 2 and 
if are equal. 3°. It does not contain the product xy. Hence 
we have the following general theorem:— Beery equation of the 
second degree which does not contain the product of the variables , 
and in which the coefficients of their second poioers are equal, repre¬ 
sents a circle. 

The folio wing „are special cases :— 

l c . If the centre be origin, the equation is x 2 + y 2 - r 2 , which 
is the standard form. (221) 

2 C . If the origin be on the circumference, x 2 + y 2 — 2ax 
- 2 by = 0. (222) 
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3°. If the axis of x pass through the centre, and the origin 
be on the circumference, x 2 4 y 2 = 2 ax. (223) 

4°. If the axis of y pass through the centre, and the origin 
be on the circumference, r i f = 2 by. (224) 

Observation .—The criterion that the product xy must not 
be contained in the equation is true only -when the axes are 
rectangular ; for if they were oblique the equation would 
(§ 5) be 

{x - a) 2 + (y - b) 2 4 2 (x - a) (;y - b) cos a> = r 2 . (225) 

79- If the equation of a circle be given , we can construct it. 
Tor let the equation be ax 1 4 ay 2 4 2 gx 4 2 fy 4 £ = 0. Dividing 
by a, and completing squares, we get 



Comparing this with the fundamental equation (220), we see 
that the co-ordinates of the centre are 

- ; and that the radius is — - ■ ' — -—. (226) 

da 9 a 

Hence the circle can be described. We have the following 
cases to consider: if g 2 4/* be greater than ac , the circle is real, 
and can be constructed; if g 2 4 p be equal to ac , the radius is 
zero, and the circle is indefinitely small, that is, it is a point; if 
/ 4Z 2 be less than ac , the radius is imaginary : there is no real 
circle corresponding to the equation ; in other words, ax 2 4 ay 2 
4 2 gx 4 2fy 4 c = 0 represents in this case an imaginary circle. 

Cor. —Since the co-ordinates of the centre of the circle 
ax 2 4 ay 2 4 2 gx 4 2/y 4 c = 0 do not contain c, it follows that 
two circles whose equations differ only in their absolute terms are 
concentric . 
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80. Geometrical PcEpresentatiox of the Power of a Point 

WITH RESPECT TO A ClRCLE. 


The power of a point iciih respect to a circle (§ 27) is positive , 
zero , 0 r negative, according as the point is outside , or the 

circumference. 


1°. Let (tf-fl) 2 + G/-£) 2 -r 2 = 0 
"be the circle y' on external 
point ; then the power of x'y' 
with respect to the circle is 
{x r -of + (/- bf-r 2 ; 
that is (§ 5) OP 2 - r 2 , or since 
0 CP is a right angle. Hence the 
power of an external point with re¬ 



spect to a circle is equal to the square of the tangent drawn from 


that point to the circle. 


2°. TThen the point is on the circle its power is evidently 


zero. 

3°. Let x'y' be an internal point; then 
denoting OP by 3, the power of OP with 
respect to the circle is 

3 2 - r, or - (r + 3) (r - 3); 

that is = - AP. PB, a negative quan¬ 
tity. 



Cor .—If for shortness the equation of a circle be denoted 
by 8 = 0, the power of any point x'y ' with respect to 8 will 
be denoted by S', for this is the result of substituting the 
co-ordinates x'y' in place of xy. 


EXERCISES. 

1. If the equation of a line be added to the equation of a circle, the sum is 
the equation of a circle. 

2. The sum of the equations ofanynumber of circles is the equation of a circle. 

3. Construct the circles— 

l 3 . x* + y z - 4r - Sy = 16 ; 2°. + 3y 2 -f 7x + 9y + 1 = 0. 
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4. Find the equation of a circle, passing through the point (2, 4) through 
the origin, and having its centre on the axis of x. 

o. Find the locus of the vertex of a triangle, being given the base and 
the sum of the squares of the sides. 

6. Find the locus of the vertex of a triangle, being given the base and 
m squares of one side + n squares of the other. 

7. If Si = 0, = 0, S 3 — 0, &c., be the equations of any number 

of circles, prove that the centre of I Si + mS* + + &c. = 0 is the 

mean centre of the centres of Si, Sz 9 S 3 , &c., for the system of multiples 
7, m, n, &c. 

8. Find the equation of the circle -whose diameter is the join of the 
points x if, x'y" . 

Am. (x-x){x-x") -t {y-y'){y-y") = 0. {227} 

9. Given the base of a triangle and the vertical angle, prove that the 
locus of its vertex is the circle S + Z cot C = 0 where S = 0, denotes the 
circle described on the base as diameter, and 2 = 0 tbe equation of the base. 

(228) 

10. Given tbe base of a triangle and the vertical angle, prove that the 
locus of the orthocentre is the circle 

S-ZcotC=0. (229) 

11. Find the locus of a point at which two given circles subtend equal 
angles. 

12. If a line of given length slide between two fixed lines, the locus of 
the centre of instantaneous rotation is a circle. 

13. Given the base of a triangle and tbe ratio of the tangent of the ver¬ 
tical angle of the tangent of one of the base angles, prove that the locus of 
the vertex is a circle. 

14. If the sum of the squares of the distances of a point from the sides 
of an equilateral triangle or of a square he given, the locus of the point is 
a circle. 

15. If the sum of the squares of the distances from a variable point to 
any number of fixed points, each multiplied by a given constant, be given, 
the locus of the point is a circle. 

16. If the base c of a triangle be given both in magnitude and position, 

and ctb sin (C - a), where a is a given angle, he given in magnitude, the 
locus of the vertex C is a circle. (M‘Cxy). 
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81. The equations of a line and a circle leing given, it is 
required to find the equation of the circle whose diameter is the 
intercept which the latter makes on the former. 

Let the equations be— 

x cos a + y sin a~p = 0, (1) x 2 +y 2 -r 2 = 0. (2) 

Eliminating y and x in succession, we get 

x 2 - 2 px cos a + p 2 - r 2 sin 2 a = 0 ; (3) 
y 2 - 2py sin a + p 2 - r 2 cos 2 a = 0. (4) 

Equation (3), being a quadratic in x , denotes (§ 37) two 
lines parallel to the axis of y through the points of intersection 
of (l) and (2). Similarly, equation (4) denotes two lines 
through the same points parallel to the axis of x. Hence, by 
addition, we get 

x 2 + y 2 - 2 p (x cos a + y sin a - p) - r 2 = 0, (230) 

which is evidently a circle passing through the four points in 
which the pair of lines (3) intersect the pair (4). Hence it 
has for diameter the intercept made by (2) on (1). See § 30, 
Cor. 2. 

EXERCISES. 

1. Find the equation, of the circle whose diameter is the intercept which 
the circle x 2 + y 2 — 65 = 0 makes on 3#+ y - 25 = 0. 

Ans. x 2 + y 2 — 15# — 5?/ -f 60. 

2. Find the condition, that the intercept which x 2 + y 2 — r 2 — 0 makes on 
x cos a 4- y sin a - p — 0 subtends a right angle at x'y'. 

Ans. The circle (230) must pass throughly. Hence the required 
condition is x 2 + y' 2 - 2 p {x' cos a + if sin a - p) - r 2 = 0. (231) 

3. Find the condition that the intercept which x cos a + y sin a - p - 0 
makes on x 2 + y l + 2 gx + 2 \fy + e - 0 subtends a right angle at the origin. 
Eliminating x and y in succession between these equations, and adding, 
we get a circle whose diameter is the intercept; and by the given condi¬ 
tion this must pass through the origin; therefore the absolute term must 
vanish. Hence 

2 p 2 + 2 p (g cos a -+• / sin a) + c = 0. (232) 
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4. If a variable chord of a circle subtend a right angle at a fixed point 
x'y', find the locus of the middle point of the chord. 

The middle point of the chord is evidently the centre of the circle (230) 
which has the chord for diameter. If, therefore, XX be the co-ordinates of 
the middle point, we have 

X = p cos a, Y-p sin a ; therefore X 3 + Y 2 = p 2 ; 
and substituting in the equation (231), we get 

(X - x'Y + (. Y- y) 2 + X 2 + Y 2 - r 3 = 0. (233) 

82. To find the equation of the tangent to a given circle 
(x - a.) 2 + (y — b) 2 — r 2 at a given 
point {x'y 1 ). 

First method. —Let 0 be the 
centre, Q any point xy in the 
tangent. Join OQ; then, since 
the points (xy), (ab) subtend a 
right angle at (x'y'), we have 
equation (14), (x' - x)(x' - a) 

+ ( y f - y)(y f - b) = 0 ; also, since 
the point ^y _is on the circle, we have 

(x' - a) 2 + (y ; - b) 2 = r 2 . 

Hence, by subtraction, 

(x - a )(V - a) + (y - *)(</' - i) = r-, (234) 

which is the required equation. 

Cor. —If the equation of the circle be given in the standard 
form x 2j r y 2 = r 2 , the equation of the tangent is 

xx' +*yy' = r 2 . (235) 

Second method. —Taking the standard form of the equation of 
the circle, if x'y', x"y" be two points on its circumference, then 
the equations of the circle described on the join of x'y', x"y" as 
diameter is (x - x')(x - x") + (y - y')(y - y") - 0, equation (14); 
and, subtracting this from the equation of the circle, we get 
x 2 j ry 2 — r 2 — [(x — x')(x -x") + (y-y')(y-y ")} = 0, 

(x' + x")x+ (y'+ y'')y-r 2 -x'x ff -y'y''= 0, (236) 



or 
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which (§ 30, Cor. 2) is the equation of the secant through the 
two points x'y', x"y". How suppose the points x'y', x"y" to 
become consecutive, the secant becomes a tangent, and this 
equation (236) reduces to 

xx' + yy' - r 2 = 0. 

Third method. —The polar co-ordinates of x'y', x"y" are 
(r cos O’, r sin O') ; (r cos 0", r sin 0 "); and the equation of the 
join of these points is (§ 31, Ex. 3), 

x cos J (O' + 0") +y sin £ (O' + 0") - r cos -J- (O' - 0 "); 
and if the points be consecutive, this reduces to 

x cos 0' + y sin O' = r, (237) 

which is another form of the equation of the tangent. 

83. From any point (hh) can he draion to a circle t-wo tangents , 
■which are either real and distinct , coincident, or imaginary. 

Eor if x'y' he the point of contact of a tangent from (hh) we 
get, substituting hh for xy in (235), hx' + Icy' = r 2 . Also, since 
x'y' is on the circle, x' 2 + y' 2 = r 2 . Eliminating y', we get 

(Jr + h 2 ) x' 2 - 2r 2 hx' + r i - h 2 r 2 = 0, (i.) 

the discriminant of which is r 2 h 2 (7r + h 2 - r 2 ); and according 
as this is positive, zero, or negative, the equation (i.) will 
be the product of two real and unequal, two equal, or two 
imaginary factors. Hence the proposition is proved. 

84. If we omit the accents in equation (i.), we get 

(hr + h 2 ) x 2 - 2r 2 hx -l- r 4 - h 2 r 2 - 0, (n.) 

which represents two lines parallel to the axis of y, passing 
through the points of contact of tangents from hh to the circle. 
In like manner, 

(h 2 + h 2 ) y 2 - 2 r 2 hy + r 4, - hrr 2 = 4 (m.) 

represents two parallels to the axis of x passing through the 
same points. Hence, by addition, we get 

(h 2 + h 2 )(x 2 +■ y 2 - r 2 ) — 2 r 2 (hx 4- hy - r 2 ) = 0, (238) 
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which is the equation of the circle whose diameter is the chord oj 
contact of tangents from hfc to x 2 + y 2 - r 2 = 0. 

Cor. —If we multiply tlie equation x 2 h - y 2 — r 2 = 0 by Jr + k 2 , 
and subtract (238) from it, we get hx + Icy -r 2 - 0, which is the 
common chord of the two circles (§ 30, Cor. 2). Hence 

hx + leg - r 2 = 0 (289) 

is the equation of the chord of contact of tangents from (hk) m 
This can be shown otherwise. Prom the demonstration, § 83, 
we have hx' + Icy' - r 2 = 0. In like manner, if x"y" be the 
second point of contact, we have hx" + Icy" — r 2 = 0. Hence the 
line hx + 7cy-r 2 = 0 is satisfied by the co-ordinates of each point 
of contact. 

85. To find the equation of the pair of tangents from (Me) to the 
circle. On either of the tangents from (life) to the circle take a 
point (xy); then twice the area of the triangle formed by the 
origin and the two points xy, Me, is hx — Icy , and twice the same 
area is equal to the distance between the points multiplied by 
the radius of the circle. Hence 

(hx - hj) 2 = \ (x - h) 2 + (y - h) 2 } r' 

or, reducing, 

(x 2 + y 2 - r 2 ) (h 2 + 7j 2 — r 2 ) = (hx -i- Icy - r 2 ) 2 . (240) 

86. If (x - a) 2 + (y- b) 2 = r 2 , (x - a') 2 + (y - b') 2 = r /2 be the 
equations of two circles , it is required to find the equations of the 
chords of contact of common tangents. 

Let x'y' he the point of contact on the first circle, then 
(x - a) (x f - a) + (y - b) (y f - b) - r 2 = 0 is tbo tangent; ; and 
since this touches the second circle, the perpendicular on it from 
the centre of the second circle must be = ± r f . Hence, remem¬ 
bering that sf (x f - af + (y' - b) 2 = r, we get 

(x' - a) (a f - a ) + (y f - b) (V - b) ~ r 2 t rr' = (), 
the choice of sign depending on whether the common tangent \u 
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direct or transverse. Hence the chords of contact are on— 


1st circle, 

(x - a) (a' - a ) + (y - b) (V - l ) - r 2 ? rr' = 0 ; (241) 

2nd circle, 

(x - a!) ( a - a') + (y - V) (b - b') - r n 7 rr' = 0. (242) 


EXERCISES. 


1. Find the equation, and the length of the common chord, of the 
two circles— 

(x - a) 2 q- (y - hf = r 2 , (# - i) 2 q- (y - a) 2 = r 2 . 

2. Find the conditions that the lines ax ± by = 0 may touch the circle 
[x - af + (y - £) 2 = r 2 . 

3. If tangents be drawn to x 2 4- y~ - r 2 = 0 from hk , the area of the 
triangle formed by the tangents and chord of contact is 


r ( U 2 H- k 2 - r)2 
h 2 4 ' 


(2.13) 


4. Two circles whoso radii are r, r’ intersect at an anglo 0 ; find the length 
of their common chord. 

5. Find the equation of the diameter of x 2 -f y 2 — 6 x — 2 y q~ 8 = 0 passing 
through the origin. 

6. Prove that the tangent to x 2 4- y 2 4 2 gx + 2/?/ = 0 at the origin is 
gx +fy = 0 . 

7. Prove that if tangents he drawn from the origin to x 2 + if -|- 2//.r 
+ 2fy + c = 0, the chord of contact is gx -|- fy q c= 0. 

8. If the chord of contact of tangents from a variable point hk subtend a. 
right angle at a fixed point x'y the locus of hk is the circle 

(x 2 + y 2 ) ( x ' 2 4 if 2 - r 2 ) - 2 r 2 (xx f + yy r - r 2 ) = 0. (244) 

9. If R denote the radius of tho circle in Ex. 8, 5 the distance of its 
centre from the origin, prove 

{It + 5) 2 + {It - 5 )~ = »•“' 

10. PA, PR are two tangents to a circle whoso centre is O ; Q any 
point in AP; QIl a perpendicular on the chord of contact JR ; prove 
AP. AQ = QR . OP, and thence infer the equation of the pair of tangents 
from R. 

87. Def. I .—If O be the centre of the circle x 2 q- y 2 r 2 « 0, 
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P, Q tivo points collinear with 0 , such that the rectangle OP . OQ 
~ r 2 - P and Q are collect inverse points ivith respect to the circle. 

Dhf. II. — Two lines are inverse to each other with respect to a 
circle if the inverse of each point of one lie upon the other. 

IXkf. III .—A perpendicular at either of two inverse points to the 
line joining it to the centre is called the polar of the other. 

88. The co-ordinates x'y' of a point P being given, it is 
required to find the co-ordinates of tlie point inverse to it 
with respect to the circle x 2 -b y~ - r 2 - 0. 

Using polar co-ordinates, wej haven/ = p' cos O', y = p' sin O', 
x" * p n cos O', y" — p" sin 0 '; and by the condition of inversion, 


f p" = r 2 . Hence 


p" p' p" r~ 

f / = = aP + y' 2 ' 



In like manner 


r 2 y f 

x' 2 + y'~ 


(247) 


89. The polar of the point x'y r is xx' + yy’ - r 2 = 0. 

For the equation of the perpendicular through x" y" to the 
join of x'y' to the centre is, § 84, Cor. 1, 

x' (x - x") -i- y f (y - y") = 0 ; 

and substituting the values (246), (247) for x" y", we get 

send + yy' - r 2 = 0 . (248) 

Cor. 1 . —The polar of any point on. the circumference of the 
circle is the tangent at that point. 

Cor. 2.—-The polar of any external, point is the chord of con¬ 
tact of tangents drawn from that point. 


EXERCISES. 

1. Find the equation of tho inverso of tho lino Ax -1- By -b (7=0 with 
respect to aP + y 2 - r~ ~ 0. Substituting for x, y tho co-ordinatos (246)^ 
(247), and omitting accents we got 

O (aP + ■>/) -b AAx + Brhj = 0. (249) 

2. Find the inverse of tlic circle aP + if - 1- 2 yx +2 fy -b c- 0, with respect 
to the circle -I- if — r- = 0. 

Am. Tho circle c {sP -b if) 4 2 yr 2 x + 2 fr 2 y -b r l = 0. (250) 
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3. Find the equation to the pair of tangents from the origin to 

x 2 4- y~ 4- 2 gx 4- 2/y + c - 0. 

If the line y - mx he a tangent to x 2 + y 2 4- 2 gx 4 2fy 4 - o = 0, substituting 
mx for y, the resulting equation, viz. x 2 (I + m 2 ) + 2 (y 4 - mf) x + c = 0 , must 

have equal roots. Hence (1 4 m 2 ) c — (g 4 - mf) 2 ; but m — - ; therefore 

c {a? 4- y 2 ) = (gx +fy) 2 , (251) 

which is the pair of tangents required. 

We get the same pair of tangents for the inverse circle c (x 2 + y 2 ) + 2 gr 2 x 
+ 2 fr 2 y 4 - r 4 = 0 . Hence the pair of direct common tangents drawn to a 
circle and to its inverse passes through the centre of inversion. 

4. Find the length of the direct common tangent drawn to the circles 

x 2 4- y 2 + 2 gx 4- 2 fy 4- e - 0, x 2 4 y 2 4 ty'x 4 2 f’y 4-^ = 0. 

A ns. If J2, Jt' denote the radii of the circles, the length of their direct 
common tangent 

= Vc 4 - c' - 2 gg' - Iff 4- RB!. (252) 

5. The ratio of the square of the common tangent of two circles to the 
rectangle contained by their radii remains unaltered by inversion. 

6 . If A, B be any two points, A’, B\ their inverses with respect to 
x 2 4 - y 2 — r 2 = 0 ; prove that if p, p' be the perpendicular distances of the 
origin from AB , A'B' respectively, p : p : : AB, A'B'. 

7. If two points A, B be so related that the polar of A passes through B, 
the polar of B passes through A. For if the co-ordinates of A be ( ad ), 
and of B ( bb '), the polar of A is ax - 1 - a'y — r 2 , and the condition that this 
should pass through B is ad 4 - bb' — r 2 , which, being symmetrical with 
respect to the co-ordinates of A and 2 ?, is also the condition that the polar 
of B should pass through A . 

Def .—Two points so related that the polar of cither passes through the 
other are called conjugate points , and their polars conjugate lines. 

8 . If a variable point moves along a fixed line, its polar turns round a 
fixed point. 

9. The join of any two points is the polar of the point of intersection of 
their polars. 

10 . Two triangles which are such that the angular points of one are the 
poles of the sides of the other are in perspective. 

11 . The anhafmonic ratio of four collincar points is equal to the anhar- 
monic ratio of the pencil formed by their four polars. For, let x'y\ x"y" be 
two points, and P', P" their polars: then if the join of x r y\ x'y" be divided 
in two points in the ratios 7c: 1 , Jc' : 1, the anharmonic ratio of the four 
points is h 4 - 7c '; and since the polars of the point of division are 7cB" 4 P' = 0 , 
PP" 4 P' = 0 , the anharmonic ratio of their four polars is Jc 4 - 7c'. 
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90. To find the angle of intersection of two given circles. 

Def. —The angle between the tangents to any two curves at a 
point of intersection is called the angle of intersection of the curves 
at that point. 

Let r, r' be the radii of the given circles, 3 the distance be¬ 
tween their centres, <£ their angle of intersection; then, since 
radii drawn to the point of intersection are perpendicular to the 
tangents at that point, the angle between the radii is cf>. 

Hence 8 2 = r 2 + r' 2 - 2rr' cos <£. 

How, if the circles be 

x 1 4 y 1 4- 2gx 4 2 fy + c = 0, 
and x 2 + y 2 + 2g'x + 2,f'y+ c' = 0, 

we have 

S 2 = {g - gj + ^ 2 = f +P-c, r' 2 = g' 2 + f' 2 - o'. 

Hence, by substitution, we get 

c + c' + 2rr f cos <f> - 2gg' - 2ff r = 0, (253) 

which determines the angle </>. 

Cor . 1.—If the circles cut orthogonally, 

2 gg' + 2ff' - c - c' = 0. (254) 

Cor. 2. —If the circles touch, 

c' ± 2rr' - 2gg’ - 2ff f 4- c = 0; (255) 

the choice of sign being determined by the species of contact. 

Cor. 3 .—If a circle S cut three circles S', S", S'" orthogonally , 
it cuts orthogonally any circle XS' + gS" + vS"' expressed linearly 
in terms of /S', S", S'". 

This is proved by writing the equations S' , &c., in full, and 
applying the condition (254). 

91. Def.— The mutual power of two circles is the square of the 
distance between their centres minus the sum of the squares of their 
radii. 

If the circles be 

a X 2 + y 2 + 2 g x x + 2fy 4 = 0, 

S 2 s X 2 + y 2 4 2 g 2 x + 2 f 2 y 4 = 0, 
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and the mutual power of 8. lf S 2 be denoted by 7r 12 , we easily 
find 7t 12 = Ci + c 2 - 2g x g % - 2/i/ 2 . (256) 

Cor. 1 .—If the radii of the circles be r u r 2) and <f> tbeir angle 
of intersection, tt 12 = - 2^2 cos < 56 . (257) 

Cor. 2 .—The mutual power of S x = 0 and x 2 + y 2 = 0 , which 
may be denoted by 7 r 0l , is 

92. If $ 2 become infinity large, that is, open out into a line, 
and denoting the infinite radius by R , and the perpendicular 
on it from the centre of S l b y p, we have the mutual power 
= - 2jpR. Similarly, if Si, S 2 become lines, intersecting at an 
angle fa the mutual power = - 2 R 2 cos <f>. In all the applications 
of mutual power that will occur in this treatise, the results 
will be inferred from a symmetrical determinant (see § 98), 
from which the factors - 2R , - 2 R 2 may be omitted. Hence 
we may define the mutual power of a line and a circle as the 
perpendicular on the line from the centre of the circle, and 
the mutual power of two lines as the cosine of their included 
angle. 

Cor. 1 .—The mutual power of any circle and the line at 
infinity is unity, and of any line and the line at infinity is zero. 

Cor. 2. —If two circles cut orthogonally, their mutual power 
is zero. 

Cor. 3.—If two circles touch, their mutual power is ± 2rir Sf 
the choice of sign depending on the nature of the contact. 

93. To find the equation of a circle , cutting three given circles 
81 ss x 2 + y~ + 2 g x x + 2 f L g + c x = 0, fyc., at given angles <f> l7 fa, fa- 
Let S = x 2 4 - y 2 + 2gx + 2fy + c be the required circle. Now, if 
tt 01 be the mutual power of 8, 8 h the equation (253) may be 
written c x - tt qi - 2gg lf - 2/1, - 1 - £ = 0 . Hence, eliminating 
g , f c between the three equations of this form, and x 2 + y 2 + 2 gx 
+ 2 \fy 4- c = 0, 

x 2 +y 2 , 

Ci — 7T 0 1 , 

C 2 — 7Tq 2 , 

G ;i ~ ^0 3 ? 


-y, 

Su fi, 
9fv 

9si 


l, 

1 , 

1 , 

1 


= 0. (258) 
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If this determinant expanded be written in the form 
A [x 2 + y 2 ) + 2 Gx + 2 Fy +(7=0, 

and r denote the radius of the circle, which it represents, we 
have A 2 r 2 = G 2 + F 2 - AC ; but the quantities G , F\ C each 
contain r in the first degree. Hence we have a quadratic for 
determining r, either root of which, substituted in (258), will 
give a circle, cutting S i7 S 2 , S 3 at the given angles. 

Cor. 1.—The equation of a circle, cutting S x . &>, $ 3 ortho¬ 
gonally, is 

& + f, - -y, 

e l, 9u fly 

c 2, 9'y fti 

&3) 9zy fzy 

Cor . 2.—The equations of the eight circles touching $ x , S 2 , S z 
are 

x 2 + f, -x , -y, 

«i±2m, yi, /i, 

*3 ± 2/t 2 , y 2 , / 2 , 

c z ± 2jt 3 , y 3 , /s, 

94 . If four circles be cut at given angles <£ x , <£ 2 , <£ 3 , by a 
fifth, we have four equations of the form: c x - 7r 01 - 2yy x - 2$ 
+ c = 0. Hence, eliminating y, /, £, we get the equation 


1, 

1, 

1, 

1 


= 0. 


( 260 ) 


1, 

1, 

1 


= 0. (259) 


c l, 

9iy 

A, 

1 


T 0 1> 

9i, 

A, 

i, 

* 2 , 

92, 

A, 

1 


7^0 2 , 

92, 

A, 

i, 

C Z j 

9 3, 

A, 

1 


TO 3j 

93, 

f3, 

i, 


9i , 

A, 

1 


Tq 4) 

9^, 

A, 

l 


(261) 


95. If the angles <£ 1} &c., be right, the second determinant 
(261) vanishes, and the first equated to zero is the condition 
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that one circle may be cut orthogonally by four given circles, 
viz.— 

C L) 9 i> 

C 2l 9^1 

*7 9Sl 

<?i> 9^ 

How, since c x denotes the square of the tangent from the 

origin to S x (§ 80), and its minor in this determinant denotes 
twice the area of the triangle formed by the centres of the 
circles S 2} S z , S 4 , we have the following theorem :— If A, B, 
C, D be the centres of four co-orthogonal circles , t x , U, t 3 , 
tangents drawn to these circles from any arbitrary point, {ABC) 
the area of the triangle, whose summits are A, B, C, Sfc.; then 

t? (BCD) - 4 2 (CD A) + 4 2 {DAB) - tf {AB C) = 0. (263) 

96. If xy, xryi, x 2 y 2 , % z y z be four coneyclic points, they may 
be regarded as infinitely small circles, cutting a given circle 
orthogonally. Hence, substituting in (262), x 2 + y 2 for c h and 
a, V for -g x -/i, &c., we get 

x 2 + y 2 , x, 

#i 2 + yf, 

^ + y 2 2 , a*, 
tf + y*, #3, 

the point xy, being supposed variable , we have the equation of 
a circle passing through three given points. The same result 
could be obtained from (260) by supposing S u S 2 , S z to be the 
point circles {x - x{f + {y- yi) 2 = 0, &c. It may also be shown 
as follows:— 

The determinant (264) evidently represents a circle, for the 
coefficients of x 2 and y 2 are equal, and the circle passes through 


y, i, 

V\7 1 ) 

y%7 i; 

y* i 


0; 


(264) 


fl7 

Ai 

a, 

A 


i, 

i, 

i, 

i 


= o. 


(262) 
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the given points; for if in the determinant we substitute x u y x 
for xy , it will have two rows alike. 

97. If S = 0 be the equation of any arbitrary circle; $ l5 S 2i S z - 
the poivers of the points x x y Xl x 2 y 2 , x z y z with respect to it , then the 
determinant 

S : x, y, 1, 

Si, «i, Vi, 1, 

«a, y 2 , 1, 

^3) *^3j ^3j 1 

denote a circle through x x y x , x 2 y 2) x z y z . 



Feobenitjs’s Theorem. 


98. If S lf S 2 ) S z , S i9 S 5 ; S 6 , Si, S s , S 9 , S l0 he two systems 
of five circles, then the determinant 

7r 16i *“17) *"l8j 9) *"l 10 

*2 0» *2 7) *2 8) *2 Oj *2 10 

*3G, *"3 7j *3 8) *3 9) *3 10 > (266) 

*4 6} *4 7) *4 8) *4 9) *4 10 

*■567 *5 7) *~5 8) **5 9) *“5 10 


or as it may for shortness he denoted 


n 


1 , 2, 3, 4, 5N 
6, 7, 8, 9, 10/ 


= 0. 


(267) 


Dem.- Multiply the matrices, each consisting of four columns 
and five rows— 

I? 2y x , 2/1, c x c t , -g 6 , -f G , 1 

1 , 2y 2 , 2/ 2 , r 3 c 7f -g l7 -/ 7 , 1 


and we get the required result. 

This remarkable theorem is due to Frobenitts (see Crelle’s 
Journal , Band 79, pages 185-245. Compare Darboux, Amides 
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de VEcole Nor male, 2nd series, tome i., p. 323 ; Lucas Nouvelle, 
Correspondence , tome iv., pp. 169-175, and 200-204. It was re¬ 
discovered by 11. Lachlan, b.a. (see Philosophical Transactions , 
vol. 177). 

99 . If the angle of intersection of two circles S*, S be de¬ 
noted by aft, we get, by means of § 91, Cor . 1, from (266) by 
supposing the second system of circles to coincide with the first 
for any system of five circles on a plane 

1, cos 12, cos 13> cos 14, cos 15 

cos 21, 1, cos 23, cos 24, cos 25 

cos 31, cos 32, 1, cos 34, cos 35 =0. (268) 

cos 41, cos 42, cos 43, 1, cos 45 

cos 51, cos 52, cos 53, cos 54, 1 

Cor . 1.—The condition that four circles should cut a fifth 
•orthogonally is 

1, cos 12, cos 13, cos 14 

I cos 21, 1, cos 23, cos 24- 

' _ = °. (269) 

cos 31, cos 32, 1, cos 34- 

cos 41, cos 42, cos 43, 1 

Cor. 2.—The condition that four circles should be tangential 
to a fifth is 

0, sin 2 ! 12, sin 2 .] 13, sin 2 ]- 14 

sin 2 ]-21, 0, sin 2 !- 23, sin 2 ]-24 

_ _ =0. (270) 

sin 2 ] 31, sin 2 ]-32, 0, sin 2 ]-34- 

sin 2 ]-41, sin 2 ]-42, sin 2 ]-43, 0 

For, if the__circle S 5 touch each of the circles Si, S 2 , & 4 , 

•cos 15, cos 25, &c., become each equal to unity, and subtracting 
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each of the four first columns from the last in (269) we get 
(270). 

100 . If t \2 denote the common tangent to the circles Si, S 2 , 
we easily get sin 2 J 12 = t^jrir^ Hence in the determinant 
(270) the sines of half the angles of intersection of the circles 
Si, S 2 , S z , Si may be replaced by their common tangents, and 
denoting for shortness by 12 the common tangent of Si, S 2 , the 
condition is 

0, 12\ 13% 14 2 

21% 0, 23% 24 2 

_ _ _ = 0. (271) 

31% 32% 0, 34 2 

41% 42% 43% 0 

Which expanded is equal to the product of the four factors 

12.34 ± 23.14 ± 3l. 24. (272) 

EXERCISES. 

1. If Si, S 2 , £3 be any three circles, find the condition that the radius of 
\iSi + A 2$2 + teSz may he zero. 

If JR be the radius of \\S\ + mS 2 + we have 

JRr (2A) 2 = (2Ay) 2 + (2A/) 2 - 2A . 2A e . 

Hence, if 

12 = 0, (2a gf + (2a/) 2 - 2A 2A c = 0. 

If this be expanded, the coefficient of Ai 2 is yr + /i 2 — ci, that is n 2 , and 
the coefficient of A 1 A 2 is 2 ffig 2 + 2/j/> — c\ — c 2 , that is, - 7112 . Hence 
the required condition is 

A 2 l?’l 2 + A 2 2^2 2 4- A 2 3»'3 2 — ^T12 AiA2 — ~ = 0. (273) 

2. If two circles, Si, S 2 be inverted into two others, S’i, S' 2 , then remains 
unaltered by inversion:— 

1°. The angle of intersection. 

2°. The ratio of the square of their common tangent to the rectangle con¬ 
tained by their radii. 
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3°. The ratio of the square of their mutual power to the product of the 
powers of the origin with respect to the circles. 

3. Being given four points in a plane, the area of the triangle formed by 

any three of them multiplied by the power of the fourth with respect to the 
circumcircle of that triangle gives a constant product. (Staudt.) 

4. If Si, 82 , S 3 , Si ; $ 5 , S 6 , Si, $8 be two systems of four circles, prove 


0 

1 

1 

1 

1 


1, 

71*15, 

71*16, 

TT17, 

7T18 


1, 

VT25, 

71*26, 

71*27, 

71*28 

li 

O 

To 

1, 

71*35, 

71*36, 

71*37, 

71*38 


1, 

71*45, 

71*46, 

71*47, 

71*48 

(Lachland.) 


5. In the same case prove 


/I 2 3 4\ 2 /I 2 3 4\ /o 6 7 8\ 

n (s 6 7 s) (l 2 3 J xn (5 6 7 8)' (275) 

{Hid.) 

The Exercises 4, 5 give a very large number of results by making special 
hypotheses for the circles; for example, supposing either system to be cut 
orthogonally by the same circle, or to reduce to points or lines, &c. 

6 . If a circle radius p cut the circles Si, 82, S3 at angles (pi, <p 2 , <pz, prove 
1 1 


0 , 

T\ 

f2 rz 

P 


1 

ri 


cos 12, cos 13, 

COS (pi 


1 

7 * 2 ’ 

cos 21, 

- 1, cos 23, 

COS <p2 

= 0. (276) 

1 

7 * 3 ’ 

cos 31j 

, cos 32, - 1, 

COS <pz 


1 

P 

COS (pi, 

COS <p2, COS <jf>3. 

- 1 


■If s 

= 0, 

S' =s 0 denote two circles, the pencil * 


S - kS f = 0, where h receives all values from + 00 to - 00 , is called 
a coaxal system . 


* A system of curves of any order, passing through a number of points 
which is one less than the number required to determine a proper curve of 
that order, is called a pencil of curves. 
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102. One of the circles of a coaxed system is infinitely large , and 
two infinitely small. For, let 

$ = xr + y 2 4- 2 gx + 2\fy + c = 0, S' = x 2 + y 1 + 2g'x + 2 f'y + c' - 0 ; 

then 

S - k)(x 2 +y 2 ) + 2 (g -leg') x+ 2 (f-hf) y + c-lcc'- 0 (277) 

is the general circle of the system. Now, in the special case 
where Jc = 1, this circle reduces to 

8-S'm 2 (g-g')x + 2 (/-/) y + c - *' = 0, (278) 

which represents a line that is an infinitely large circle. This 
line is called the radical axis of the coaxal system. 

Again, if R denote the radius of S - JcS', we have 

D 2 (3 ~ + (/- ¥7 - (1 -&)(e- W) 

(1 -*)* 

Now, if S - JcS' = 0 reduce to a point circle, R = 0 ; 
hence (y - %') 2 + (/- i/) a - (1 -i) (* - *0 = 0, 

or (y 2 +/ 2 -c) + h(c+ o'- 2gg'~2ff) + h 2 (y' 2 +f 2 - ✓) = 0, (279) 

which is a quadratic in 7 j. If the roots he h l7 h 2) the circles 
S — hi S' — 0, S - h 2 S' = 0 reduce to points. These are called 
the limiting points of the system. Hence the proposition is 
proved. 

Cor. —The parameter h is equal to the ratio in which the centre 
of S - JcS' - 0 divides the distance between the centres of the 
circles S' - 0, S = 0. 

103. The limiting points of the coaxal system S - JcS' - 0 are 
real when the circles S, S' do not intersect , and imaginary when 
they do. 

The roots of the equation (279) will be real if 

4 (/ +/ 2 ~ c ) {f 2 + /' 2 - o') be less than (c + c' - 2 gg' - 2ff ') 2 , 
or if 4 r 2 r n be less than {c + c' - 2 gg' - 2ff') 2 ■ 

but r 2 + r ' 2 = g 2 +f 2 -c+g' 2 +/ /2 - c'. 

Hence the roots will be real if 

(r + r') 2 be greater than 8 2 , 

(r - r') 2 be less than 3 2 , 


or 
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where 8 is the distance between the centres of S, S', that is, 
the roots are real when the circles do not intersect. Again, if 
<j> he the angle of intersection of S, S' , the equation (279) may 
he written 

r 2 - 2 Itrr' cos cj> + Ic 2 r' 2 = 0 ; 

therefore hr'- r (cos ± sin <j> ^/- 1). (280) 

Hence the values of it are imaginary when is real, and 
the proposition is proved. 

104. A coaxal system may be expressed linearly in terms of any 
two circles of the system S - It'S = 0. 

For, let S- IS'm (1 - T) <r, S - mS ' B (1 - m) <r' • then S, S' 
can he expressed in terms of <r and or '; and if l, m he given, 
cr, <r' are givfen. Hence S - It S' can be expressed in terms of 
two given circles or, cr': it will be the only variable parameter, 
and it will be in the first degree. 

Cor. 1 .—If cr, or' be the limiting points, and It a variable 
parameter, then the coaxal system is represented by the equation 
cr — Iter' = 0. (281) 

Cor . 2.—Similarly, if L = 0 denote the radical axis, any 
circle of the system may he expressed in the form S - IcZ = 0. 
Thus x 2 4- y 2 ± d 2 - Tltx = 0 denotes a coaxal system, having 
x = 0 for the radical axis, and real or imaginary limiting points, 
according as the sign of d 2 is plus or minus. 

EXERCISES. 

1 . The radical axes of any three circles are concurrent. 

For if S, 8', S” be the circles, then (§ 102) the radical axes are S-S'=0, 
8' — S" «= 0, 8" — 8 = 0, which, added, vanish identically. 

2 . Tangents from any point on a fixed circle of a coaxal system to two 
other fixed circles of the system are in a given ratio. 

For let tangents be drawn from any point F of the circle 8 - k 2 8' — 0 
to the circles 8, S '; then denoting these tangents by t, £, we have, since 
the power of F with respect to 8 - IPS' is zero, 
t 2 — k 2 t' 2 s= 0. 

Hence t: £ Jc: 1, that is, in a given ratio. 
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The following are special cases:— 

1°. Tangents from any point in the radical axis to all the circles of 
the system are equal to one another. For in this case h — 1. 
Hence t — t'. 

2°. The distances from any point of a fixed circle of the system to the 
two limiting points are in a given ratio . 

3. The limiting points are harmonic conjugates to the extremities col- 
linear with them of the diameter of any circle of the system; because 
the ratio of the distances of the limiting points from one extremity is 
equal to the ratio of their distances from the other extremity of the 
diameter. 

4. The limiting points are inverse points with respect to each circle. 

5. The distance of any point in a given circle of a coaxal system from 
the radical axis is proportional to the square of the tangent from the same 
point to any other given circle of the system. 

This follows from the equation S - kL — 0. 

6. Any two circles and their circle of inversion are coaxal. 

For the inverse of x 2 + y 2 -j- 2 gx + 2 fy + c — 0, with respect to x 2 + y 2 
— r 2 = 0, is c (x 2 + y 2 ) + 2 gr 2 x + 2 fr 2 y -f r 4 = 0 ; and the first, multiplied 
by r 2 and subtracted from the last, gives [c — r 2 )(x 2 + y 2 - r 2 ) = 0. 

7. The polars of any point with respect to the circles of a coaxal system 
are concurrent. 

For if F, F' be the polars of the point with respect to S, S', its polar 
with respect to S — hS' is F — hF' = 0, a line passing through the inter¬ 
section of P, F'. 

Def. —The radical centre of three given circles is the point of concur¬ 
rence of their radical axes. 

8. The radical centre of three given circles is the centre of a circle, cut¬ 
ting them orthogonally. 

9. The inverse of a coaxal system is a coaxal system. 

For the inverse of S - hS' is of the same form. 

10. The inverse of a system of concurrent lines is a coaxal system of 
circles. 

11. The inverse of a system of concentric circles is a coaxal system, of 
which the centre of inversion is one of the limiting points. 

For the inverse of ( x — a) 2 -\-(y — b) 2 — F 2 — 0 with respect to x 2 + y 2 — r 2 = 0 
is S — F 2 S' = 0, where S = (a 2 + b 2 ){x 2 + y 2 ) — 2 ar 2 x — Tbrhj + r 4 , S'~x 2 -\-y 2 . 
Hence S — 0, S' = 0 are point circles. 
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12. A coaxal system having real limiting points is the inverse of a con¬ 
centric system, and a system having imaginary limiting points the inverse 
of a pencil of lines. 

13. If a variable circle cut two given circles of a coaxal system at given 
angles, it cuts every circle of the system at a constant angle. This may 
he seen at once by inversion : or without inversion, as follows :—If S = x 2 
4 y 2 4 2 gx 4 2 fy 4^ = 0 cuts S' s x 2 4 y 2 4- 2 gx 4- 2 \fy + c' = 0 and 
S” & x 2 4 y 2 4 2g”x 4 %f"y 4 o" = 0 at angles <p\ <£", it cuts the circle 
S r - hS" — 0 at the angle 

where B denotes the radius of S’ — kS” = 0. 

14. The radical axes of the circles of a coaxal system and a circle which 
is not one of the system are concurrent. 

15. The circles x 2 4 y 2 - 2 hx 4 b 2 = 0, x 2 4- y 2 - 2ky - b 2 = 0 cut 
orthogonally. 

Def.— The two points which divide the distances between the centres of tivo 
circles internally and externally in the ratio of their radii are called the 
centres of similitude of the circles. 


Thus if x 2 + y 2 + 2 gx 4 2 \fy 4 c = 0, it 2 4 f 4 2g'x 4 2 f’y 4 o’ = 0 be 
two circles, their centres of similitude are— 


internal, the point 

\-gr’ + g’r 

-fr' +/V) _ 

f i } 


\ r + r' ’ 

r + r ) 

(283) 


and external. 

(-(/r-ffS) 

S 

i 



( r - / 1 

r — r ) 



16. If S, S f he two circles whose radii are r, r\ prove that their internal 

S S' 

centre of similitude is the centre of — 4 -? = 0, and the external one, the 

r r 


centre of - — 7 = 0 . 
r r 

S S' 

17. If S, S' be two circles, - ± — = 0 will invert one into the other: 
r r 

in what respect do these inversions differ ? 
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18. If S j S' be two circles, the circle described on the distance between 

S S’ 

their centres of similitude as diameter is —-- = 0. (284) 

r 3 r 2 

This is called their circle of similitude. 

19. Given any three circles, tailing them two by two they have three 
circles of similitude; prove that these circles are coaxal. 

20. Given any three circles S', S", S'", their six centres of similitude lie 
three by three on four right lines. 

For if r, r", r" be the radii of the circles, the three external centres of 
similitude are the centres of the three circles, 

S' S"_ S" S'" _ S'" S'_ 

t "-° 9 /' ? 77 ~?~' 0; 

that is, they are the centres of three coaxal circles. Hence they are col- 
linear. In like manner, it may be proved that any two internal centres of 
similitude are collinear with one of the external centres of similitude. 

21. If the three given circles be x 2 -f y 2 + 2 g'x + 2 f’y + c’ = 0, &c., the 
equations of the four axes of similitude are— 

- V , 1, 

± r’> 9\ f, h 

± r' r , g", /", 1, 

± g"\ l 

Where the choice of signs in the first column is thus determined for the 
external axis of similitude the signs are all positive, and for each of the 
others, two are positive and one negative. 

22. If a variable circle touch two fixed circles, the chord of contact 
passes through one of the centres of similitude of the two fixed circles. 

23. In the same case this variable circle is cut orthogonally by one of 
the two circles of inversion of the fixed circles. 

24. A system of circles cutting three given circles isogonally are coaxal, 
their radical axis being one of the axes of similitude of the three given 
circles. 
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* Section- II.—A System of Tangential Circles. 


105. To find the equations of the circles in pairs, touching three 
given circles S x , S 2 , S 3 . 

In equation (271) if $ 4 reduce 
to a point, it must "be some point 
on tlie circle touching S u S 2 , S 2 , 
then 14 3 , 24 2 , 34 2 , will be the 
powers of that point with respect 
to Si, S 2 , S 3 , and may be denoted 
by Si, So, S 2 , and putting l, m y n 
for the squares of the common 
tangents, viz., 23 2 ) 31 2 ? 12 2 , the 
equation (271) gives 

o, n, m, Si 

n, o, l, S 2 

m, l, o, $ 3 

Si, S 2 , S 2 , 0 

or 

PS? + m 2 S? + n 2 S? - 2lmSiS 2 - 2 mnS 2 S 3 - 2 nlS 3 S x = 0. .(287) 

Now if we substitute for S u S 2 , S 2 , their full expressions in 
Cartesian co-ordinates the equation (287) will be of the fourth 
degree; it must therefore be the equation of a pair of circles 
O, O' tangential to Si, S 2 , S 2 . The equation (287) is the pro¬ 
duct of four factors 

*/lSi ± *ymS 2 ± v/ nS 2 = 0, 

either of which cleared of radicals gives (287). Hence, for 
shortness, we may call any of them such as 

y IS i +• mS 2 + nS 2 = 0, 

the equation of the pair of tangential circles. 




i 


v 


c 


( 288 ) 
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This result was first published iu a Memoir ou the Equations 
of Circles in 1866, by the author, in the Proceedings of the 
Royal Irish Academy. 

Eef. — The equation (288) is called the xonir 0/(287). 

106. Since the points A , A 1 are common to QD, r and S x , and 
since if in the equation (287) of DO' we make Si = 0, we get 
(mS 2 - nS 3 ) 2 = 0, the circle mS 2 - nS 3 = 0 passes through the 
points A , A therefore the line AA' is the radical axis of S x 
and mS 2 - nS 3 . Hence its equation is 

(m - n) Si - (: mS 2 - nS 3 ) = 0 . 

Eor this denotes a line, namely, 

m {Si - S 2 ) -n (^i - S 3 ) = 0. 

How Si - S 2 - 0 is the radical axis of S x , S 2 ; and 8 X - S 3 = O 
is the radical axis of S ly S 3 ; denoting these by A 3 , A 2 , we 
have mA 3 - nA 2 = 0 as the equation of AA!. Therefore the 
equations of the three chords A ABB', CC' may be written 



This theorem gives a new method of describing a circle touching 
three given circles. Eor drawing the three lines (289), the two 
triads of points A, B, C; A\ B ', C ' are determined. 

107. If the lengths of the transverse common tangents to v 

Si, S 2 , S 3 be denoted by %/ W, n\ respectively, the 

norms of the other three pairs of tangential circles will be— 

*s/lS l 4- -v/ ; m 'S 2 + n'S 3 = 0. (290) 

*SVSi+<f\mS 2 + y n'S 3 = 0. (291) 

>yjS 1 +*/riS' 2 + v /^3 = o. (292) 

108. If we denote the angles of intersection of the circles thus: 

(S A z S 3 ) by A, (S^S!) by B, and (&S z )byC, 


we have 


2 cos 4- 


\A = /— ; 2 sin \A = 




122 


The Circle . 


Hence the norms (288)-(292) may be written 

cos \A y/SJ r x + cos is\/S 2 /r 2 + cos JC'V / S 3 /r 3 = 0 ; (293) 

cos %A y Sijr-y + sin. iBy- S 2 /r 2 4- sin iCS-Si/r^O; (294) 

sin %A V - JSi/rx 4 cos %JB */ S 2 /r 2 4- sin J C */- JS z /r z - 0; (295) 

sin I A </- Si/ri 4 sin V - S 2 /r 2 + cos £ C y/ S z /r z = 0; (296) 

EXERCISES. 

1. The poles of the chords AA', BB\ CC', with respect to the circles 
Si, S 2 , Sz, are collinear, their line of collinearity being the radical axis of 
cl, cl'. 

2. The radical axis of CL, CL' is the external axis of similitude of Si, 82 , S$. 

3. The circle which cuts Si, S 2 , Sz orthogonally inverts CL into CL'. 

4. If the join of the points A, B (fig. § 105) intersect the circles Si, S 2 
in the points B, JE, respectively, prove that the rectangle AE . JOB is equal 
to the square of the common tangent of # 1 , S 2 , and thence prove the theorem 
of § 106. 

5. If 2 he the orthogonal circle of Si, 82 , Sz, the radical axis of 2 and Si 
meets the radical axis of XI and CL' in the pole of AA! with respect to Si. 

6. The circles CL, Cl' are tangential to the three circles 

ISi - 2mS 2 — 2>nSz — 0, mS 2 — 2nSz — 2lSi~ 0, nSz-2lSi — 2mS 2 =Q. 

7. The three systems of points A, A', B, BB, B’, C, C r ; C, O', A, A' 
are concyclic, the circles through them being respectively 

ISi 4 mS 2 - r>Sz — 0, inS 2 4- nSz — ISi — 0, nSz 4- ISi — iylS 2 — 0. 

109. To investigate the general condition that any number of 
circles may have one common tangential circle. 

Lemmas.— If fix) = 0 be an algebraic equation of the n th 
degree, whose roots, taken in order of magnitude, are a,b } c, ... I, 

i-r.— 
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a~b t-e (l-a) 

' (x-a){x-by '{x-b){x-c) (x-l)(x-a)~ ^ ’ 


arf by l n -~ 

K») + fV) + '"fV)~ 


Lemma 1° may be proved by dividing each fraction into the 
difference of two partial fractions. Lemma 2° is well known to 
those acquainted with the theory of equations. When n - 4, 
which is the only case in which we shall use this lemma here, 
it may ho stated thus :—If a, b, c, d be any four quantities, then 


_ <r _ _ Jr_ _ 

{a - b)(a - c)(a ~ d) + (b - a\b - o){b - d) ** (c- a)(c - b){c - d) 


+ {d-a){d- b)(d-c) °' 


110. If 0 be the origin, and A , B, (7, ... L any number of 
fixed points on a right line passing through 0 ; X any variable 
point on the same line; then, if OA> OB , OC 1 ... OL, OX bo 
denoted by a, b, e, ... I, x, we have, from lemma 1°, 


AH BO LA 

AX . AX + AX'. CX + ' ‘ ' LX . AX 


(299) 


Now, if circles whoso diameters are 8 (n 8 b , 8 ( „ . . . 8 h 8 X touch 
the line OX at the points A, B, C, ... L, X, then from (300) 
we get 

AM ^ AX.BX BC_ . BX. CX 

\/8 U . 8 b / \/8 tt .8 x .8i,.8j l \/~8 b . 8 ( , 8 b . 8 X . 8 C . 8 X 

^ LA A. ZX ‘ AX _ Q 

✓ 8i . 8 a %/ 8i . 8 X . 8a . 8 X 
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Then, inverting from any arbitrary point, since the square of 
the common tangent of any two circles divided by the rectangle 
contained by their diameters remains unaltered by inversion, we 
have, after omitting common factors, the following general 
theorem :— If a circle O touch any number of circles S x , So,... S h S z , 
and if common tangents be denoted by 12, Sgc., then 


12 23 

zrr—— + zz—zz + * • 

lx . 2x 2x • 2>x 



lx . lx 


(300) 


111. If S x reduce to a point, this will be a point on the 
circle Q t and lx , 2x , 3x ,&c., may be replaced by 
s/S 3 , &c. Hence we have the following theorem :—If a circle 
O be touched by any number of circles S l7 So, S 3 , . . ., the equation 
of Q will be contained as a factor in the equation. 

—- ■ + - 4L + - 8 — - + &C. = 0. (301) 

vs,s, </&«. vs, s. 


Cor. 1.—If there be only three tangential circles this equa¬ 
tion reduces to equation (288). 

112. Prom lemma 2°, supposing f{x) to be of the fourth 
degree, we get in the same manner the following theorem :— 

If a circle Q be tangential to five circles S 0 , S l7 S 2 , $ 3 , S i7 
then 


Ol 2 , 02 2 

___j_ 

12.13.14 12.23.24 


03 2 

- ———zrz. + 

13.23.34 



14.24.34 


and supposing S 0 to reduce to a point, and denoting by T{ 1) 
the product of all the common tangents from S x to all the 
other circles, then 

jSi_ 

P(l) + P(2) + P(3) + P(4) ~ 


( 302 ) 
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EXERCISES. 


1. The circle through the middle points of the sides of a triangle touches 
both the inscribed and the escribed circles. 

For, let Si, $>, S$ denote the middle points of the sides, S x one of the 
circles touching the sides, say the inscribed circle; then lx, 'lx, Zx are 
equal to ^ (b - c), % (c - a), ^(ct-b) respectively, and 12? 23? 31? equal to 
§£; and these substituted in the equation 

12 23 31 

nr—m + ._. 1 _r + ——~ = 0, 

lx . lx lx *Zx Zx - lx 

it vanishes identically. 

2. The circle through the middle points of the sides passes through the 
feet of the perpendiculars. For, taking Si, So, S 3 , as in Ex. 1, and Sx the 
foot of the perpendicular on the side a, then 

lx- b cos C- \a, lx - - Zx = $c, 
and substituting as before. 

3. If Si, S 2 , S3, Si he the inscribed and escribed circles, then (Ex. 1) 
they have a common tangential circle a (called the “Nine-points Circle”). 
Its equation in terms of these four circles is 


_ 81 _ _ £2 __ S3 

{a -b) (b- c) (c — a) {a + b)(b - c)(c + a) + [a -f b) [b - 1 - c) [c-a) 

Sj _ 

(a-b)(b + c)(c + a) * 

4. The equation (301) may be written thus : 


(303) 


cos -1 (12) Vn ro + cos -1- (23) Vr 2 r 3 cos -1 (£1) vVi n 

''' vWfi 


5. If a circle XI touch four circles whose radii are n . . . n, then 

^ __ Si _ _ S 2 _ 

" n cos i (12) cos i (13) cos i (14) + r 2 CO s i- (21) cos } (23) cos A (24) 

_ Si __ 

r 3 cos -1- (31) cosl- (32) cos-1- (34) + r* cos-1- (41) cos-1 (42) cos -J (43)’ 

6. If S l|e a circle, 0 a point, and OFQ a line through 0 and the centre 
of S, meeting the circumference in JP and Q, then we have ^ 
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Hence if 8 open out into a right line, S/2r becomes equal to OQ ; that is, 
equal to the perpendicular from 0 on the right line, into which S opens out. 
By means of this principle we can express the equations of the escribed and 
inscribed circles in terms of the sides of the triangle of reference and the 
<£ Nine-points Circle.” Thus, in Ex. 5, let iSi, 8 s be the sides a, 0 , 7 
of the triangle of reference, Si the “ Nine-points Circlethen, denoting 
the angles of intersection of the sides with £4 by Ai, _Z?i, G\, respectively, 
the equation of the inscribed circle is 

2 (acos-j^4 ( fi cos -2 # ( 7 C 0 si>-(! 7 ) 

cos hA cos|2 ?coshG \ sin %Ai sin l B\ sin -l- G\ ) 

+ ri sin^isin £i?i sin-^Ci 


7. The tangent to the tc Nine-points Circle” at its point of contact with 
the inscribed circle is 


clcl bfi 

7-+-+ 

0 — c c~ a 


°y 

a - b 


= 0 . 


(307) 


For 


cos \A _ cos } A 
sin^i “ sin \{B - G) 


- -, &c. 

b - 0 


Section III.—Trilieear Co-oeeiitates. 

113. The equation l/3y + my a + nafi = 0 denotes a curve of the 
second degree circumscribed to the triangle of reference. 

Dem. — If in the general equation aa? + b/3 2 + cy 2 + 2haft 
+ 2f/3y 4 - 2gya - 0, the coefficient of a 2 vanishes, the curve passes 
through A ; for if we make (3 = 0, y = 0 in the resulting equa¬ 
tion, it will be satisfied. Similarly, if the coefficients of /3 2 , y 2 
each vanish, it will pass through the points B 7 C . Hence the 
proposition is proved. 

It will be seen in Chapter XII. that every curve of the second 
degree can he obtained as the section made by some plane with 
a cone standing on a circular base. It is on this account these 
curves have been called “ conic sections.” Hence, for short¬ 
ness, we refer to them as “ conic.” 
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Coxes’ Theorem. 


114. If a transversal (brawn through a fixed point 0 in the plane 
of the triangle ABC meet its sides in R 1? Ro, R iy and if R be a point 
on it such that 


V_i__j_y + 

[or, or) 

the locus of R is a circumconic of the triangle ABC. 

Bern.—Lot AB C bo the triangle of reference, and p', p" 7 p tn 
the normal co-ordinates of 0 , then we may prove, as in § 54, 
that the locus of R is 





that is, p'/a\p n \$ +p'"/y = 0, or p'/3y+p ,r ya +p'"af3 = 0. (308) 
Due .—The curve (308) is called the polar conic of the point 0 
with respect to the triangle , and 0 is called the pole of the conic. 


Cor. 1 .—The polar conic of the point a'0'y' is 

of/a -I- 070 + y'/y = 0. (309) 

Cor . 2.—If A and B be two points, such that the polar conic 
of A passes through B, then the trilincar polar of B passes 
through A. 

Lor lot the co-ordinates of A and B be a'0'y', a"0"y", then the 
polar conic of A is a'/ a -\- 0'/0 -i- y'/y = 0, and the trilincar polar of 
J> is a/a" + 0/0" * y/y" = 0, equation. (161). And we get the same 
result, whether wo substitute in a'/a -f- 070 + y'jy = 0 theeo-ordi- 
uates of 2?, or in a/a" *|- 0/0" -I- y/y" = 0, tlie co-ordinates of A. 

Cor. 3.—The trilincar polar of every point on the circum¬ 
conic passes through the polo of the conic. 

115. The cireimcircle of the triangle ABC is the polar conic of 
its symmedian point. 

In order to show this, it is necessary to find the values of 
lj m, n, so that lj3y + my a -l- naj3 = 6 may represent a circle. 
Transform l[3y -I- mya -I- na/3 = 0 to Cartesian co-ordinates, equate 
the coefficients of x l and y\ and put the coefficient of xy = 0. 
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This gives 

l cos (ft 4- y) + vn cos (y + a) + n cos (a + ft) = 0, 
l sin (ft + y) + m sin (y + a) + n sin (a 4- ft) = 0. 


And eliminating l, m, n, we get— 

fty* 7 a > <*/ 3 , 

cos(/? + y), cos (y + a), cos (a + ft), 
sin (ft + y), sin (y + a), sin(a + /2) 



Hence fty sin A + yasin B + aft sin (7=0. (310) 

Therefore l, m, n are proportional to sin A , sin 2?, sin C ; that 
is, to the co-ordinates of the symmedian point. Hence the pro¬ 
position is proved. 

116. This proposition may he proved in a manner that will 
lead to an important extension. Tims : let A', B f , C' be three 
collinear points ; then (§ 1) JB'C + C'A' + A'B' = 0. Hence, if p 
denote the perpendicular from any point O on A'C r , we have 


B' C' C'A ' A'B' 

- -f- b - = 0. 

I P p 


Therefore, inverting from (7, and denoting the inverses of 
A' } B', C' by A , B , (7, and the perpendiculars from O on the 
lines BC y CA , AB by a, ft, y, we have (§89, Ex. 6)— 


BC^_BC CA/__CA A/B^^AB_ , 

p a ’ p ft 7 p y 

Hence BCja + CA/ft + AB/y = 0 ; 

or, denoting the lengths of the sides of the triangle AB Cbya, i, c — 
aj(x ■+■ i/ft + c/y = 0 . 

How, since the points A ', B' } C f are collinear, their inverses 
A , B , (7 and (7 are concyclic. Hence, calling AB C the triangle 
of reference, the equation of its circumcircle is a/a + i/ft + c/y 
= 0, which is the same as (310). 

117. It may ie shown in exactly the same way that if a polygon , 
the lengths of whose sides are a , i , c, d, Sfc., and whose standard 
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equations are a = 0, ft — 0, &c., he inscribed in a circle , then for 
any point on that circle 

aja + b/ft + c/y + d/8 + &c. = 0. (311) 

This theorem first appeared in the Transactions of the Royal 
Irish Academy , vol. xxvi., 1878, in a Memoir by the author on the 
Equations of Circles , pp. 527-610. 

118. To find the equation of the tangent to the conic 

Ifty + my a 4- naft = 0 

at the point (aft). 

Draw any line a - left = 0 through (aft), and eliminating a 
between it and the equation of the conic, we get 

ft { (l + mk) y + nkft) = 0. 

This breaks up into two factors, one of which ft passes through 
one of the points in which a-Jc/3 = 0 meets the curve, the second 
(l + mk) y + nkft = 0 passes through the other point. This will, 
in general, be different; but if l 4- mk ~ 0 they coincide, and 
a- left - 0 will be a tangent. Hence eliminating k between 
l + mk = 0 and a - kft =0 we get a/l + ft/m = 0, which is the 
tangent at the point (aft). Hence the tangents at the three 
summits of the triangle of reference are 

a/l + ft/m- 0, ft/m + y/n = 0, y/n + a/l =0. (312) 

119. The triangle formed by the three tangents to the circum- 
conic at the summits of the triangle of reference is i?i perspective 
with the triangle of reference. 

Dem.—Let the tangents at R, C meet in A'• at C, A in R'; 
at Aj R in C'. Then subtracting y/n + a/l, which is the tan¬ 
gent at R from a/l + ft/m the tangent at C, we get ft/m -y/n- 0, 
which is evidently the equation of AA r . Similarly the equa¬ 
tions of RR ( , C C r are y/n -a/l- 0 and a/l - ft/m = 0, and these, 
when added together, vanish identically ; therefore the lines 
A A', RR f , CC r are concurrent, and the triangles are in per¬ 
spective. 
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Cor. 1.—The centra of perspective is tlie polo of the conic 
with respect to the triangle A BC. 

For the three lines A A', JIB', CO' are ft/m y/n a //, and 

these intersect in the point (hum) which is tin* pole of 
Ifty -I- My a *1- naft =- 0. 

Cor. 2.—The axis of perspective is the trilincnr polar of the 
centre of perspective. 

For the trilinoar ])olar of the contra of perspective is 
a 11 -j- ft/m yy/n~~ 0, and this evidently passes through the inter- 
section of -I- ft/m with y ; of ft/m y y/n with a; of y/n fa//, 
with ft. 

In those propositions if wo put a, b, c for /, m, n wr got the 
case of the circumcirelo and the symmedian point. 

120. The chord joining the points a'ft'y', a"ft"y" on the vie nun - 
circle is 

<!a/a'a" + />ft/ft'ft" + cy/y'y" r- 0. (3 1 3) 

For since the points are on the circle we have 

aftt! i- lift' y cjy' - 0, a/a" p b/ft" \ e/y" <>, 
and in virtue of these relations the co-ordinates of each point 
satisfy the equation (313). 

Hence it follows that the tangent at the point a'ft'y' 

is <ta/u'~ 4- hft/ft' 2 4 eyjy n - ■. 0. (3 I -1 ) 

121. The equation of the eireimcircle in bury centric co.onli ■ 
nates is 

<r/a t li 1 !ft l- <r/y 0. (31 f) j 

Hence the equation of its complementary, § (37), that in the 
circle (Nine points) through the middle points of the aides, is 

or/(ft + y ~~ «) + J*/(r ~ /#) 1* d l /(a I ft y) 0; (313) 

and the equation of its aniieomplomentary, that is of the «dr 
cumcirclo of tho triangle formed by drawing through its summit, 
parallels to the opposite sides, is 

a 2 /(ft + y) * lij(y 4- ex) | trfta I ft) 0. 


(317; 
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122. To find the equation of the circle inscribed in the triangle 
of reference. 

The general equation of the second degree, viz. aa 2 + bft 2 
+ cy 2 + 2haft + 2 ffty + 2gya = 0, represents a curve of the second 
degree cutting each side of the triangle of reference in two 
points ; thus, if we make y = 0, we get ad 2 + 2 haft + bft 2 = 0, 
which represents two lines passing through the vertex C of the 
triangle, and through the points where the curve meets y. 
Hence, if it touches y, these lines must coincide, and aa 2 + 2haft 
+ bft 2 = 0 must he a perfect square. Hence it follows that the 
general equation of a curve of the second degree which touches the 
three sides of the triangle of reference must be such, that if any of 
the variables be made to vanish , the result will be a perfect square. 
Therefore the equation l 2 a 2 + m 2 ft 2 + n 2 y 2 - 2lmaft - 2mnfty 

- 2nlya = 0* represents a curve of the second degree inscribed in 
the triangle of reference, because, making any of the variables to 
vanish, the result is a perfect square. The norm of this equa¬ 
tion is *,/la + */mft + ny - 0 (§ 105) ; and the problem to be 
solved is to find the values l , m, n , 
so that it may represent a circle. 

Now, making y = 0, we get (la 

- mft) 2 — 0 ; hence the equation of 
CF is la - mft = 0 ; and this must 
be satisfied by the co-ordinates of 
F, which, from the figure, are evi¬ 
dently 2 r cos 2 i-B, 2 r cos 2 \A, 0 ; 
r being the radius of the circle. 

Hence l : m : : cos 2 \A cos 2 £ JB. 

Similarly m : n : : cos 2 £B : cos 2 %C. Therefore the equation of 
the circle is 

COS bA v/a + cos^i? y/ft + cos $C ^/y = 0. (318) 

* The signs of the coefficients of the products aj8, fiy, ya are-, — 4 +, 

H-(-, + + —- Otherwise the equation represents two coincident lines. The 

first of these four cases corresponds to the inscribed conic, the others to the 
escribed. 
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This equation is a special case of equation (293), from which 
it may he inferred by the method of Ex. 6, § 112. 

123. The equation of the incircle may be inferred from that 
of the circumcircle by the following method, which is due to 
Sir Andrew Hart:—Let a', ft', y' be the standard equations of 
the sides of the triangle formed by joining the points of contact 
of the incircle on the sides of the triangle of reference ; a', c\ 
their lengths; then, since the incircle is described about this 
triangle, we have 

a! V ' 


a' + i S' + y 


0 ; 


but 


= yPy, P = V y“! y = V a P, 


since the perpendicular from any point on the circumference of 
a circle on the chord of contact of two tangents is a mean pro¬ 
portional between the perpendiculars from the same point on the 
tangents (Sequel in., Prop, x.); 

a' V c f 

therefore ; + — = = 0. 

V /3y v y a *y a/3 

Again, if the angles between the lines a = 0, /3 = 0 be denoted 
by (a/3), &c., it is evident that a', o' are proportional to 
cos £ (a/3), cos £ (/3y), cos £ (ya) 
respectively ; hence the required equation is 

cos -} (a/3) cos £ (/3y) cos £ (ya) ^ 

\/ a /3 \/ /3y \/ ya 

Or, as it may be written, 

cos ~}A *s/a + cos -\B */ /3 cos £ Cy = 0. 

In the same manner the equations of the escribed circles 
are 

cos- a -i- sin £2? /3 + sin£0\/y = 0, (319) 

sin iA a + cos -}B */ - /3 + sin £ C y - 0, (320) 

sin iA V a 4 sin \B \//3 + cos £C \/ - y = 0. (321) 
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EXEBCISES. 

1 . Find the Imrycentric equations of tho incirclo, and tho oxcirclos of 
f lic triangle of reference. 

2. Tho points of contact of tho incirclo or any of tho oxcirclos of the 
triangle of reference form a triangle in porapoctivo with it, and the centres 
of perspective aro the Gorgon no pointa (soo Ex. 54, p. 95). 

3. If the points of contact of tho escribed circle with tho sides of ABC be 
«i/3iyi, aAhj'iy a;i/lt7*b respectively, prove that four triangles whose summits 
aro the points aijSaya, ai/hiy^, anftryi, aid3iy:i are in perspective with ^J36 v . 
The centres of perspective are tho Nagel points of ABC. 

4. If A\B\0\ bo the foot of tho perpendiculars of ABC, the joins of the 
ineontms to tho oiroumoontres of tho triangles AJBiCi, BC\Ai, OA\B\ aro 
concurrent. 

5. Provo (ho following property of tho Gorgonno point, denoting it by 0, 
and drawing through it parallels to tho sides, tho harmonic moans between 
the aogmonts into which cadi parallel is divided at tho point G aro equal. 

(>. If through the isotomic conjugate of tho incont.ro of ABC parallels he 
drawn to tho aides, prove that tho length of those parallels intercepted by 
tho Hides of tho trianglo formed by tho middle points of tho sides of ABO 
arc equal. 

7. If A, B 1)0 any two pointa, AJi is the trilincar polar of the fourth 
point of intersoothm of the polar conic, of A and B. Ilonce, as a particular 
caao the eireumoirelo and tho polar conic of tho centroid intersect in 
Steiner’s point. 

12 d. To find the equation of the chord joining the points affi'y'j 
on the incirclo . 

.Put for shortness cos J A -1\ cos IB ~ mh, oos-J(7 = and wo 
have tho two u<illations 

/'» y/ it! I ?n!\/}>' I n* y/ y 1 0 ; y/ a " | y/ 4 - nb y/ y" = 0 . 

lienee /i k{\/ft'y" - Vft n y j, where k denotes some constant, 
with similar values for n\S and n-*; therefore 

ft' y" - ft" y= a [Afty -v VWT\ + K &«• 

Hut Uin join of tlii! Tivoli points is 

- ft"Y) '• ft(Y a " - y"«0 +y(a'ft" - a"/?') = 0 . 
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Hence, by substitution, we get 

7i a[v /^y' + ^YJ +mi/3{v /: /a r '+V' : / 7 7} 

+ niy{-/7^ r + V'a"P'} = 0, (322) 

which is the required equation. This result is due to Sir 
Andrew Hart. 

125. If the points a'j3'y r : a"/?"/' become consecutive, the 
equation (322) reduces to 


Pa mfi/3 n*y 

V o! V /3' y' 


(323) 


which is the equation of the tangent to the incircle at the 
point a'ft'y'. 


Cor .—The locus of the trilinear pole of the tangent (323) is 
the line la 4- m/3 4- ?iy - 0. Tor the co-ordinates of the pole 
being denoted by a, ft, y, we have 


Hence 


a 




la 4- m/3 4 - ny = la! 4 - *y m/3 r 4 - */ny' = 0. 


126. If the equation (311) be transformed by Hart’s method 
(see § 123), we get the following general theorem :—If a 
polygon of any number of sides whose equations are a — 0, /3 = 0, 
7 = 0, 3=0, 8fc. t le circumscribed to a circle , the equation of the 
circle is a factor in the general equation 


cos 4 (a/3) cos 1- (J3y) cos 4 (coa) 

- ~y~~yzr~ + - 4- ... 4- -= 0. (324) 

V a/3 /3y *y coa 

127. If the equation ( a , b , c, f y, h){ a, /3, y)~ = 0 represent a 
circle , it is required to find the invariant relations between the 
coefficients . 

Let S denote any circle, then, since a sin A 4- f3 sin B 4 - y sin C 
is a constant, being in normal co-ordinates equal to twice the 
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area of the triangle of reference divided by the diameter of the 
circumcircle, the equation 

JcS + ( la + mfi + ny)(a sin A + /5 sin B + y sin C) = 0 
must represent a circle. 

Hence, taking S to denote the eircumcircle, equating the 
coefficients a 2 , y 2 in 

JcS + (la -1- mfi + ny) (a sin A + ft sin B + y sin C ), 
and in the given equation, we get 

, a b o 

£ = - 7 , -=, 

sm A sm B sin C 

Hence, substituting these values, and equating the remaining 
coefficients, we get, after eliminating Jc } the two following 
relations:— 

l sin 2 C+c sin 2 B - 2/sin B sin C~ c sin Z A + a sin 2 C- 2y sin C sin A 
= a sin 2 B + b sin 2 A - 2h sin A sin B. (325) 

EXERCISES. 

1 . If the area of the triangle formed by joining the feet of the perpen¬ 
dicular from a point P on the sides of the triangle of reference he given, 
prove that the locus of P is a circle concentric with the eircumcircle. 

2 . If through P parallels EPF, PPP', DBF to EC, CA, AB he 
drawn, prove that the locus of P is a circle, if the sum of the rectangles 
PP. PP', PP. PD', PP. PP' he given. 

The three rectangles are, respectively, equal 

ai 3 fiy ya 

sin A sin P’ sin B sin C 9 sin 0 sin A 

Hence the locus is a/3 sin Q + /3y sin A + 7 a sin B = constant. 

3. The equations a 2 sin 2 A + /3 2 sin 2 P + y 2 sin 2 C = 0 (326) 

and a 2 + j3 2 + 7 2 + a/3 cos C + /3y cos A + ya cos B = 0 (327) 

represent circles. 

4. The general equation of a circle in harycentric co-ordinates is 

(a + /3 + 7 ){la + + ny) — h (arfiy + b 2 ya 4- c 2 a/3) = 0. (328) 

5. If the co-ordinates in Ex. 4 he absolute, prove that if h= 1 , l , m, n are 
equal to the powers of the points A , P, G with respect to the circle. 
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•j. Find the equation of a circle through a0y, a'0'y'\ d"i8"'y'" m If 
S — 0, denote any circle, say, for instance, the circumcircle, then 



a. 

0 

y, 

S', 

d , 

0 , 

y\ 


a", 

0 

y"> 



0 ", 

ftt 

y 5 


= 0 . 


(329) 


is evidently the required equation. 

7. Find the pedal circle of a fry'. 

The co-ordinates of the feet of perpendiculars are— 0 , 0 4 - d cos 0, 
y 4- d cos B j d -f 0 cos C, 0 y' + 0 cos A; d + y cos B, 0 + y cos A, 0. 
These substituted in (329) give, by expansion, 

[@y sin A 4- ya sin B + a(3 sin C) (0y smA+y d sin B 4- a'jQ' sin 0) (d sin A 
4- 0 sin B -f y sin C) 


=smA&mB smC(asmA-r fisinB+ysmC) 


ad (0+y'cosA)(y' + 0COsA) 
sin A 


&0 (y t a COS 0 (a -f y COS B) yy (a + 0 COS C)(j 8' + a'Jeos C) 
sin B sin G 


-j. (330) 


This equation remains unaltered if we substitute for a, 0, y their reci¬ 
procals -i. Hence the pedal circle of a point and its reciprocal 

are the same. 

8 . The Simson’s line of any point a 0y on the circumcircle is 

act (0 + y cos A) ( 7 ' 4 0 COS A) fi0 ( 7 ' -j- d cos B) (a 4- y COS B) 
sin A sin I? 

77 ' (a -i 0 cos O) (0 4 - d cos C) 

+ -isnr- i= °- ( 3S1 ) 

9, Prove that 0 4* y 1 — 2fiy cos A = constant represents a circle. 

10 . If S = 0 , S'=0 represent two circles whose radii are r, r', prove 
that the circles 


*+£-.*(r + r-), S -~~=Hr-r') 

cut orthogonally.—(C hopton.) 


( 332 ) 
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11 . If (a, b , c, f y, h) (a, 0, y ) 2 represent a circle, and if tlie same, when 
transformed to Cartesian co-ordinates, "becomes 


s m {[x - x ) 2 + (y - y'f - r 2 }, 

find the value of m. 

Ans. J (a + b + c - 2/ cos A - 2g cos JB - 2 h cos G). 
Def.— We shall call m the modulus of the equation. 

12 . Find the modulus for 0y sin A + yes sin JB + a/3 sin 0. 

Ans. - sin A sin B sin C. (333) 

13. Find the modulus for the incircle 

Ans. 4 cos 2 ^ cos 2 ^ cos 2 (334) 


14. If a , b, c denote the lengths of the sides of the triangle of reference, 
prove that act 2 + b0 2 + cy 2 4- (a + b + c) (ajS + /3y 4 - ya) = 0 denotes a circle 
through the centres of the three escribed circles. 

15. If B = radius of circumcircle, prove that the modulus of the circle 
in Ex. 14 is 222 sin A sin B sin C. 

16. The equation b\ 3 2 + cy 2 - aa 2 + 2 (s - a) {/3y - ya - a/3} = 0 de¬ 
notes the circle through the incentre and two excentres, and its modulus 
is — 222 sin A sin B sin C. 


17. If 8 = distance of incentre from circumcentre, prove, by aid of the 
modulus of the equation of the circumcircle, that 


1 1 1 
22 + 5 + 22-5~V 


(335) 


18. If on the sides AB, BC, CA of the triangle of reference portions 
BF\ CD, AE he cut off equal to 

*©• *(;)■ *©• 

respectively, where K denotes a line of any given length, the triangle EI)F 
is similar to ABC. For, by an easy calculation, 


^ „ _ A 2 [a 2 b 2 + b 2 c 2 + c 2 a 2 ) — \abc (a 2 + b 2 + c 2 ) + a 2 b 2 c 2 
a 2 b 2 ’ 

with similar values for FE 2 , EE 2 . 

19. Find the condition that the general equation in barycentric co-ordi¬ 
nates represents a circle. 

Ans. (b + c — 2/)/sin 2 A = (c + a - 2 < 7 )/sin 2 B~(a + b—2h)j sin 2 C. (336) 
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20 . Prove that in harycentric co-ordinates 

(b 2 + c 2 ~a 2 ) a 2 + (c 2 + a 2 -b 2 )& 2 +(a 2 +b 2 -c 2 )y 2 ~0 (337) 

represents a circle. 

21. Prove that the anti-complementary of (337) is 

(a 4 £ + 7 ) (dra. 4 b 2 $ 4 e 2 y) — (a 2 fiy 4 b 2 y a 4 0 2 aj3) = 0. 

(Longchamps.) 

22 . Prove by tbe method of mutual powers that the circle through the 
middle points of the sides touches the inscribed and escribed circles. 

Let X denote the circle through the middle points, X the incircle, and 
1 , 2 , 3 the middle points of the sides, then, by Frobenius’s theorem, § 98, 
we get 

0 

(«-i ) 2 
b 2 
4 


(m, 


o, 

o, 


(XX), 

(b-cf, 

(c — a) 

0, 

(i - o)\ 

o, 

c 2 

V 

0, 

(« - af, 

c 2 

4* 

0, 

0, 

(a - b)\ 

b 2 

4* 

a 2 

l 9 


= 0 . 


Hence (XX). (XX) = (XX) 2 . 


(Lachlan.) 


Therefore X touches X. Similarly it touches the escribed circles. 

23. Find the radical axis of the incircle and the circle through the middle 
points of the sides. 

Section- IV.— Tangential Equations. 

128. To find the tangential equation of the circumcircle of the 
triangle of reference. 

First method .—If we eliminate y between the equation of the 
. . a h c 

circumcircle - 4 - 4 - = 0 and the line Aa 4 g(3 4 vy = 0, we 
a P 7 

get (#A)a 2 4 (a\ 4 b\L — cv)a/3 4 (ag) (3 2 = 0. 

How this denotes two lines passing through the point (a/3) 
and the points where the line Aa 4 g/3 4 vy = 0 meets the 
circle. Hence, if it be a perfect square, the line touches the 
circle ; that is, if 

a 2 A 2 4 #V 2 4 e 2 v 2 - 2al\g - Tbegv - %cav\ = 0. 
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But the norm of this is 


Hence 


\/ aX + V 7 bp 4- ev = 0. 

®A. + a/ bp + \/ cv = 0 


(338) 


is the condition that the line Xa 4- p/3 4- vy = 0 should touch the 
circle, and is on that account called its tangential equation. 

If the equation of the circle be in baiycentric co-ordinates 
the tangential -will be 

d \/X + b p 4* C\/v = 0. (339) 

Second Method. —The same equation can be obtained other¬ 
wise as follows :—Since Xa + pJ3 4- vy = 0 is a tangent to the 
circle, if the point of contact be a'ft 'y', comparing it with equa¬ 
tion (314), we have 

. a b c 

“ 7 2 ’ V = / 2 ‘ 


Hence —, 4 -r-. + -■ = V a\ + V III + V cv. 

a' P f 

But since a'/Ty' is a point on the circumcircle, we have 
a l c 

a' + J' + y = 0 - 


Hence V aX + Vbp + V cv = 0. 

129. To find the tange?itial equations of a circle circumscribed 
to a polygon of any number of sides. 

This problem requires the following lemma :—If AB be a 
chord of a circle APB , and X, p denote the perpendiculars from 
A, B on the tangent at P; a the perpendicular from P on AB ; 
then d 2 = X/x. [Euclid, vi. xvii., Ex. 11.] 

How, if a polygon ABCB , &c., of n sides be inscribed in the 
circle, and if the standard equations of the sides be a - 0, ft = 0, 
&c., we have by equation (311) 
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Hence, if the perpendiculars from -4, B, C, &c., on any tan¬ 
gent to the circle he denoted by A, p,, v, p, &c., we have 


AB BC CD 0 LA n 

• + - 7 = + —7= + &C + ~7^n = 0, 


Xul / fJLV V ^ 


vp 


*y wA 


(340) 


which is the required equation. 

Cor .—If the polygon reduce to a triangle, the equation 
(340) becomes 

c a b 

—~ -rzzr + — = 0 ; 

*yXp, v pv V vX 


or 


a X + b p + c\/v = 0, 


which has been already found. 


130. To find the tangential equation of the incircle of the tri¬ 
angle of reference. 

If Aa + fj.fi + vy = 0 be a tangent to the circle, comparing it 
with equation (323), viz.— 


we have 


U 

</a' 


l*a mrB m*y 

__ + —£L+ —± = 0, 

■/«' VP Vi 

- A, &c. Hence D\/a! 



But, since a'/3y is a point on the circle, 

D Vo! 4 m* \/ft' + \/ f = 0 ; 

,, - l m n 

therefore - + — + - = 0 ; 

A p v 

and restoring the values of l , m, n (see § 124), we get 
cos 2 bA cos 2 bB cos 3 hC 

+ ~ir~ + f < 341 > 

which is the required equation. 

131. To find the tangential equation of the incircle of an n-sided 
polygon. 
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If AB be any chord of a circle, P any point in its circum¬ 
ference, Q the pole of AB ; then, if a, X be the perpendiculars 
from P on AB , and from Q on the tangent at P respectively, 
it may be easily proved that a -f X = sin % A QB ; but if R be 
the radius of the circle, AB = 2 R cos A QB . Hence 

AB__ 2B, cot A QB 
a X 


Now, for any inscribed polygon we have, by equation (311), 


AB 

a 


+ 


BC 

T + 


CD 


+ &o. = 0. 


7 


Hence, for a circumscribing polygon whose angles are A , B , C , 
&c., we have 


cot bA cot bB cot l-C 

—r-— + -— +-— + &c. = 0 ; 

X fi v 


(342) 


where X, //,, v , &c., are the perpendiculars from the angles on 
any tangent to the circle. 


Cor. —In the case of a triangle we get 


cot l- A cot -b B o,otl-C ..... 

— -f— + — + — = 0, (343 

A [X V 

which is the tangential equation for barycentric co-ordinates. 


MISCELLANEOUS EXERCISES. 

(On the Ciecle.) 

1. Find the centre and radius of x 2 -f y 2 — 6# + Sy - 11 = 0. 

2. Find the value of m if y — mx he a tangent to x 2 + y 2 - 6x - 2y + 8 = 0. 

3. Find the points where x 2 4- y 2 — 7x — Sy + 12 = 0 cuts the axes. 

4. Find the circle through the origin, and making intercepts h 9 k on the 
axes. 

5. If the axes be oblique, find the equation of a circle touching each at a 
distance a from the origin. 
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6 . Find the circle through the points (7, 5), (- 2 , 4), (3, - 3). 

7. Find the circle whose diameter is the intercept made by 

x 2 4 y 2 = r 2 on - -f ^ - 1 = 0 . 

a b 

8 . Find in the same case the pair of lines from the origin to the points 
of intersection. 

9. Find the length of the common chord of (x — a) 2 4 (y — £) 2 = r 2 , 
(x — b) 2 4 (y — «) 2 = r 2 . 

10 . Find the equation of the circle whose centre is ( 2 , 3), and which 
touches. 2% 4 4y 4 12 = 0. 

11 . Find the condition that the line \x + fxy 4 v = 0 may touch the circle 
(x - a ) 2 + (y - b) 2 = r 2 . 

12 . Find the radical centre of the circles x 2 + y 2 4 - §x - 1 - 4y 4 12 = 0 , 
x 2 4 y 2 - 6x 4 4y 4 12 = 0, x 2 4 y 3 4 6 # - 4y 4 12 = 0. 

13. Through 0, the origin, a line OJPQ cuts x 2 + y 2 4 2 y# 4 2 /y 4 « = 0 
in the points P, Q; find the locus of R in each of the following cases :— 

1 °. When OR is an arithmetic mean between OP, OQ~ 2°. A 
geometric mean. 3°. A harmonic mean. 

14. If two tangents be drawn to x 2 4 y 2 — r 2 = 0 from the point (a, 0 ), 
find the equation of the incircle of the triangle formed by the tangents and 
the chord of contact. 

15. If O be the centre of a circle whose radius is r, prove that the area of 
the triangle which is the polar reciprocal of a given triangle ARC is 

r 4 (ARC) 2 4 4 (AOR ). (ROC ). (COA). (344) 

16. Prove that a triangle and its polar reciprocal with respect to any 
given circle are in perspective. 

17. If a chord of a given circle of a coaxal system pass through either 
limiting point, the rectangle contained by the perpendiculars from its extre¬ 
mities on the radical axis is constant. 

18. The three circles whose diameters are the three diagonals of a com¬ 
plete quadrilateral are coaxal. 

19. Being given two circles <9, <9\ If AA', RR f be exterior common 
tangents, and CC\ DR' interior common tangents, prove that— 1 °. CA, C’A f 
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are perpendicular, and intersect on the line of centres; 2°. If the chords 
GA, C'B' intersect in E, GB and G r A' in E' } the line EE' passes through 
the intersection of CO', DD' . (Neuberg.) 

20. Find the polar equation of the circle whose diameter is the join of 
the points (//O'), (p"0"). 

21. The equations of any two circles can be written in the forms 
x 2 + y 2 + 2 kx + 5 = 0, x 2 + y 2 + 2 lex +5 = 0, and one is within the other 
if kk’ and 5 are both positive. 

22. If three given circles be cut by a fourth circle X2 which is variable, 
the radical axes of XI and the given circles form systems of triangles in 
perspective. 

23. If R be the circumradius of the triangle ABC, prove that the dis¬ 
tance between its orthocentre and circumcentre is 

R^J 1 — 8 cos A cos B cos G. (345) 

24. The locus of the radical centre of the circles [x - a) 2 + (y - b )'~ 
= (»* + p) 2 , {x - a') 2 + (y - b') 2 = (r + p) 2 , (x - a") 2 + (y - b") 2 = (r + p”) 2 , 
where r is a variable quantity, is a right line. 

25. If ay = k t 35 represent a circle, prove that k — 1, and give the 
geometrical interpretation. 

26. If ay — k& 2 represent a circle, prove k = 1, and give the interpreta¬ 
tion. 

27. ABC ... is a polygon of n sides inscribed in a circle whose centre is 
R ; G is the centre of mean distances of the points A, B, C, . . ., and 0 is 
any point on the circle whose diameter is GR. The power of the point 0 
with respect to the first circle is 

= [OA 2 + OB 2 + OC 2 + . . -)jn. (346) 

(Laisant.) 

28. Prove that the tangential equation of the circle whose radius is r, and 
centre a &’y, is 

r 2 (A 2 + /x 2 + v 2 - 2[xv cos A — 2v\ cos B - 2a jx cos C) = (Xa + /*£' + vy') 2 . (347) 

29. The sum of the powers of any point F with respect to the four circles 

whose diameters are the four sides AB } B G, GD , BA of a quadrilateral is 
equal to four times the power of P with respect to the circle whose diameter 
is the line joining the middle points of AC, BJD. (Laisant.) 
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30. If the sum of the perpendiculars on a variable line from any number 
of given points, each multiplied by a constant, be given, the envelope of the 
line is a circle. 

31. Find the condition that the points are concyclic in which the circles 
x 2 + y 1 + g% + fy + o, x 2 + y 2 + g'x 4- fy 4- c f = 0 meet respectively 
the lines \x 4- yaj 4* v = 0, Xx 4- yJy + v' = 0. 

32. Find the equations of the tangents to the “ Nine-points Circle ” at its 
points of contact with the escribed circles. 

33 . The circle which passes through the symmecLian point P and the 

points B , G of the triangle of reference is 8 - 3a sin B sin C - 0 , (348) 

where S = a/3 sin G 4 - fiy sin A + ay sin B. 

34. The circle whose diameter is the side a of the triangle of reference is 

a 2 cos A = £7 + a (/3 cos B 4- y cos G). (349) 

This may be inferred from Ex. 14, p. 77, but we indicate an independent 
proof here. The equation will evidently be of the form 

ka (a sin A + sin B + y sin C) 4- (a/3 sin C-\- fry sin A + ya sin B) = 0. 

Now, put /3 = 0 in this, and equate the result to a cos A - y cos C, and we 
get k = — cos A : this gives the required equation. 

35. To find the equation of the circle which passes through the feet of the 
perpendiculars. The line /3 cos B + y cos G — a cos A = 0 will evidently be 
the radical axis of this circle and the last. Hence the equation will be of 
the form 

(j3 cos B 4 - 7 cos G — a cos A) (0 sin B + y sin C + a sin A) 

= k {a 2 cos A — /3y — a (j 8 cos B + y cos G) } ; 

and this must pass through the points whose co-ordinates are 0 , cos G } cos B. 
Hence k — — 2 sin A ; and by substitution and reduction we get 

a 2 sin 2 A + J3 2 sin 22? + y 2 sin 2G- 2 ($y sin ^4 + ya sin + a/3 sin G) - 0 . (350) 

36-3S. O, O' are two circles, S a centre of similitude, SA'B'AB a secant 
through S, circles JD, JD r touch O, O' in the pairs of points A, B', A ', B, 
respectively, when the secant turns. 1 °. The difference of the radii 
of the circles £, D' is constant. 2 °. One of their centres of similitude 
describes the radical axis of the circles 0, O'. 3°. The foot of the radical 

axis of 2), JD' describes a circle. (Neubeiig.) 

39. Being given a point G , and two lines, OX, OY , through C are drawn 
two lines cutting OX, OY in concycle points, prove that the locus of the 
centre of the circle through these points is a right line. (Lemoine.) 
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40. If a, j3, 7 denote the tangents drawn from any point to three coaxal 
circles whose centres are A, B, 0\ prove that 

BCa 2 +CA0 2 + AB 7 2 = 0. (351) 

41. Prove that a common tangent to any two circles of a coaxal system 
subtends a right angle at either limiting point. 

42. If through the symmedian point an antiparallel he drawn to one of the 
sides of the triangle of reference, find the equation of the circle described 
on the intercept made by the other sides on it as diameter. This will pass 
through the three points tan A, sin C, 0 ; 0, tan B, sin A ; sin B, 0, tan C. 

43. Pascal's Theorem .—The intersections of opposite sides of a hexagon 
inscribed in a circle are collinear. 

Let the equations of BO be a = 0; BE, 7 = 0; EF, 0 = 0; CF, 5=0: 
then the equation of the circle will be a0 - 75 = 0. 


A 



P 


The equation of AB will be of the form la - 7 = 0 ; of AF, 0 - £5 = 0 ; 
of BE, 0 - my = 0 ; of CD, ma- 5 = 0; it will be seen that the line 
hna — 0 = 0 passes through each pair of opposite sides. 

44. If f, t ", t ,n be the tangents drawn to a circle from the vertices of 
a self-conjugate triangle; B the radius of the circle, and A the area of the 
triangle; then 

- 4A 2 B 2 = f 2 r 3 1 "~. (352) 

(Prop. Curtis, S.J.) 

For if {Ay'), {A'y"), {x'"y") be the vertices of the triangle, multiplying 
the determinants 


X , 

y\ 

it, 

s', 


-M, 

r~, 

0 , 

0 , 

a", 

y’\ 

X, 

s", 

y'\ 

-X, 

we get 0 , 

l ", 

0 , 

s'", 

y’\ 

B, 1 1 s'", 

y"\ 

-X, 

0 , 

* 0 , 

t"’-, 


which proves the proposition. 
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45 . Find the equation of the circle whose diameter is any of the perpen¬ 
diculars of the triangle of reference. 

46. If a = 0 /3 = 0, 7 = 0 j 5 = 0 he the standard equations of the 

sides of a cyclic quadrilateral, and their lengths a 9 b , c, d, the equation of 
the third diagonal is 

2 + l+Z + l-O- (353) 

abed 


47 . In the same case, if e = 0 , <p = 0 denote the other sides of the quad¬ 
rangle, and e, /their lengths, the equations of the remaining sides of the 
diagonal triangle are 


a 

a 


e 

-L 

e 


w- 


$ e 5 

H-H 

bed 



(354) 


48. The circle passing through the summit A of a triangle ABC, and 
through the feet of its internal and external bisectors, is 

sin (. B - C) (a£ sin C + fiy sin A + ya sin B) 

+ (£ sin C - 7 sin B) (a sin A + y3 sin B + y sin C) - 0. (355) 

This circle and its two analogues are called the circles of Apollonius ; their 
centres are the points of intersection of the sides of the triangle ABC with 
the tangents dra^ra to the circumcircle through the opposite summits. 
They are coaxal, the radical axis being the Brocard diameter 

sin (B - C) a + sin (C — A) j8 + sin (A — B) y = Q. 


49. Find the equation of the pair of lines, from the origin to the inter¬ 
section of the circles 

£ 2 4-2/ 2 -f 2y£ + 2/y4 e = 0. a 2 + y 2 + 2/#+ 2fy + e' = 0. 

50. "With the same hypothesis as in Ex. 44, prove 

^2 + + pry = (Prop. Curtis, S. J.) ( 356 ) 

Equate to zero the product of the two matrices 


x , y , JR, 


y\ -R, 



y", £, 

y''\ - 


*'"> if", £, 

0, 0, -JB, 


0 , 0 , _s 




Miscellaneous Exercises on the Circle . 


147 


51. If N - 0 “be the equation of the u Nine-points Circle,” prove that the 
circle whose diameter is the median that bisects a is 

E- 2a cos A (a sin A + $ sin B + y sin Cf) = 0. (357) 


52. The radical axis of the circumcircle and the circle whose diameter is 
the median that bisects a is 

£ cos I?-i-y cos £7 = 0. (358) 

53. Find the equations of the circles whose diameters are the joins of 
the feet of the perpendiculars of the triangle of reference. 


54. If the three sides of a plane triangle he replaced by three circles, 
then the circle tangential to those corresponding to the inscribed and 
escribed circles of a plane triangle are all touched by a fourth circle 
(Dr. Hart’s), which corresponds to the “ Nine-points Circle” of the plane 
triangle. Its equation is 


Si $2 Ss $4 

= r=— + -=r^ zr .r: + — _ _z. + = - =!.—- = 0, 

12M3M4 21'.23.24 31'.32.34 41'.42.43 


(359) 


where Si, Sz, See., correspond to the inscribed and escribed circles of the 
plane triangle, and 12', &c., denote transverse common tangents. 

55. Find the equations of the circles whose diameters are the joins of 
the middle points of the sides of the triangle of reference. 

56. Find the equation of the circle which passes through the points of 
intersection of bisectors of angles with opposite sides. 

57- If A BCD be a cyclic quadrilateral, AC the diameter of its circum¬ 
circle, prove the difference of the triangles BAD, BCD AG 2 sin -BAD. 

(Steiner.) 

58. If a point in the plane of a polygon be such, that the area of the 

figure formed by joining the feet of perpendiculars from it on the sides of 
the polygon be given, its locus is a circle. {Ibid.) 

59. If any hexagon be described about a circle, the joins of the three 

pairs of opposite angles are concurrent. (Brianchon.) 

Let the equation of the circle be Vfa + Vm/3 + ^Jny = 0; ABC the tri¬ 
angle of reference; and let the equations of the alternate sides DJSFG, 
EK of the hexagon be respectively 

Aa + + vy = 0, A'a 4- jjl} 3 + vy — 0, A"a + fi'fi + v"y = 0. 


Hence (§ 130), 


l m n l m n 

- + +- = 0, -T + -+ 7=0, 

A jx v K fi v 


l m n q 

A'' fl' v" 


(i-) 


_ n 
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Again, the equations of the three diagonals are easily seen to he— 



And the condition of concurrence is the vanishing of the determinant. 


1 

i 

1 

~T > 

flV 

aV 

A 'fi 

1 

1 

1 

fx'v 

A'V 

fx" A’ 

1 

1 

1 

7 *' 

aV 7 ’ 

AV" 


this dilrers only by the factor ~nr from the determinant got by elimi- 

A fJL V 

nating l, «, n from the equations (i.). Hence the proposition is proved. 

(See 'W'hight’s TriUnear Co-ordinates.) 

60. The diameter of the circle 'which cuts the three escribed circles ortho¬ 
gonally is 

(1. + cos A cos B + cos B cos C -f cos C cos A)^. (360) 
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The co-ordinates of the radical centres of the three escribed circles are 
T\ cos | (2? — C) 1 2 sin. J A, &c. Substitute these in the equation of the ex¬ 
circle, which touches a externally, viz.— 

a 2 cos 4 1 A + /3 2 sin 4 J B -f 7 2 sin 4 \C - 2/3y sin 2 §i? sin 2 f 0 

+ 2ya sin 2 J C cos 2 1 A + 2a/3 cos 2 J A sin 2 J P, 
and divide the result by the modulus of the circle ; that is, by 
4 cos 2 A sin 2 B sin 2 J £ 

The quotient is the square of the radius of the orthogonal circle. In 
reducing, we substitute for r the value « sin J P sin § C/cos \A. Thus 
we get— 

a i 

B = r—;—- (1 + cos A cos B -f cos B cos C+ cos G cos Ay. 
z sm -4 


61. If .4', P', C' be the feet of the altitudes of the triangle ABC, prove 
that the joins of the incentre and circumcentre of the triangles AB f C 
BC'A', CA'B ', respectively, are concurrent, and that the common point is 
at the contact of the incircle and “ Nine-points Circle.” 

62. A similar theorem is true for the joins of the excentres and circum- 
centres. 

63. The diameters of the circles cutting the inscribed circle and two 
escribed circles orthogonally are 

t ^—7 (1 -1- cos A cos B — cos B cos C + cos C cos A)% &c. (361) 

smi 

64. Prove by the modulus of the equation of the “ Nine-points Circle ” 
that it touches the inscribed and escribed circles. 


65. Prove that the determinant 



v +/' 

g'% +fy + e r > 

a + ff", 

y+r, 

g"x + f'y + c", 

x + 

y 

g”'x + f"'y + c"' 


(362) 


is the circle orthogonal to the three circles x 2 + y 2 + 2 g r % + 2 f’y 4- c' - 0, 
&c. 

66. There exists a relation of the form 2 mP — constant, where mi, m 2 , &c., 
are certain constants whose sum is zero, between the powers Pi, B 2 , &c., 
of any arbitrary point M, and four fixed circles whose centres are A\, Az, 
&c. (Lucas.) 
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For let Pi s # + y 1 ~ 2 “i■* ~ + 7i * • • 

Then, eliminating + T, V \ 

P\ - 7i? 1> aij £ 1 , 

Pi - J2, 1 , a 2 , £2, 

= 0 . 

P 3 - 73> 1> “3, $3, 

P 4 - 74 , 1, 04 , #4 

Hence 2Pi. AoAzAi = 271 . A 2 AzA±. (363) 

Cor. —If 71 = 72 — 73 = 74 , the four circles are orthogonal to a fifth, ai 
then SwP = 0. 

67. There exists a relation of the form 2wP== 0 between the powers < 
any arbitrary point with respect to five fixed circles. 'Zm in this relation 
zero. {Ibid.) 

6S. If three circles whose centres dieA\ B\ C pass respectively throug 
the pairs of points P, O', C, A; A, P; arid if their powers with respect t 
A, P, C be Pa, Pb, Pc, the baryeentric co-ordinates of the radical centi 
are 1 jP a , 1/P&, 1/Pc (Heubelig.) 

69. In the same case, if 0 he the cireumeentre of APC, the areas of th 
triangles 0B’G\ OG'AOA'P ' are proportional to 1/Pa, 1/P&, 1 /Pc* 

{Ibid.) 

70. Find the equation of the circle whose diameter is the join of th 
ortho centre and symmedian point of the triangle of reference. 

Ans. 2cr cos A (sin 2 !? + sin 2(7) - cos {A — P) sin P sin C . 


CHAPTER IV. 


THE GENERAL EQUATION OP THE SECOND DEGREE. 

Cartesian Co-ordinates. 

132. The equation S = ax 2 4- 2 hxy + by 2 4- 2 gx 4- 2 \fy + c = 0, or 
as it may be -written u 2 -I- u x + u 0 = 0 where u 2 denotes the terms 
of the second degree, &c., is the most general equation of the 
second degree. The object of this chapter is to classify the 
curves represented by it, to reduce their equations to their 
normal forms, and to prove some properties common to all these 
curves. Our investigations will include the following sub¬ 
divisions :— 

1°. Centres. 2°. Diameters. 3°. Conjugate Diameters. 
4°. Axes. 5°. Tangents. 6°. Poles and Polars. 7°. Classifica¬ 
tion of Conics. 8°. Asymptotes. 9°. Newton’s Theorem. 

Preliminary Algebraic Propositions. 

133. In any quadratic equation ap 2 + bp + c = 0, if the coefficient 
of p 2 vanish, one of the roots will le infinite and the other finite. If 
the coefficients of p 2 and p vanish loth roots will be infinite. 

Dem.—Put p = - and the equation ap 2 + bp 4- c = 0 becomes 
P 

cp ,s + 2bp' 4- a = 0. Now if a = 0 one value of p r is zero, and 
the other is - 2 b/c. Again, if not only a = 0 but also 5 = 0 the 
second value of p' is zero ; but when p* is zero p will be infinite, 
lienee the proposition is proved. 
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134. Def. — The remit obtained from any expression S in x b\ 
multiplying each term by the index of x in that term, and dimi¬ 
nishing the index by unity, is called the derived of S with respec 
to x. 

The equation S = ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c - 0 has 
three distinct derivatives. 

1°. With, respect to x , 2ax + Thy + 2g. 

2°. With respect to y, 2kx + 2 by + 2 f. 

3°. If we make S homogeneous by writing it in the form 

ax 2 + by 2 -i- cz 2 + 2 fyz + 2 gzx + 2 hxy = 0, 

in which s denotes a linear unit, we get a derivative with 

respect to s, viz. 2gx + 2 fy + 2c. We shall denote the halves 

of these derivatives by $ 1? S 2 , respectively. Thus 


Si s ax + hy 4 g. 

(365) 

S 2 s hx + by +/. 

(366) 

Sz^gx+fy + c. 

(367) 


135. Erom equations (365)-(367) we get at once Euler’s 
theorem 

(xS, + yS 2 + %S,) = S. (368) 


Change of Origin-. 

136. Transform S = ax 2 + 2hxy + by 2 ■+■ 2gx + 2fy + c = 0 to 
parallel axes through the point xy we get 

ax 2 + 2hxy + hy 2 +2S 1 x+2S' l y + $=0. (369) 

The following remarks on the composition of the new equa¬ 
tion are very important:—1°. The terms of the second degree 
m x, y are unaltered. 2°. The coefficients of the terms of the 
first degree are the powers of the point xy with respect to the 
derivatives of S. 3°. The last term is the power of x t y with 
respect to S . 
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Intersection of a Line ind a Conic. 

137. In order to find the intersection of a line y = mx + n 
with 8 , we transfer to parallel axes through a point xy of the 
line. Then 8 becomes 

ax 2 4 2 hxy + by 2 + 2$!# + 2 8 2 y 4 8 = 0, 

and the line becomes y = mx. Hence, for the points of inter¬ 
section with 8 , we have 

x 2 (a + 2 Jm + bm 2 ) 4 2x (8 X 4 mS 2 ) + 8 = 0. 

Hence we infer that a line cuts the conic 8 generally in two 
points. "We distinguish the following particular cases, which 
will he studied more in detail further on— 

1°. If (Si -I- mS 2 ) 2 - (a 4 2 hm 4* hn 2 ) 8 X = 0. 

The line is a tangent to the curve ; and as this is a quadratic 
in m, we can from xy draw two tangents. 

2°. If a 4 2 hm 4- hn 2 = 0, every line whose angular coefficient 
satisfies this equation meets the curve in one finite point, and 
in another at infinity. 

3°. If a 4 2 Jm + hn 2 = 0, ~8 X 4- mS 2 = 0, the curve meets the 
line in two points at infinity. 

4°. If a 4 2 hn 2 4 bm 2 - 0, S x 4 mS 2 = 0, 8=0, the line is 
contained as a factor in 8. 

The discriminant of 8 and the minors are given in § 37 ; from 
the values there given we find at once 

BC-F 2 =aA, CA-G 2 =bA, AB - E 2 = cA ) 

■ (370) 

GE- AF-fA, EF-BG = gA, FG-CE=hA) 


Centre. 

138. Def. —A point in the plane of a conic which is such that 
every secant passing through it meets the curve in points equidistant 
from it is called the centre . 
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Leidia._ If the origin he the centre the terms of the first degree 

in the equation S=ax 2 + 2kxy+hf + 2gx + 2fy + c = 0 vanish , and 
conversely. 

In fact, two points, symmetrical with respect to the origin, 
have co-ordinates of the forms x,y; -z, -y. Hence the equa¬ 
tion does not change if the origin he centre, when x, y are 
replaced hy - x, ~y- This requires that/= 0, g = 0, which 
proves the proposition. 

Research of Centre. 

139. If the point xy he the centre of 8, then from the Lemma 
and equation (369) we must have S 1 = 0, $ 2 = 0. Hence the 
point common to the lines represented hy the derivatives of S with 
respect to x and y is the centre. How, since these lines, viz. 

8 1 &az + hy + g = 0, S 2 = hx + hy + / = 0, 
may intersect 1° in a finite point , 2° at infinity , 3° he coincident , 
we have three distinct cases to consider. 

1°. let ax + hy + g = 0, hx + hy +f = 0 intersect in a finite 
point. 

Solving for x and y we get the co-ordinates of the centre, 
■viz. 

x = (hf~ hg)/(ab - Id) = GjC. (371) 

y=(gh- af)K*t " V) = F ! c - ( 372 ) 

Since these values are finite, C does not vanish. "We shall 
see, in § 152, that the curve is an ellipse or hyperbola according 
as C is positive or negative. These curves having a finite centre 
are called central curves . 

2°. Let ax + hy -f g = 0, and hx + hy +/= 0 be parallel. 

Here we have, § 27, Cor. 1, ah - Id = 0, that is 0=0. 
Hence the co-ordinates x , y are infinite, that is the centre is at 
infinity. The curve is in this case called a parabola. How, 
0 = 0 is the condition that,^ = 0 may be a perfect square. 
Hence, in the parabola the centre is at infinity, and the terms of the 
second degree in S form a perfect square. 





Cartesian Co-ordinates . 155 

3°. Let ax + hy + g - 0, and hx + by +/= 0 be coincident. 
Here, we have a/7i = hjb = gjf. Hence 

ah - A 2 =0, hf- Ig = 0, gh- af - 0, or (7=0, 6r= 0, jP= 0, 

and the co-ordinates S, y are indeterminate, as they should be; 
since in this case every point on ax + hy + g = 0 is also a point 
on hx + hj + / = 0 there is a line of centres. 

Eeduction op the Equation to the Centee. 

140. If there.exists an unique centre, xy , the equation (369) 

becomes ax 2 + 2 hxy + hf + S = 0, for the co-ordinates x , y make 
S l = 0, S 2 = 0. But from Euler’s theorem, xSi + yS 2 + ~ S. 

Hence, substituting the co-ordinates x, y we get 

8 = S 3 = gx +/y + o = (gG +fF+ c C)/C = A/ C. 

Hence the equation when transferred by parallel axes to the 
centre is 

ax 2 + 2 hxy + hf + A/(7= 0. (373) 

141. If there exist a line of centres the general equation repre¬ 
sents two parallel lines. 

For, transferring the origin to any point x,y of the line of 
centres, we have ax 2 + 2 hxy + by 2 + $ 3 = 0, as in § 140, multi¬ 
plying by and substituting h~ for ab , this becomes 

(dw? + hy) 2 -l- aS 2 = 0, (374) 

which represents two parallel lines; real, if aS 2 be negative, 
imaginary if positive. 

Diametees. 

Def .—The locus of the middle point of a system of chords parallel 
to a fixed direction is called the diameter conjugate to that direction. 

142. Let y = mx + n be a fixed line. 

Transferring the origin to any arbitrary point C (xy) we get 
ax 2 + Thxy + by 1 + 2 S ± x + 2 S 2 y + S - 0, 
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and drawing through. C a parallel to the line y = mx + w, this 
will he y = w#. And the abscissae of its points of intersection 
with S are given by the equation 

x 2 (a + 2hm + bm 2 ) + 2x (S x + mS 2 ) + S = 0. (1) 



Supposing a + 21m + bm 2 not zero, then the line y - mx cuts S 
in two points D, E. In order that C may be the middle point of 
DE, the roots of the preceding equation must be equal in mag- ' 
nitude, and have contrary signs, which requires Si + mS z = 0. 
Therefore the locus of the middle points of a system of chords 
parallel to the line y = mx + n is 

Si + mS z = 0. (375) 

Hence the diameters of conics are right lines. 

Also, since Si+mS 2 = 0, passes through the intersection of SJ S 2f 
it passes through the centre. Hence every diameter passes through 
the centre. 

Discussion .—The equation S x + mS 2 = 0 may be written 
x (a + mh) + y(h + mb) + (g 4- mf) = 0. (2) 

1°. The equation (1) will be of the first degree if 
(a -i- 2hm + bm 2 ) = 0, 

and there will be no diameter, properly so called. See § 153, 
Asymptotes. 

2°. The angular coefficient of the diameter (2) is 
, (i a + mh) a f 1 + mhja\ 

h+mb h\l + 7?ibjhf 

This varies with m, unless hja = bjh, or ab - h 2 = 0. 
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Hence, in central curves every system of parallel chords has a 
corresponding diameter. 

3°. If hja = bjh , or G = 0, mf = - ajh , and is independent 
of m, but m' is the angular coefficient of (2), Hence , ^ the para¬ 
bola all the diameters are parallel. The diameter is illusory if 

a + mh = 0, 7i + m3 = 0, for then m f - ; but the case of a + mh 

= 0, or m = — ajh is that of the diameters of the parabola. Hence 
the diameters of a parabola form a parallel system ivhich do not 
admit a diameter. 

4°. If we have, at the same time, a + mh = 0, h + mb = 0, 
g + mf — 0, or m = - ajh = - h\b - - g/f the equation (2) 
vanishes identically. This occurs when the general equation 
represents two parallel lines. 

Cor. —Si = 0 is the equation of the diameter which bisects 
chords parallel to the axis of x ; S 2 - 0 of the diameter which 
bisects chords parallel to the axis of y. 

Conjugate Diametebs of Centeal Conics. 

143. From the equation mf - - ^ g 2°, we get 

a + h (m + m') + hum' = 0. (376) 

Since this equation is symmetrical in m, m', it follows that the 
diameters whose angular coefficients are m, m f are such, that 
each bisects chords parallel to the other. Such diameters are 
called conjugate diameters. 

Cor. 1 .—If in the general equation , h - 0, the axes of x , y are 
parallel to a pair of conjugate diameters. 

For, if h = 0, S 1 = 0 reduces to ax + g - 0, that is, the diameter 
which bisects chords parallel to the axis of x is parallel to the 
axis of y. 

Cor. 2. —If two conjugate diameters be taken for axes , the equa¬ 
tion of the curve will be of the form Mx~ + TV)/ 2 + jP = 0. 

For to each value of x will correspond two values of y , which 
are equal in magnitude, but of contrary signs. 
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Axes. 

144. Def. —-A diameter of a conic which is perpendicular to 
the chords which it bisects {called its conjugate chords) is called 
an axis. 

Paeabola.—T he angular coefficient of the diameters of a 
parabola is --ajh. Hence the angular coefficient of the chords 
perpendicular to the axis is h/a, and substituting in Si + mS» = 0, 
the equation of the axis of the parabola is 

aS 1 + hS 2 = 0. (377) 

Centeal Curves.—T he condition that two diameters are con¬ 
jugate is, a + h {m + m r ) + bmml - 0 (376), and if these are per¬ 
pendicular, mm 1 = - 1. Hence eliminating m' } we get 

mr - m(b - a)jh - 1 = 0. (378) 

This being a quadratic in m , shows that there are two axes. 

If h = 0, and b - a not zero, the roots are m = 0, and m = oo , 
and the axes of symmetry are parallel to the axes of co-ordinates. 
If h = 0, and b — a - 0, the equation (378) is indeterminate. 
This is the case when S denotes a circle, and every diameter 

is an axis. 

Beduction oe the .Geneeal Equation to the Hoemal Eoem. 

145. Centkal Cueves.—I t has been proved (§ 140) that when 
the centre is origin, the equation of the curve is 
ax 2 + 2 hxy + by 2 + A/ C = 0. 

We shall now show that this equation can be further simplified. 
Thus, transforming by the substitution of § 18 to new rect¬ 
angular axes, inclined at an angle # to the old, that is putting 
x = x cos 0 - y sin #, y = x sin # -f- y cos #, we get 

a'xr + Th l xy + b'y 2 + A/ O - 0, 

where a' = a cos 2 # + b sin 2 # + h sin 2#, (379) 

V = a sin 2 # + b cos 2 # - h sin 2#, (380) 

2 h' = 2 h cos 2# - {a - b) sin 2#. (381) 
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Erom these equations we get, after an easy calculation, 

a! 4- V - a -f b, and a!V - h /z = ab - h 2 . (382) 

Hence a -f- b, and ab - h 2 are invariants. In other words , they 
are functions of the coefficients which are unaltered by trans¬ 
formation from one rectajigular system to another. 

If h! - 0 we have, from (381), 

tan 2 6 - 2hf{a - b)f (383) 

and the equation of S is reduced to the form a!or + b'y 2 + A/ G- 0 * 
and since h' - 0 we have, from (382), 

a r + b' = a + b, a!b' - ab- hr. 

Solving for a', V we get, putting R 2 = 4 h 2 + {a - b) 2 , 

a! - -h(a + b ~ R ), b' = (a + b + i2). (384) 

Hence S^{a + b - R)cc 2 + (a + b +R)y 2 + 2A/0=0. (385) 

If this be written in the form 


x 2 /a 2 + y 2 lft 2 = lj 

which is the normal form, we have 


(386) 


-.-C(a + b-R)/ 2A, -C(a + b + R)/ 2A. 


Hence a 2 , /3 2 are the roots of the quadratic 

0 A (a 4- b) A 2 
p- + —&r p + Qi = °- 


(387) 


—The equation of the new axes when referred to the 

old is 

lix 2 - (a - b)xy - hy 2 = 0. (388) 

This is obtained from (378) by putting m - y/x. 


The Parabola. 

146. In equation (377), if wc put h = ok b~, and substitute 
for Si, So their values, we get the equation of the axis of the 
parabola in the form 

cfx + bhy + (ar-fy + b?f)fca + b) = 0. (389) 

* For a discussion of this equation, see notes at the end of volume. 
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Hence, by an easy calculation, 

8 s cfcx + ify 4 {cfig 4 ^/)/(« 4 5) 

- { [a 4 1) (2 Gx 4 2Fy) - aB -bA 4 2AZZ} /{a 4 b) 2 = 0. 
'Now making cfix 4 bhj 4 (cfig + b*f)/(a 4 b) = 0, 
and (« + b) (2 6r# + 2Fy) - aB - bA + 2hH = 0, 

our new axes of co-ordinates ; then, if y' : A be the perpendicu¬ 
lars from any point xy of 8 on these lines, we get 


y' a + b = chx + b$y 4 (cfcg 4 b^f) / (0 4 b ), 


2x l (a 4 b) f(G 2 4 F 2 ) = (« + b) (2Gx 4 2 Fy) - aB - bA + 2hJI. 
Hence, by substitution, 


V ,z {a + b) = 
or, omitting accents, y 2 = 
and putting p = 


2y/(g» + J»j _. 

(a + If ’ 

2y(G 2 + F 2 ) 

(a + by ’ 


2/2=^, (390) 

which is the standard form of the equation of the parabola. 

The quantity p is called the parameter or latus rectum. 

Cor . 1.—The new axes are perpendicular to each other. 

Eor the condition of perpendicularity is a* G 4 b-F = 0 ; and 
this is easily shown to hold when d*b? - h. 

Cor. 2. —The co-ordinates of the new origin are found by 
solving for x and y from the equation 

a?x 4 $y + {ahg + $f) / (a 4 b) = 0 ; 
or ax 4 hy 4 {ag + hf) / (a 4- b) - 0, 

and 2Gx + 2Fy - {aB 4 bA - 2lilT) / {a + b). 

Thus— 

x={h(aB-KB[)+h{bA-hEr)+2F{ag+hf)}l{(2Gh-2aF){a+b)}, 

(391) 

y={a(hIT-~aB)+a(hJE[-bA)-2G(ag+hf)}/{{2Gh-2aF)(a + b)}. 
Cor. 3.—The parameter of the parabola (392) 

= 2 (G 2 + F 2 )/(a 4 b) 2 . (393) 
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Tangents. 

147. If we transform the equation to parallel axes through a 
point M (x y) on the curve, we get 

ax 2 + 2 hxy + ly 2 + 2 8 Y x + 2 8 2 y = 0, 

since 8 = 0, as xy is on the curve. Then, through the new 
origin, draw a line y - mx, and eliminating y we get 

x 2 (a + 2 hn + Ini 2 ) + 2 x(S x + mS 2 ) = 0, 

one of the values of x in this equation is zero, because the line 
y = mx meets it at the new origin, and the other is 

- 2 ($! + mS 2 )/(a + 2 Jim + hn 2 ). 

This second value will also be zero if y = mx touch the curve. 
Hence in this case, S 1 + mS 2 = 0 ; and eliminating m between this 
and y = mx, we get for the tangent the equation xSi + yS 2 = 0 
referred to the new axes, or (x - x) 8 X + (y - y) S 2 - 0 when 
referred to the old. Tut by Euler’s theorem, 

xS, + yS 2 + I/S 3 = 8 = 0. 

Hence the equation of the tangent is 

_ \ 

xSi 4- yS 2 + S 2 = 0. (394) 

Tangential Equation. 

148. Find the condition that the line Xx + y.y + v = 0 may le a 
tangent to 8 = 0. 

Eliminating y between Xx -i- yy + v - 0 and 8 = 0, we get a 
quadratic in x , whose roots will be the abscissae of the points 
where the line meets the curve ; now these will coincide if 
it touches the curve. Hence the condition required is found 
by forming the discriminant of the equation in x. Thus we get 

AX 2 + By 2 + Cv 2 + 2 Fpv + 2 GvX 4- 22TA/X = 0, (395) 

where A , B, &c., have their usual meanings. 
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Poles and Polaks. 

149. To find the ratio in which the join of the points x'y\ x"y n 
is cut by S. Let the ratio be h : 1 ; then the co-ordinates of the 
point of intersection are 

(*' + £0/(1 + £), W + %")/(! + £), 

and these substituted in 8 give the quadratic 

S' + 2JcP" + h 2 S ,f = 0. (396) 

“Where denote the powers of the given points with 

respect to S, and P n the power of x"y" with respect to the line 

P^ S^x* S 2 'y+ S 3 '=0. (397) 

The equation (396) is a fundamental one in the theory of 
conics. Several important theorems are inferred from it by sup¬ 
posing its roots to have special relations to each other. 

1°. Suppose the sum of the roots to be zero. 

Then P" = 0 and the point x"y' T must be on the line P. 



Let, in the annexed diagram, Q , E be the points where the join 
of the points A , B , that is of x'yx"y", meets the curve, then 
the values of h are the ratios A Q : QB, AE : EB , and these arc 
equal, but with contrary signs, since their sum is zero. Hence 
AB is divided harmonically in Q and E. 

Cor. 1 .—Any line through A is divided harmonically by (P] 
and S. 

Cor. 2.—(P) is the chord of contact of tangents from A. 
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For if the line QR turn round A until the points Q , R coin¬ 
cide, then since B is the harmonic conjugate of A with respect 
to Q, R when Q, R come together, B coincides with them, and 
the line AB will be a tangent. 

Dee .—The line (P) is called the polar of the point x'y'. 

Cor. 3. If a point he external to a conic its polar cuts the 
conic. If the point be internal its polar is external. For the 
harmonic conjugate to an internal point on any line passing 
through it is external to the conic. Lastly, if a point he on 
the conic its polar is the tangent at the point, for then equation 
(397) is the same as (394). 

2°. Let the anharmonic ratio of the four points A , P, Q, R be 
given. 

In this case the roots of (396) have a given ratio, let this 
ratio be A, and changing h into Jc\ in (396) we get 

S' + 2 XJcB" + \ 2 h?JS r/ = 0. 

Eliminating Jc between this and (396) and omitting double 
accents we get the locus of a point P, which divides a secant of 
S passing through a given point in a given anharmonic ratio, 
viz. 

(1 + A) 3 P£'-4AP 2 :=0. (398) 


Pair of Tangents feom a. Given - Point. 

150. Let the roots of (396) be equal, since the roots are the 
ratio AQ : QB , AR : PP, 
they will he equal only when 
the points (2, R coincide, 
that is when the line AB is 
a tangent to the curve. The 
condition for equal roots in 
(396) is S'S"-jP"* = 0, which 
must be fulfilled when x"y" is on either of the tangents from x'y'. 
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Hence, supposing the latter fixed and the former variable, we 
get the equation of the pair of tangents from x'y' to S, viz. 

SS'-P 2 = 0. (399) 

Cor .—The angular coefficients of tangents from xy to S are 
given by the equation 

w a (S 2 2 - IS) + 2m(S, W 2 - hS) +~Si 2 -aS = 0. (399') 

For this is the discriminant of 

x 2 (a + 2hm 4- bn 2 ) + (Si + mS 2 ) x + S = 0. (§ 142.) 

Orthoptic Circle. 

151. If the equation SS' - P 2 = 0 be expanded we get 
( Cy' 2 -2Fy'i-B)x 2 + ( Cx' 2 -2 Gx'+A)y 2 - 2( Cx'y'-Fx'- Gp'+JET) xy 
+ 2 (Fx'y' - Gy' 2 - Bx' + FLy)x + 2 ( Gx'y' - Fx' 2 4- Hx' - Ay 1 ) y 
+ Bx' 2 - 2 Ex'y' + Ay' 2 = 0. (400) 

How if these tangents be at right angles to each other the sum 
of the coefficients of x 2 and y 2 is zero. Hence, omitting accents, 
we find the locus of points whence rectangular tangents can be 
drawn to a conic to be the circle. 

C(x 2 + y 2 ) - 2 Gx - 2Fy + A + B - 0. (401) 

This is called the orthoptic circle of the conic.*' 

Cor. 1.—If the curve be a parabola (7=0, and the locus of 
points whence rectangular tangents can be drawn to the curve is 
2 Gx + 2Fy - A - B = 0. (402) 

Cor. 2 .—If x' = 0, y' - 0, equation (400) reduces to 
Bx 2 - 2j Exy + Ay 2 = 0. 

Hence the pair of tangents from the origin is 

Bx 2 - 2JTxy -i- Ay 2 = 0. (403) 

Cor. 3.—The equation (400) may be written 
A (y - y') 2 + B (x - x'J + C(xy' - x'y) 2 - 2F(x - x')(xy' - x'y) 

+ 2 G(y- y')(xy' - x'y) - 2E(x - x')(y - y') = 0. (400') 
Compare (395). 

* This circle has hitherto been called the director circle in English works ; 
but that term is now employed by French writers to denote the circle whose 
centre is a focus and whose radius is equal to the transverse axis. 
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Classification of Conics. 

152. From § 142 we see that if the origin he transferred to 
any point xy on the line y - mx + n the abscissae of the points 
in which y = mx + n meets the curve are the roots of 

x 2 (a + 2 hm + bm 2 ) + 2x (S'i+mS 2 ) + S = 0. 

How, § 133, one of these points will be at infinity if 
a + 2 hm + hn 2 = 0. Let the roots of this equation be m h m 2 . 
These are real and distinct if ft 2 - ab be positive, showing that 
two systems of parallel lines, viz. y = m x x + n, and y = m 2 x + n, 
where n may have any value, can be drawn, each meeting the 
curve at infinity. This form of the curve is called a hyperbola. 
Hence the condition that S - 0 represent a hyperbola is 
ft 2 - ab> 0. 

Secondly —If ft 2 - db = 0, m 1 = m 2 , only one system of parallels 
can be drawn meeting S at infinity. The curve in this case is 
called a parabola (see § 139, 2°). 

Lastly —Let m u m 2 be imaginary. Then no system of 
parallels can meet the curve at infinity. This species is closed in 
every direction and is called an ellipse ; m 2 are imaginary 
when h 2 - ab is negative. Hence the curve will be a hyperbola, 
a parabola, or an ellipse, according as ft 2 - ab is positive, zero, 
or negative. 

Cor. 1.—The hyperbola meets the line at infinity in two real 
and distinct points, the parabola in coincident points, and 
therefore touches it, and the ellipse in two imaginary points. 

Cor . 2.—If either a or b vanish but not ft, or if a and b have 
contrary signs the curve is a hyperbola, for in these cases lr - ab 
is positive. 

Cor. 3.—The circle is a species of ellipse, for in the circle 
ft = 0, and a = b. Hence ft 2 - ab is negative. 
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Example. — C, D are two fixed points in the diameter AB of a circle, 
and GE a semichord parallel to AB. The locus of P the intersection of 
EG, CE is a conic. (Bhocaiid.) 

P 


Let 0 be the centre. Join OE , and let CO —c, EO = d, and the angle 
BOE = 0; then the equations of CE, EG are 

(r sin 0)x - (r cos 6 4- c) y + rc sin 0 = 0, (r sin 6) x-dy- 1- rd sin 0 = 0. 
Hence eliminating 0 we get 

(c - d) 2 x 2 + d 2 y 2 - r 2 (x + d) 2 = 0, 

which by the foregoing condition is an ellipse, a parabola, or a hyperbola, 
according as (c — d) 2 — r 2 is positive, zero, or negative. 

Asymptotes. 

153. In the case of the hyperbola , if the line y - mx + n meet 
S in two points at infinity , that is if it touch it at infinity , it is 
called an asymptote. "When this happens the two values of x in 
the equation 

x 2 (a 4- 2 hm + bm 2 ) -4* 2# ( S 1 + + S = 0 

are infinite. Hence, § 133, a + 2hm + bm 2 = 0, and Si+ mS» = 0, 
and eliminating m we get aSo - 2hS u S 2 4- bSf = 0, or restoring 
the values of S 1} So and reducing we get 

CS - A = 0, (404) 

which is the equation of the two asymptotes. They are at right 
angles if the hyperbola be equilateral. 
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Cor. 1.—If /= 0, g = 0, that is if the curye he referred to 
the centre, the equation of the asymptotes is ax 2 + 2 hxy -!- by 2 = 0. 
Hence, when the equation of a conic is in the form ^ = 0, 

u 2 = 0 is the equation of the asymptotes. 

Cor. 2.—If <j> denote the angle between the asymptotes, 

tan 3 = 4Cf{a + b) 2 . (405) 

Cor. 3.—The asymptotes intersect in the centre. 

Cor. 4.—The line at infinity is the polar of the centre. 
For it is the chord of contact of the asymptotes. 

Cor. 5.—An asymptote is a diameter conjugate to itself. 

The Hyperbola, reeerred to the Asymptotes. 

154. Let the co-ordinates of any point P in the hyperbola, 
ax 1 + 2hxy + by 2 -f A/ C = 0, with respect to the asymptotes, be 
x', y '. How, if from P perpendiculars be drawn to the lines 
ax 2 + 2 hxy + hf = 0, it is easy to see that their product is equal 
to the power of P with respect to the lines divided by R, where 
R has the same meaning as in § 145 ; but these perpendiculars 
are equal to x' sin <£, y' sin <£, respectively. Hence 

x'y' sin 3 <p = (ax 2 + 2 hxy -f by 2 ) /R, 
and from equation (405) we get, sin 2 <£ = 4C/R 2 . Hence 
ax 2 -f 2hxy + by 2 = x'y'. 4 CjR, 

and therefore the equation of the hyperbola referred to the asymp¬ 
totes is 

xy + PA/4<7 2 = 0. (406) 

Hewtoh’s Theorem. 

155. If through a point P two chords be drawn , meeting the 
conic in the pairs of points A , B ; C, JD, respectively , then the 
ratio PA . PB : PC. PD is constant ivhatever be the position of 
P, provided the direction of the lines is constant. 

Dem.—Let the lines PAB, PCD be taken as axes, then, if 
the equation of the conic be 

ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c - 0, 
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putting y - 0, PA, PJB are the roots of ax* + 2 gx + c - 0. Hence 
PA . PB = cja, similarly, 

PC. PJD = cjb, i. e. PA. PB: PC. PD: : l/a:l/b. 

Now, if the curve be referred to parallel axes through any point, 
the coefficients a, l remain unaltered. Hence the proposition is 
proved. 

Cor .—If through any other point P ', two lines, P'A'B', 
PCD 1 be drawn parallel to the former, and cutting the conic 
in A', B r ; C, D', then 

PA. PB: PC .PD:: PA'. PB': PC. PD'. (407) 

156. Hewton’s theorem corresponds to Euc. in., xxxv., 
xxxvr. The following are special cases :— 

1°. If P be the centre, then PA = PB, PC - PD, and we 
have the following theorem from (407 ):—The rectangles con¬ 
tained ly the segments of any two chords of a conic are proportional 
to the squares of parallel semidiameters. 

2°. If the lines PAB, PCD turn round the point P until they 
become tangents, PA . PB becomes PB 2 , and PC . PD becomes 
PD 2 , and we have the following theorem :—The squares of two 
tangents dr axon from any point to a conie are proportional to the 
rectangles contained ly the segments of any two parallel chords. 
Also, two tangents from any point to the conic are proportional to 
the parallel semidiameters. 

3°. Let the join of BP' produced be a diameter, and let the 
lines through P be this diameter, 
and its conjugate CD, then the 
chords through P' will be AB 
and CD', of which the latter is 
bisected in P'. Then, denoting 
AP by a, PC by b, PP' by x, 
and P'C' by y , we have, from 
(407), d 2 : h 2 : : (a 4- x) (a - x): y 2 , 
or, oc 2 ja 2 + y 2 /l 2 = 1, (408) 

which is the normal form of the equation of central conics. 
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157. The demonstratioi] in § 155 fails if either axis of co-ordi¬ 
nates meets the curve at infinity, for in that case either d= 0 
or b - 0. Suppose a = 0, then either PA or PB will become in¬ 
finite. Let PA remain finite, then PA = - cj2g , and as in § 155, 
PC. PB = cjb. Hence, PA : PC. PD: : - b : 2g. How, if we 
transform the equation to parallel axes through a new origin, 
x, g, b will remain unaltered, and the new g will be Jig + g; 
hence the new ratio will be - b : 2 {Jig + g). How, if the curve be 
a parabola, h 2 - cib = 0, but a = 0 by hypothesis; hence h = 0, and 
the ratio will be unaltered. 

Hence, if a line parallel to a given one meet any diameter of a 
parabola , the rectangle contained by its segments is proportional 
to the intercept on tJie diameter. 

Thus, if CD , C'D' be parallel chords, APP ' the diameter 
which bisects them, then 

AP : AP' :: CP. PD: C'F . P'D', 

or, AP:AF:: CP 2 : C'P' 2 . 

Hence, supposing P fixed and P' 
variable, and denoting AP', P'C' 
by x, y, respectively, we have 

y 2 : CP 2 :: x : AP ; 

therefore, putting CP 2 = 4 a . AP, 
we have 

y 2 = 4 ax, (409) 

which is the standard form of the equation of the parabola. 
Again, suppose the curve to be a hyperbola, and that one of the 
axes of co-ordinates is parallel to an asymptote, in this case y 
will be constant, and so will the ratio - b : 2 {Jig +• g). Hence 
we have the following theorem :— 

The intercepts made by parallel chords of a hyperbola on a 
line parallel to an asymptote are proportional to the rectangles con¬ 
tained by the segments of the chords. 
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Exercises on the General Equation. 

1. Prove that five conditions are sufficient to determine a conic. 

2. Transform the following curves to their centres:— 

1°. ix 2 - Gxy 4- Gy 2 + lOx - 12y + 13 = 0. 

2°. xy 4- 4 ax — 2 by - 0. 

3°. Zx 2 — 2 xy — 3 y 2 4- Gx - 9y = 0. 

3. What curves are represented by the equations 

1°. Vx + a — Vy 4- b — V« 4- b ; 

2°. («+ l)- 1 +(y + 2)" l = 2; 

3°. cos -1 # 4- cos ~ l y - ^ ? 

O 

4. Find the equation of the asymptotes of the hyperbola 

Zx 2 — 4 xy — 5y 2 4- 2x — 4y 4- 6 = 0. 

5. Prove that the equation of the chord of the conic 

ax 2 4- 2 hxy 4- by 2 4- 2 gx 4- 2fy 4- c = 0, 

which passes through the origin and is bisected at that point, is gx+fy = 0. 

G. The axes of a central’ conic are its maximum and minimum semi¬ 
diameters. 

For the conic referred to the centre, viz. 

ax 2 4- 2 hxy 4- by 2 4- AjC = 0, 

will meet the circle x 2 4- y 2 — r 2 = 0, where it meets the line pair 

(ar 2 4- A/ O) x 2 + 2 r 2 hxy 4- {hr 2 4- A/ C) y 2 — 0 ; 

and it is evident when these lines coincide that r has its maximum or mini¬ 
mum value, and forming the discriminant we get 


A(« + i) A^_ 

* + ffs ’ + c>~ ’ 


which proves the proposition. (See equation (387).) 

7. If the line joining any fixed point O to a variable point P of a conic 
S meet a fixed line in the point Q, prove, if 11 be the harmonic conjugate 
of P with respect to O and Q, that the locus of P is a conic. 
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8. Find the locus of the centre of a conic passing through four given 
points. If S, S' he two fixed conics passing through the given points, then 
S + kS* is the most general equation of a conic passing through them, and 
the centre of this is the intersection of the di am eters 

Si + kS\ = 0; S 2 + kSz' = 0, (See § 139.) 

where Si, S 2 , &c., are the derivatives with respect to x and y. Hence, 
eliminating k, the required locus is 

#1 Sz — Si S2 — 0 . ( 410 ) 

Thus, if one of the three pairs of lines passing through the four points he 
taken as axes, another pair may he written 


These pairs being taken for S, S f respectively, the required locus will he 

<«■> 


This conic is called the nine-point conic of the quadrangle of the four fixed 
points. For it passes through the middle points of its six sides and through 
the three diagonal points. These nine points are the centres of special 
conics. 


9. With the same notation, find the value of X*, in order that S + kS' may 
be an equilateral hyperbola. 


Ans. k 


1 

( 1 . 

_Lj 

1 1 

( 1 

X 

\x' COS CO 


, _ , 

’ H- 

Iju' COS CO 


!) 

W' 


(412) 


10. The centre of the nine-point conic is the mean centre of the four 
summits of the quadrangle. 

11. If the harmonic mean between the rectangles contained by the seg¬ 
ments of two perpendicular chords of a conic be given, the locus of their 
point of intersection is a conic. 

12. Prove that through four points can be drawn two parabolas. Con¬ 
struct their diameters. 

13. Find the equation of the chord joining the points afy', x'y" on the 
conic S = ax 2 + 2 hxy + fof + 2 gx + 2 fy + 0 = 0. 
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The conic 

S'ss a(x-x'){x-x") + h{(x- a>){y-y") + (x -x")(y -y")} 

+ i>{(y-v'){y-y")} = o 

evidently passes through x'y\ x"y". Hence S — S' = 0 is the required 
chord. 

14. If a conic passes through four fixed points, the diameter conjugate to 

a given direction passes through a fixed point. (Lame.) 

15. In the same case the polars of a fixed point are concurrent. 

16. If a variable conic pass through three fixed points, and have an 
asymptote parallel to a given line, the locus of its centre is a parabola. If it 
passes through two given points, and have its asymptotes parallel to two 
given lines, the locus of its centre is a right line. 

17. If two points A , B be such that the polar of A passes through B , 
the polar of B passes through A. 

18. To describe a conic section (x.) through five given points A,B,C,D, B. 

Join B, D, C } E. Through A 

draw AG parallel to BD, cutting 
the conic in G, and AK parallel 
to CB , cutting BD in H. Then 
BI . ID : Cl .IE :: BH .HD 
: AH . HE ; therefore K is a given 
point. In like manner, G is a given 
point. Hence, bisecting AK in X, 

CE in 1 V, AG in F, and BD in Q, 

0 , the point of intersection of BN 
and FQ is given. Again (§ 155), FG 2 : QJF :: OF 2 — <9P 2 :OV 2 — 0Q~; 
hence His a given point. In like manner His a given point, and OV> OQ 
are semiconjugate axes. Hence, &c. 
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THE PARABOLA. 

158. Ref. i. — Being given in position a point 8 and a line 
NX'. The locus of a variable point 
P whose distance 8Pfrom 8 is equal 
to its perpendicular distance PN 
from NX', is called a parabola. 

It will be seen subsequently 
that this definition agrees with 
that already given in p. 165. 

ii .—The point 8 is called the 
focus, and the line NN' the direc- 
trix. 

hi. — If from 8 we draw 80 perpendicular to NX, and bisect 
it in A , then, since OA = AS, the point A (Ref. i.) is on the 
parabola , and is called the vertex. 

iv. — If the line AS be produced indefinitely in the direction AX, 
the whole line produced is called the axis. 

159. To find the equation of the parabola. 

Let the vertex A be taken as origin, and AX and A Y per¬ 
pendicular to it as axes. Then denoting OA = AS by a, and 
the co-ordinates of any point P in the curve by x, y, we have 
(Ref. i.) 8P=PN; but PN- OM- OA + AM= a + x; therefore 
SP = a + x. 

Again, SM = AM - AS = x - a, and PM = y. 

Hence, from the right-angled triangle 8MP, we have 

(x - a) 2 + y 2 = (a + x) 2 ; therefore y 2 = 4 ax, (413) 
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winch is the standard form of the equation, of the parabola. 
Compare § 157, equation (409). Prom the equation of the 
parabola, we see that two values of y correspond to each value 
of x ; and that these are equal in magnitude, but contrary signs. 
Hence, if PM be produced, it will meet the curve on the other 
side of the axis in a point P', such that PM - MP'. Hence the 
axis of the parabola is an axis of symmetry of the figure. 

v.— The double ordinate ZZ‘ through the focus is called the 
laths eectum of the parabola. 

Cor. —The latus rectum = 4 a ; for SZ^ZR = OS = 2a ; there¬ 
fore ZZ' = 4 a. 

Ex. 1.—If through a fixed point 0, a line OJ3 be drawn meeting a fixed 
line AJB in B, then, if BP he perpendicular to AB and OP to OB, the 
locus of P is a parabola. Tor, draw OM parallel to AB, then we hayc 
OM 2 = BM. MP, or if - ax. 

Ex. 2.—The tangent at a point B of a circle meets a fixed diameter OB 



ini? and P is joined to the extremities of the diameter perpendicular to OB, 
the locus of the intersection of AF with the perpendicular from 23 to CD is 
a parabola. (BnocAitn.) 

Let x'y he the point, the equation of BF is xx' -|~ yf = r 2 . Hence 
OP = r~/y therefore the equation of AB is ijifj r 2 ~ x/r = 1, and the 
equation of BP is y — y = 0. Hence eliminating y\ we got if = r (r -|- x), 
- or making A the origin, y 2 = rx. 
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160. The co-ordinates of a point on the parabola can be expressed 
in terms of a single variable. 

For, writing the equation in the form 2x . 2a = y 2 , it is a 
special case of LM- IP, a form in which each of the three conics 
may he written ; and we may put 2x = y tan </>, 2a = y cot <£, or 
which is the same thing, y = 2a tan cf>, x - a tan 2 cj>. Hence the 
co-ordinates of a point on the parabola may be denoted by 
a tan 2 <j>, 2 a tan <j>. We shall for shortness call it the point <fi, and 
cj > the intrinsic angle of the point. 

Cor. 1 .—Since PS = a + x = a + a tan 3 <f> = a sec 2 <£, the dis¬ 
tance of the point <56 from the focus is a sec 3 <f. 


Cor. 2 .—The angle ASP is equal to twice the intrinsic angle 
of P. 


For 


cos MSP = 


MS 

SP 


a tan 2 <fi - a 
a sec 2 </> 


= - cos 2<j >; 


therefore ASP - 2 <£. 

161. To find the equation of the chord passing through two 
points x'y r , x"y" on the parabola. 

Let the intrinsic angles of the points be <£', <£"; then the 
required equation is (§ 31, Ex. 3, 4°), 

2x - (tan ft + tan cj>") y + 2a tan <£>' tan <j>" = 0 ; (414) 

or, putting for tan <j>', tan 4>" their values in terms y', y", 

4 ax = (y' 4- y") y - y'y". (415) 


EXERCISES. 

1. If a chord of a parabola cut the axis in a fixed point, the rectangle 
contained by the tangents of the intrinsic angles of its extremities is 
constant. 

Because if ve put x = AO, y = 0, in equation (414), we get 

OA 
a 


tan <f>'. tan <p" = - 
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2 If PM, PM' be tbe ordinates of tbe points P, P\ and OQ the ordi¬ 
nate of 0, PM . P'M’ — — 0$. 

For, from equation (414) we get 
(2 a tan <p') (2«tan<p") = -4 a.OA = - OQ 2 . 

3. In tbe same case, AM . AM' = AO 2 . 

4. Tbe direction tangent of PP ' is 
2/(tan <j>' + tan cp"). (See equation (414).) 

Hence, if a chord of a parabola be parallel to a 
fixed line, the sum of the tangents of the intrinsic 
angles of its extremities is constant. 

5. If PP' cut the axis of y in a fixed point Q, from equation (415) we get 
cot <f + cot <p' f = 2ajAQ. Hence, if through a fixed point on the tangent at 
the vertex of a parabola any secant be drawn, the sum of the cotangents of 
the intrinsic angles of its points of intersection with the parabola is constant. 

6. If 8, 8' and g be the distances of the extremities of a focal chord and 
of the focus from any line, p, p the focal vectors of the extremities of the 
chord, prove 

8/p + 8'/p' = g\a. 

7. AA f , BP* are parallel chords of a parabola, A'B is joined, and P'C is 
■a chord parallel to A'B , prove that the tangent at P is parallel to the 
chord AO. 

162. To find the equation of the tangent to the 'parabola at the 
point x r y f . 

In equation (4-14), suppose the points <£', <j>" become con¬ 
secutive, then their joining chord 
becomes a tangent, viz. 

x - y tan <f>' + a tan 2 <j>' = 0, (416) 

or, putting x' = a tan 2 </>', if = 2a 
tan <£', 

yif = 2a (x + x r ). (417) 

Cor. 1 .—If JPT be the tangent, 
putting y = 0 , we get from (417), 
x = - x f ; 
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but when y = 0, x = AT. Hence, since a?' = we baye 

AT = - AM; therefore TA = Hence TJf is bisected in A. 

Dni ’.—The line MT\ intercepted on the axis between the ordi¬ 
nate and the taiigent, is called the sub-tangent. Hence in the 
parabola the subtangent is bisected at the vertex. 

Cor. 2.—The axis of y is the tangent at the vertex of the 
parabola ; for if in (417) we put %' = 0, if - 0, we get x - 0. 

Cor. 3.—The equation (416) may be written y - x cot <f>' 
-I- a tan <£', from which it is seen that <j>' is the angle TTY, 
which the tangent PT at P makes with A Y, the tangent at A. 
Hence we have the following theorem :— 

The intrinsic angle of any point of a parabola is equal to the 
angle which the tangent at that point maizes with the tangent at the 
vertex. 

If s denote the length of an arc of any curve measured from some fixed 
point A to a variable point P; <p the inclination of the tangent at the latter 
point to the tangent at the fixed extremity A ; then the equation expressing 
the relation between s and <j> has been by Dn. "Whewell (Phil. Trans., 
vol. viii., p. 659) termed the intrinsic equation of the curve, a nomenclature 
which has been adopted by mathematicians. It was this that suggested 
the propriety of calling <p the intrinsic angle. 

Cor A. —Since TA-x r , TS=x'-\-a=asQo?<f> = &P(§ 160, Cor. 1); 
hence TS = SP; therefore the angle SPT - STP = TPM. 
Hence PT bisects the angle SPM. 

Def. — If from a fixed point in the plane of a curve perpendi¬ 
culars be let fall on its tangents, the locus of their feet is called 
the first positive pedal of the curve with respect to the point. Also 
the pedal of the first positive pedal is cabled the second positive 
pedal , Sfc. Conversely, the curve itself is cabled, in relation to a 
positive pedal of any order , the negative pedal of the same order. 

Cor. 5.—If PT meet the tangent at the vertex in B, since 
TA = AM] TB = BP; hence the triangles TBS, PBS are 
equal in every respect; therefore the angle BBS is right, and 
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SB is perpendicular to tlie tangent. Pence the pedal of c 
parabola with respect to the focus is the tangent at the vertex. 

Cor. 6.—If p denote the length of the perpendicular from £ 
on FT ; 

p = \/a (a + x'). 

Tor since the angle A SB is equal to <£', we have 
AS -f SB = cos 4>', that is - = cos </>'. 

p 

Hence p - a sec<£' = Va[a + x f ). (418) 

Or thus: the triangles A SB, SBP are equiangular ; hence 
AS : SB : : SB : SB; that is, a : p : : p : a + x'. 

Cor . 7.—The equation of any tangent to a parabola may b< 
written in the form 

y = mx + ajm, (419) 

for equation (416) will reduce to this form if we put m = cot c// 

EXERCISES. 

1. The first negative pedal of a right line is a parabola. 

2. The circle described about the triangle formed by three tangents to i 
parabola passes through the focus ; for the feet of perpendiculars from tin 
focus on these tangents are collinear. 

3. The polar reciprocal of a parabola with respect to the focus is a circle 
for the reciprocal is the inverse of the pedal with respect to the focus 
which {Cor. 5) is a right line. 

4. The polar reciprocal of a circle with respect to a point in its circum¬ 
ference is a parabola. 

5. Given four right lines, a parabola can be described to touch them 
The focus is the point common to the circumcircles of the triangles formo< 
by the lines. Hence, being given a quadrilateral, there exists a poin 
whose projections on the sides are collinear. 

6. The orthocentre of the triangle formed by any three tangents to i 
parabola is a point on the directrix. 
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7. Find the co-ordinates of the intersection of tangents at the points 
$’> <£"• 

Ans. x — a tan <p tan 0 , y = a (tan 0' -f tan 0"). (420) 

8. If tan 0” hear a given ratio to tan 0', the envelope of the chord 
joining the points 0', 0" is a parabola. 

9. The area of the triangle formed by three tangents to a parabola is 
half the area of the triangle formed by joining the points of contact. 
(Compare § 9, £xs. 6, 7.) 

10. If two points on the axis of a parabola be equidistant from the 

focus, the diff erence of the squares of their distances from any tangent is 
independent of its position. (Beocard.) 

11. If a triangle be formed by two tangents to a parabola and their 
chord of contact, prove that the symmedian line of this triangle, through 
the vertex, passes through the focus. 

12. In the same case, prove that the chord of the circumcircle through 
the vertex and focus is bisected at the focus. 

163. To find the locus of the middle points of a system of 
parallel chords. 

Let PP' (see fig., § 161, Ex. 2) be one of the chords, m its 
direction tangent; then m = 4 aj(y' + y"). (See equation (415).) 

Again, if y denote the ordinate of the middle point of PP, 
we have 

y = W + v '0 ; (421) 

therefore V - ; 

or, putting m = tan 0, 

y - 2a cot 9. (422) 

Hence the locus of the middle points of a system of parallel 
chords of a parabola is a line parallel to the axis. 

Def.— A bisector of a system of parallel chords is called a 
diameter . 

Cor. 1.—The tangent at the end of a diameter is parallel to 
the chords which the diameter bisects; for the tangent is a 
limiting case of a chord of the system. 
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Or thus: 

Let x f y' be the point where the diameter y = 2a cot <f> meel 
the curve. Hence y' = 2 a cot 0 , and since the tangent a 
r!y* is 

yy’ = 2a(z+ *'), (§162) 

we have y - tan 6 (x 4- x'), 

which is parallel to the chords, since its direction tangent i 
tan 0 . 

2.—The tangents at the extremities of any chord mcc 
on the diameter which bisects that chord; for the diamete 
which bisects a system of chords parallel to the join of <£', <j>' 
is y - a, (tan <fr' + tan <f>") (equation (421)), which passe 
through the intersection of tangents at the points </>', <p ,r . (Sc 
equation (420).) 

Cor. 3.—The diameter through the intersection of two tar 
gents bisects their chord of contact. 

Cor. 4.—If <£ be the intrinsic angle of the point where th 
diameter which bisects the join of <j >', cj>" meets the curve 
tan J (tan <j>' + tan <£"). (423) 

Cor. 5.—If 0 denote the direction angle of the tangent £ 
<£, 0 + <j> = tt/2. (§ 162, Cor. 3.) (424) 

EXERCISES. 

1. The distance of the focus from the intersection of two tangents 
a mean proportional "between the focal vectors of 
the points of contact. 

For if <p\ <p" denote the points of contact, p, p", 
their focal vectors, we have (§ 160, Cor. 1), 

p'p” — a~sec 2 <p f sec 2 <j>”. 

Again, the co-ordinates of T are a tan <p’ tan <■/>", 
a (tan <p' + tan <£>"). Hence the square of the dis¬ 
tance of this point from S, whose co-ordinates are 
a , 0 is a 2 sec 2 (p r sec 2 (p". Hence 



ST 2 = p'p". 


(425) 
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2. If T be the intersection of tangents at cp", A the vertex, S the 
focus, the angle 

AST— cp' -f <£". (426) 

For, substituting the co-ordinates of T and S in the equation 


which gives the direction tangent of the line through two points, we get 


tanXST = 


tan <p' + tan <p " 
tan cp'. tan cp" — I* 


Hence tmAST = 


tan cp' + tan <p" 

1 — tan(p' tan 0"* 


3. Since ASP" = W, ASP ' = 2 <p' (§ 160, Cor. 2), AST = §{ASP' 
+ ASP"). Hence ST bisects the angle P'SP". 

4. The triangles FST, TSP" are directly similar (Exs. 1 and 3). 

5. The angle P'TP" is the supplement of half P'SP". 


6. If FT, F'T, he two tangents, 
TM the diameter through T, meeting 
the chord FP" in M\ TM is bisected 
by the curve. 

For, draw the tangent AQ. This is 
parallel to FP"; and since the dia¬ 
meter through Q bisects AP" ( Cor . 3), 
we have APT — NP". Hence TQ, 
= QP", and therefore TA — AM. 

7. Find the co-ordinates of the 
point A. 



Ans. 


8 . 


/tan <p f + tan cp"\ 2 

• * = « I -^- I ; y — a (tan <p + tan cp"). 

nr = « ^ tan £ Z tan $1 \ 2 


AM — a 


)■ 


9. AS—a sec 2 <p - a (1 + tan 2 <ft) = a 11 -f ^ aT1 — n -. j j. 


(427) 

(428) 

(429) 


10. If a quadrilateral circumscribe a parabola, the rectangle contained 
by the distances of the extremities of any of its three diagonals from the 
focus is equal to the rectangle contained by the distances from the focus of 
the extremities of either of the remaining diagonals. 


11. If APC be a triangle circumscribed to a parabola, A'B’C’ the points 
of contact. Then ABjBC' — P'CjCA. 
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For if yx, ye, y3 be the ordinates of A', B f , O', those of A, B, C are 
(y 2 + ^ 3 ) /2, ( 3/3 + yi) / 2 , (yi + 2 / 2 ) / 2 * 

Hence projecting on the tangent at the vertex of the parabola we have 

ab _ (y 3 + yi)/2 - (y» + y»)/2 _ yi - ya &c ^ 
ys - (yi -f ys)/2 yz-y\ 

164. 5b the equation of the parabola referred to am 
diameter and the tangent at its vertex as 
axes. 

Let jP f P" be a double ordinate to the 
diameter AM ; AY the tangent at A ; 
then AY (§ 163, <7or. 1) is parallel to 
P'P". Let <£', <£>" be the intrinsic angles 
of the points P', P"; then (§5) 

P’P ,n = a 2 (tan 2 <j> f - tan 2 <£") 2 
+ 4& 2 (tan <£' - tan <£") 2 ; 

therefore 

tan cj>' - tan d/'W f tan + tan 

-2-Jrt-a-)J 

= 4 AS . AM, ; (§ 163, Exs. 8, 9.) 

Therefore, denoting A8 by a', AM, MP n by x, y, we have 

y 2 = 4a'x, (430) 

which is the required equation, and identical in form with tli 
old one, y 2 - 4ax. 

Cor. L—If the angle between the axes AX, AY he denote 
by 6, and if ^ be the intrinsic angle of the point A, we have 
since 

0 + <t> - ^r/2, cosec 2 6 = sec 2 <£; but AS = a scc 2 $; 




therefore AS = a cosec 2 <9. 


(431) 


CW*. 2.—The equation of the tangent to the parabola at an 
point x f y\ referred to the new axes AX, A Y, is the same is IV; 
rectangular axes, viz. ■ 


yy'= 2a (x + x'). 
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EXERCISES. 

. F*om any external point hk can be drawn two tangents to a parabola, 
tbe tangent at a point x'y’ of the parabola is yy' = 2 a(x-\- x '): if this 
ses tbrougb the point hk, we have 

ky’ = 2 a (h 4- x’) ; 
y' 2 = 4«r\ 

ice y 2 — 2h/ + 4^7*. — 0. (432) 

s quadratic, giving two values of y\ proves tbe proposition. 

- Find tbe equation of tbe chord of contact of tangents from hk. 

»y removing tbe accents from equation (432), we get 

y 2 - 2 Icy + 4«7i = 0. 

s denotes two lines parallel to tbe axis of x, and passing tbrougb tbe 
its of contact; and since tbe parabola is y 2 — 4 ax = 0, subtracting and 
ding by 2, we get tbe required equation— 

2 a(x -f h) — ley = 0. (433) 

. If tbe chord of contact of two tangents pass tbrougb a given point hk , 
locus of their intersection is a right line. 

’or if afi be tbe point of intersection of tbe tangents, tbe chord of con- 
; is 2a (x -f a) — j8y = 0; and since this passes tbrougb hk , we have 
h + ct) — j87s = 0, or, putting xy for a/8, 

2a (x -f h) — ky ~ 0, 
equation which is tbe same in form as (433). 

)ef .—The line 2a (x + h) — ky = 0 is called tbe polar of the point hk. 

. If there be two points A, B , and if tbe polar of A passes tbrougb B , 
polar of B passes tbrougb A. 

. Tbe intercept made on tbe axis by any two lines is equal to tbe diffe- 
ce of tbe abscissae of tbe poles of these lines. 

. Tbe polar of tbe focus is tbe directrix. 

. If any chord pass tbrougb tbe focus, tbe tangents at tbe extremities 
at right angles. 

i’or in tbe equation of tbe chord, viz. 2x — (tan <pl + tan <p") y + 
tan <p' tan <p" = 0, substitute the co-ordinates of tbe focus, and we get 
<p' tan <|>" = — 1. 

i. Any pair of opposite sides of a quadrangle whose summits are concyclic 
nts on a parabola are antiparallel with respect to tbe axis. 

>. Tbe difference between tbe intrinsic angles of two points being given, 
ind tbe locus of tbe intersection of tangents at these points. 
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Let <*> - - 5; then tan 2 5 - 


(tan <p' + tan <p") 2 — 4 tan <f tan <£>" 


v * “ u ’ w (1 + tan f tan <p ") 8 

substituting - for tan (p f . tan tan <p' + tan respectively, we go 

(fi - 4af = (at + a*) 2 tarrS, which is the required locus. (4-34) 

C>r.—The isoptic curve (that is the locus of the intersection of tangent 
naking a given angle) of a para bla is a hyperbola. 

10. Find the co-ordinates of the point of intersection of the lines P' JP' 1 
ST(l 163, Ex. 1, fig.). 

s? sin 2 <i>'-}- sm 2 d>" y sin 2d>' + sin 2rf>" 

-V7,, ~ = - 7T-, -(435) 

cos~< 5 !> -f cos-<£ « cos~<p -f cos 2 <p v 7 

Bef .—The normal at any point of a plane curve is the perpendicular t 
the tangent at that point. 


165. To find the equation of the normal at the point x'y f . 

Since the equation of the tan¬ 
gent is 

yy'= %a(x + x'), 
the equation of the normal is 

y-y'=-Y a 0o-x!). (436) 

Cor. 1.—If in the equation of 
the normal we put y = 0, we get 
x - x'= 2a; but in this case x = AX, x' = AM. Hence 
x-x'= MX; therefore MN = 2a. . 

Dev.—T he line MX intercepted on the axis between the ordi¬ 
nate and the normal is called the Subdtobmai. Hence in the 
paraoola the subnormal is constant. 

Cw. 2,-Since SM=x'~ a, and MX = 2a, we have 8JV~ « 
t a = SP. 



Cot. o. Prom any point a/3 can be drawn three normals 
to a parabola. 

, I™. ^ ( 436 ) P asses through a/3, we get, after sub- 

" tatlDg or xy tteir 7 aIues ln terms of the intrinsic angle, 
a tan 3 <£ - (a - 2 a) tan <£ - /3 = 0, (437) 

a cubic giving three values for tan </>. 
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Cor . 4.—Since the cubic (437) wants its second term, the 
sum of the three values of tan <j> must be zero. Hence, if from 
any point three normals be drawn to a parabola, the sum of the 
ordinates of their feet is zero. Hence the locus of the mean 
centre of the feet of the normals is the axis. 

JoACHIMSTHAL’s ClRCLE. 

166. This is the circle through the feet of the three normals that 
can he draivn from a given point a ft to a given parabola . 

Its equation is 

x 2 + y 2 ~ (<*■ + 2a)x - 0/2 . y - 0. (438) 

Por if we eliminate x between this and y~ = 4 ax, and put 
y = 2a tan </> in the result, we get (437). 

Cor. 1.—JoachimsthaPs Circle, having no absolute term, 
passes through the origin. Hence, if from any point three nor¬ 
mals be drawn to a parabola , their feet and the vertex are con- 
cyclic. 

Cor. 2.—If a, 0 be the co-ordinates of the point whence the 
normals are drawn, the co-ordinates of the centre of Joachim- 
sthaPs Circle are 

(a + 2a)/2, 0/4. (439) 

Circle op Curvature. 

167. Dep. — The circle through three consecutive points of a 
curve is called its Circle of osculation or Curvature , and its centre 
and radius the centre , and the radius , of curvature at the point. 

If t, t'j t” be the tangents of the intrinsic angles of three 
points of a parabola, the co-ordinates of the circumcentre of the 
triangle formed by the tangents at these points are 

x = a - (fi + r- + t"~ + tV + Vt" + t"t + 4), 
y^-^t+V)(V + t"){t" + t). (Equation (98).) 
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Hence, supposing the three points to be consecutive, we get tbe 
co-ordinates of tbe centre of curvature, viz. 

x-a{St 2 + 2), y = - 2tfz5 3 . (440) 

Xow, let AE be tbe tangent at tbe vertex of tbe parabola, 
Xli tbe directrix. Then, if 0 be tbe centre of curvature at P , 
produce OP to meet tbe directrix in N, and draw OE parallel 
to tbe axis, to meet AE in Pand tbe ordinate PM produced in F. 
Then we have EO = a (3t 2 4- 2), and EE- AM = Hence 
P0 = lb? (1 4 f-') = 2a sec 2 <f> = 2£P = 2PZ). Hence OP = 2 PM; 
that is, the radius of curvature at any point P of a parabola is equal 
to tic ice the intercept on the normal between the point P and the 
directrix. 



Cor. 1 . —Tbe radius of curvature = 2a sec 3 <£. (441) 

For PdV = PE sec = SP sec - a sec 3 <p, and OP - 2PJV. 

Cor. 2. If we form tbe equation of tbe circle whose centre 
is 0 and radius = 2 a see 3 <£, we have the circle of curvature 
Hence circle of curvature is 


x ~ -r y~ - 2a ( St 2 + 2)x + 4 at z y = ; 


(442) 
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or if x'y' be the point of contact, 

2x1 

x 2 + y 2 - 2% (Sx' 4- 2 a) + ——. y - Sx' 2 - 0. (443) 

a * 

Cor . 3.—Through any point can be drawn four circles oscu¬ 
lating a given parabola. 

For if the point be Ji, Ic : substituting for x, y in (443), and 
omitting accents, their points of contact lie on the conic 

Sax 2 + Sahx - Tlzxy + 4 a 2 h - a (7r + lz 2 ) = 0, (444) 

but this intersects the parabola in four points. 

Cor. 4.—When the point hie is on the curve, the circle oscu¬ 
lating at Me counts for one, and three others can be described 
osculating elsewhere. 

Evolute of Parabola. 

168. Def. —The locus of the centres of curvature for all the 
points of any curve is called its evolute. 

If we eliminate t between the equations (440), we get 

4 {x - 2a) 3 = 27 ay 2 , (445) 

which is the evolute of the parabola. 

Cor .—Joachimsthal’s Circle touches the parabola when two 
of the three normals coincide ; then, if xy be the centre of 
curvature, and a/3 of Joachimsthal’s Circle, we have, from 
equation (439), 2a = x -f- 2a , 4/3 = - y. Hence, from (445), 
we get 

2 (a - 2a) 3 = 27a/3 2 , (446) 

which is the locus of the centres of the Joachimsthal’s circles 
that touch the parabola. 

EXERCISES. 

1. I£ Pi, P 2 , Pa be three points whose normals are concurrent, the line 
through the vertex parallel to any side of the triangle P 1 P 2 P 3 will meet 
the parabola again in the symmetrique of the opposite vertex. 

2. The lines through Pand A (fig., § 167) antiparallel with respect to 
the axis to the tangent at P, will meet the parabola again in the points 
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'where the osculating and the Joachimsthal’s circles at P respectively 
meet it. 

3. The hyperbola xy — (x‘ - 2a) y — 2 ay' — 0 (447) 

passes through the feet of the normals from x'y 

4. The envelope of the chords of osculation of a parabola is the parabola 

y 2 + 12ax = 0. (448) 

5. If a Joachimsthal’s circle touch a parabola at x'y', the chord joining 
this to the intersection, different from the vertex, is xjx' + y\y = 2, and its 
envelope is 

y 1 + 32 ax = 0. (449) \ 

6. If x'y' be the co-ordinates of the point of intersection T of two tan¬ 
gents to a parabola, x"y n the co-ordinates of the intersection of 
normals 

x" = 2a — x' + y' 2 la , y" — — x'y' fa. (450) 

For if Pi, P 2 be the points of contact on the parabola, the circle on TN 
as diameter passes through Pi, P 2 , and also the Joachimsthal circle of JS r . 

Hence P 1 P 2 is the radical axis of 

(x - x')(x - x") + {y - y'){y - y") = 0, 

and X s + y- — (x" + 2a)x — = 0. 

Hence the equation of P 1 P 2 is x (x' —2 a) +y (y"l2 + y') — x'x" — y'y” - 0 ; 
but P 1 P 2 is the polar of T with respect to the parabola. Hence its equation 
is yy' — 2a {x + x') ; and comparing coefficients, &c. 

7. Two normals at right angles intersect on the parabola 

y 2 -a{x — Za). (451) 

8. Find the locus of the intersection of normals at the extremities of a 
chord which passes through a given point. 

Since the chord passes through a given point, the intersection of the 
tangents will be on the polar of the point. Hence eliminating x'y' between 
this polar and equation (450), we get the required locus. 

9. If normals at X\iji, x^y*, %zyz be concurrent, 

(#1 ~ $2)/;J/3 + ($2 - $s)/2/i + («3 - $0/2/2 = 0. (452) 

10. If the normal at <p meet the parabola again at <f/, then 

tan (tan $ + tan <$>') + 2 = 0. (453) 

11. If x'y' be the co-ordinates of the point of osculation, the co-ordinates 
of the other extremity of the chord of osculation are 

9x', -3 ij. 


( 454 ) 
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12. If the osculating circle at P meet the parabola again at P', and the 
osculating circle at P' meet it again at P", the envelope of PP" is the 
parabola , 

25 y 2 = 36^#; (455) 

and the locus of the centroid of the triangle P'PP" is the parabola 


39 if = 28 ax. (456) 

13. Show that from any point of a parabola, besides the normal [at the 
point, two others can be drawn; find the envelope of the chord joining their 
feet and the locus of its pole. 

169. To find the ‘polar equation of the parabola , the focus being 


pole. 

Let S be the focus, P any point in 
the parabola; then denoting the angle 
OSP (in Astronomy called the true 
anomaly) by 0, and SP by p. Since 
SP = PJSf = OH =2 a - Slf : we have 

p = 2a - p cos 0 ; 


therefore 


2 a 

p ~~ 1 + cos 0 


tfsecH-0, (457) 



which is the required equation. 

Cor. i.— If PS produced meet the curve again in P', 

PP' = 4 a cosec 2 0. (458) 

Cor. 2.— PS . SP ' = PP' . a. (459) 

Cor . 3.—The polar equation of the tangent at the point 
whose angular co-ordinate is a, is 

~ = cos 9 4- cos (0 - a). (460) 

P 

Lor this will be satisfied if we make 6 = a ; and for-other values 
of 0 , the value of p derived from this equation is greater than 
the corresponding value obtained from the equation of the curve 
lienee, except at the point a, the line (460) does not meet the 
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Cor. 4.—The polar equation of the normal at the point a is 

a , a a . f . a\ , . n „. 

- = cot - cos - sm [6 - - J ; (461) 

for if we make 6 = a, we get p = # sec 2 Ja. Hence the line 
passes through the point a. Again, if we make # = tt, we get 
the same value for p. How, the focal vector of the foot of the 
normal is equal to that of the point of contact (§ 165, Cor. 2). 
Hence the line (461) passes through two points on the normal, 
and therefore must coincide with it. 

Cor. 5. The intrinsic angle at any point of a parabola is half 
the polar angle. 

Cor. 6.—The polar co-ordinates of the intersection of tan¬ 
gents at the points whose intrinsic angles are <£', 4>", are 

p = a sec <£' sec <£", 6 = <j>' + 4>". (462) 


EXERCISES. 

* 


1 . Find the polar co-ordinates of the intersection of tangents at the points 
whose angular co-ordinates are (a 4- 0), (a - j3). 


2. The equation of the chord joining the points (a + £), (a — /3) is 
2 a 

— = cos 6 + sec /3 cos (6 - a). (463) 

P 


3. If <pi, <p 2 , fa he the intrinsic angles of three points on a parabola, the 
circumcircle of the triangle formed by the tangents at <p i, (p 2 , cp 3 is 


p cos (pi cos <pz cos fa — a cos (0 — <j£>i + <p 2 + fa), (464) 

make use of (462). (Ritchie.) 

4. If 0 \ , O2, O3, O4 be the cir cum centres of the four triangles formed by 
the tangents at <pi, <po, <p3 , (pi the points 0\ y O2, O3, O4 are on the circle 
passing through the focus 


2 p COS (pi COS (po COS (p 3 COS (pi ~a COS (6 - <£>i + (p2 + (p3 + (pi)- 

The co-ordinates of O 4 are 

\ 

a 

0 = (pi + $2 + 4 * 3 , p — n sec (pi sec $2 sec <£ 3 . 


(465) 

[Ibid.) 
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5. If <pi, <p 2 j <p 3 , (pi, (ps "be the intrinsic angles of five points, O' i, 0\, 0’ 3 , 
O' 4 , O's the centres of five circles determined, as in Ex- 4, by the tangents 
at (pi, <p 2 , &c., taken four by four, the points O' i, O' 2 , &c., are on the 
circle 

4 p COS (pi COS $2 cos (pi COS (pi COS4>5= a cos (0 — <p\ + Cp2 -r (pi 4- (pi + <£ 5 ). (466) 

(Ibid.) 

6 . Tangents at two points P, P' meet the axis in the points T, T ’; prove 

TT' = ST-JSF. 

7 . The polar equation of the circle which touches the parabola at the 
point whose intrinsic angle is a is 

p cos 2 a ~ a cos (Q - 3a). (467) 

8 . If h, h, be the lengths of two tangents to a parabola, (p their con- 

(l\l 2 sin <£>)$■ 

tained angle, then ?i 2 + h 2 + 2hh cos cp — - — -. (468) 

9 . If p, p' be the radii of curvature at the extremities of a focal chord, 
then 

p-l-f p'-§ = (2a)'L (469) 

170. To find tie length of a line drawn from a given point in a 
given direction to meet the parabola. 

Let 0 be the given point, OP the given direction, and let the 
rectangular co-ordinates of 0 , P be x'y', xy respectively ; then 
denoting OP by p, we have 

x = x' + p cos 6, y = y'+ p sin 0 . 

Substituting these values in the equation 
y 2 = 4 ax, we get 

p 2 sin 2 0 + 2 (gf sin 6 - 2a cos 6)p 

4 - y' 2 - ^ax r = 0, (470) 

a quadratic whose roots are the values 
required. If the roots of this equation 
be Pl , p 2 , and if OP meet the curve again in P\ we may 
put OP - pi, OP' = p 2 - 

Cor. 1.—If PP' be bisected in 0, we have Pl = - p 3; and the 
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co-efficient of the second term in (470) is zero. Hence, if 6 he 
constant and y' variable, we see that the locns of the middle 
points of a system of parallel chords is the line y = 2 a cot 0 
(Comp. § 163.) (470) 

Cor . 2.—The product of the roots of equation (470) is 
(; y /2 - 4 ax’) cosec 2 6 . Hence 

OP . OP r = (y' 2 - 4 ax’) cosec 2 6. 

Similarly, if another chord QQ' he drawn through 0 , making 
an angle 6' with the axis, we have 

OQ. OQ' - ( y' 3 - 4 ax') cosec 2 6'. 

Hence 

OP . OP': OQ. OQ f :: cosec 2 0 : cosec 2 0'. 

EXERCISES. 

1. If AX, A'X' be two diameters of a parabola, 0, O’ any two points in 
them, FF, QQ' parallel chords through 0, O’ respectively, 

AO: A! O': : OF .OF: O'Q. O' Q'. 

2. If TF, TV be two tangents, 8 the focus, 

TF 2 : TV 2 ::SF: SV. 

3. If c, o be the lengths of focal chords parallel respectively to TF, TV, 

TF 2 : TV 2 ::c:c'. 

4. If a chord FF through the point <p of a parabola make an angle rj/ 
with the tangent at <p, and an angle d with 
the axis 

. , FF cos (b sin 2 d 

sm ip --. 

4a 

Let FT, FT be the tangents at F F; and 
since the angle MTF is the complement of 
<p, we have 

sin xp : cos <p : : MT (or 2AM) : MF ; 
therefore MF sin rp — 2AM cos <p. 

Again, if S be the focus, 

4 AS . AM~ MF 2 ; (§ 164.) 

2 AS . sin ip = MF cos <p. 



therefore 



But 

Hence 
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AS — a, cosec 2 0. 

. , PP' cos <p . sin 2 0 

sin ip ~ ---. 
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(§ 164, Cor . 1.) 

(471) 


5. If through any point <p on a parabola be drawn two chords making 
angles if/, ip' with the tangent at <p ; then, if c, o' be their leng ths , 0, 0' their 
direction angles, 

sin ip : sin \p f :: c sin 2 d : c sin 2 9 '. (472) 

171. If \ ja, v denote the perpendiculars from the summits 
of a circumscribed triangle on any tangent to a parabola , and if 
<jf/, <h"j <h'" be the points of contact of its sides , 

tan <jb' - tan <f f>" tan <£" - tan <f>"' tan - tan <£>' 

X /x i/ J 

(473) 

for the equation of any tangent is x - y tan <£ + a tan 2 4> = 0 ; 
and X being the perpendicular on this from the intersection of 
tangents at <£', <£", we have 

X = a cos (tan - tan <j> f ) (tan <j> - tan <£"); 
therefore 

tan - tan <£" _ _1_J_1_1_) 

^ cos <j!) (tan 4> - tan <£' tan - tan <£") J 

with similar values for 

tan <£" - tan cj>"' tan <j>'" - tan <j/ 

~~~~ /X ’ v 9 

and these added vanish identically. Hence the proposition is 
proved. 

q otm I, _if y\ y'\ y m denote the ordinates of the points of 

contact of the parabola with the sides of the triangle, 

y'-?/" y"- y'" + y'lzy' = 0. 

X ja v 


( 474 ) 
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C 0r . 2—In like manner, if a polygon of any number of sides 
be circumscribed to a parabola, 


tzf ■ l ^' = 0. (475) 

A ' fJL V £ 


Cor, 3.— If the co-ordinates of the summits be a'/?', a"/?", &c., 
it is easy to see that 


\/fi >2 - 4 aa! = a (tan <$>' - tan <£"). 


+ &c. = 0, 


(476)■ 


But - 4 aa! is the power of the point a'/3 r with respect to the 
parabola. Hence \//3' 2 — 4 aa' may be denoted by \/S'. Hence 
we have _ 

yw t ys 7 ' : y&" 

\ JUL V 

for any circumscribed polygon. 

Cor. 4.—If a circumscribed polygon consist of an odd number 
of sides, y'y", &c., it can be expressed in terms of the ordinates 
of its summits; thus, in the case of a triangle, if /3', ft", &c., be 
the ordinates of the summits, we get, instead of (474), the 

equation 

Lz£ + £zei t Hz£. 0 . ( 477 ) 

A fJL v x y 

Car. 5 .—The perpendiculars from the points <£', <$>" on the 

tangent at 6 are 


a cos $ (tan <£ - tan <£') 2 , a cos (tan 0 - tan <£") 2 ; 

and the perpendicular from the point of intersection of tangents 
is 

a cos <jS(tan <£ - tan <£')(tan <£ - tan <£"). 

Hence we have the following theorem —The perpendicular from 
an external point It on any tangent to the parabola is a mean 
proportional between the perpendiculars on the same tangent from 
the points where the polar of It meets the parabola. 

Cor. 6. Trom Cor. 5 we haye immediately the following 
theorem: If a quadrilateral circumscribe a parabola, the product 
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of the perpendiculars from the extremities of one of its three diagonals 
on any tangent is equal to the product of the perpendiculars on 
the same tangent from the extremities of either of the remaining 
diagonals. 

Exercises on the Parabola. 

1. Find the polar equation, of the parabola, the vertex being the pole. 

2. What is the intrinsic angle at either extremity of the latus rectum? 

3. What is the equation of the tangent at an extremity of the latus 
rectum ? 

4. AF, CD are two rectangular diameters of a circle. Through A 
chord AF is drawn meeting CD in F, and through F, FX is drawn parallel 
to AF meeting FF in K ; prove that the locus of 2Tis a parabola. 

(Brocabd.) 

5. Find the equation of the normal at the extremity of the latus rectum 

6. In the figure, § 169, prove that the points j?', A , N are eollinear. 

7. If the ordinates of three points on a parabola be in geometrical pro 
gression, prove that the pole of the line joining the first and third lies 
the ordinate through the second. 

8. If from a point 0 whose abscissa is a? a perpendicular be let fall on 
the polar of 0 , if this meet the polar in R and the axis in G , 

SG = SR = x + a. 

9. If two equal parabolae have a common axis, but different vertices, the 
tangent to the interior, and bounded by the exterior, is bisected at the point 
of contact. 

10. Prove that the locus of the pole of a chord which subtends a right 
angle at the point hlc is 

ax 2 - hy 2 + (4« 2 + 2 all) x — 2 alcy + a (A 2 + A 2 ) = 0. (478) 

The condition that the extremities of the chord joining the points <p\ $ ’ 
may subtend a right angle at the point hlc is f 

{It — at' 2 ) (h — at" 2 ) + {Jc — 2 at')(Ic — 2 at") — 0 ; 
and the co-ordinates of the pole of the chord are 

x — aft", y = a{t' + i"). 

Hence eliminating t\ t" we get the required equation. 

^ o 
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11. If from any point in tlie line # = o! tangents be drawn to a parab 

the product of their direction tangents is a -f a'. (4-7! 

12. Find the locus of the intersection of tangents at the points cp', 

if to ? = A* tan ** = fc* + ^) 2 (48' 

13. Prove that the equation of the chord whose middle point is hk is 

k (y - k) = 2a{x-h). (48 


14. If a chord of a parabola subtend a right angle at the vertex the 1 sua 

of its middle point is y 2 = 2 a{x— 4a). (48 i 

15. The area of the triangle formed by tangents at the points <//. <}>" 
and their chord of contact is 

~ (tantp'- tan $")*• (48 } 


16. If a variable circle touch a fixed circle and a fixed line, tho loci of 
its centre is a parabola. 

17. If the diff erence between the ordinates of two points on a parabo be 
given, the locus of the intersection of tangents at these points is an < uni 
parabola. 

IS. If two tangents to a parabola from a valuable point P inelud an 
angle 6 , prove, if & be the focus, FN a perpendicular on the directrix, 

FK — SF cos 0. (41 ) 


19. The area of the triangle formed by the points <p\ cp" and tho fo< a in 
a 1 (tan <p* — tan <p") (1 + tan cp' tan <//'). (4; ■) 


20. A triangle ABO is inscribed in a parabola whoso focus is F ; 
that one of the circles touching the perpendicular bisectors of FA, Fi 
passes through the circumcentre of the triangle ABO. (It. A. Itoiu 
Let p, r h ro, n be the distances of a point P from P, A, B, C, re 
tively, and a&y the co-ordinates of P with respect to the triangle form 
the perpendiculars to FA, FB, FO at their middle points. Then wo 
evidently, 

p 2 _ ri 2 _ zfA . a = 2 a sec 2 <pi . a. 

Hence 


Similarly, 


a = cos 2 (pi (p 2 - n 2 )/2a. 

0 = cos 2 <p 2 (p 2 - rF)j2a, y = cos 2 (p 2 - ^ 2 )/2«. 


10 w 
FO 
TH.) 
>0C~ 
l by 
ivo, 


Now, the equation of a circle touc hin g afiy is 

COS £(£ 7 ) v 7 a + COS 5 - (ya) + COS % {a/3) \/y = 0. 
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Hence, by substitution, we get 

sin (02 - <£3) cos 0i \/ p 2 - ri 2 + sin (0 3 - 0i) cos 02 p 2 — r 2 2 
4- sin (0i - 02) cos 03 p 2 - r 3 2 = 0, 

but if P be the circumcentre of the triangle ABC, n = r% = r 3 , and we get 
sin (02 - 0 3 ) cos 0i + sin (0 3 - 01) cos 02 + sin (0i - 0 2 ) cos 0 3 = 0, 
which is true. 

21. The co-ordinates of the centroid of a triangle ABC inscribed in the 
parabola y 2 = ^ax are a, /3; show that the co-ordinates of the centroid of the 
triangle formed by the tangents at A, B, C are 

ZB 2 - 4 aa. 

-^-> £• (Ibid.) (486) 

22. If a series of circles S, Si, Sz, Sz, &c., touch each other consecutively 
along the axis of a parabola; then, if the first be the circle of curvature 
of the parabola at the vertex, and the others have each double contact 
with the parabola, prove that their diameters are proportional to the odd 
numbers 1, 3, 5, &c. 

23. If p, p' be two radii vectores of a parabola from the vertex at right 

angles to each other, prove p$p'§ = 16a 2 (p§ + p's). (487) 

24. The perpendicular from the focus on any chord of a parabola meets 
the diameter which bisects that chord on the directrix. 

25. If from any two points 0', 0" of a parabola perpendiculars be drawn 
to the directrix, the intersection of tangents at 0', 0" is the centre of a 
circle through the focus and feet of the perpendiculars. 

26. If from Tiny point P a perpendicular PQ to the axis meet the polar of 
P in 21, find the locus of P, if PQ . PR be constant. 

Ans. A parabola. 

27. Find the circle whose diameter is the intercept which y 2 — 4 ax — 0 
makes on the line y = mx + n. 

Ans. m 2 (x 2 + y 2 ) + 2 (mn — 2 a) x - 4 amy 4- 4 amn 4- n 2 = 0. (48S) 

28. If SB be the perpendicular from the focus of a parabola on the normal 
at any j>oint, find the locus of Z. 

29. If a chord of a parabola be bisected by a fixed double ordinate to the 
axis, the locus of the pole of the chord is another parabola. 

30. If in the equation w = z 2 , w and c denote complex variables, prove, 
if ^ describes a right line, that w describes a parabola. 
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31. Two chords from the vertex to points <p', < p" of a parabola make in 
intercept on the directrix, which is bisected by the join of the vertex to 10 
intersection of tangents at </>’, <p”. 

32. Two fixed tangents to a parabola are cut proportionally by ly 
variable tangent. 

S 3 . If pi, p-2, P3 be the focal vectors of three points, 0i, fa, 0a of a p; u- 

bola, then A 

2 sin J (pip2)I^P3 - 0. (Neuberg.) (48: 

i (p^ 2 ) = ( 0 x - 0 2 ) and p 3 - a sec 2 fa. 

Hence, by substitution we get 

2 sin ( 0 i - 0 2 ) cos 03 = 0 , 

which is true. 

34 . In the same case, prove that 

a = 2 pip 2 p 3 sin J (pip 2 ) sin £ (p 2 /> 3 ) sin } (p3pi)l^pipz sin (pipa). 

(JW.) (40 

35. ^.5 is a focal chord, and AM, BM are respectively parallel ,ml 

perpendicular to the axis. If iV be the foot of the normal at B, M r is 
perpendicular to BN". (B no caw i 

36. Trisect an arc of a circle hy means of a parabola. 

37. The radical axis of two circles whose diameters are any two cl rds 
intersecting on the axis of a parabola passes through the vertex. 

38. A coaxal system of circles, having two real points of internee on, 
are intersected hy two chords passing through one of these points. In wo 
systems of points B, F\ F", &c. ; Q, Q\ Q ", &e., prove that tho cl rds 
FQ, F QF'Q”, &e., are all tangents to a parabola. 

39. ZO, the perpendicular at the middle point 1 of a focal chord, i »otH 
the axis in 0. Prove that SO, 10 are the arithmetic and the goon trie 
means of the focal segments of the chord. 

40. If v he the intercept which a tangent to a parabola makes on tho ,xin 
of y, and <p the angle it makes with it, prove that p ~ a tan <j> is a tu,ng< tial 
equation of the parabola. 

41. If two circles touch a parabola at the ends of a focal chord, and mm 
through the focus, they cut orthogonally; also tho locus of their m md 
intersection is a circle. 

If 2 a be the direction angle of the focal chord, the polar equations < the 
two circles are 

p sin 3 a. — a sin (3a — 0 ), 
p cos 3 a = - a cos (3a - 0 ). 


(* ) 
(4! ,) 
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The locus of their second point of intersection is 

p 2 — ap cos 0 — 2 a 2 = 0. (493) 


42. Give a geometrical construction for chawing a tangent to a parabola 
from an external point. 

43. If P be the ciinumradius of a triangle ABC inscribed in a parabola, 
whose side AB makes an angle 0 with the axis, prove 

a = R sin 0 . sin (0 — A) sin (0 + B). (494) 

44. If pi, p 2 , p 3 be the distances from the focus to the summits of a 
circumscribed triangle, then, if P be the circumradius of the triangle, prove 
that 

4& = pipapa/-# 2 . (495) 


45. If ABC be a triangle inscribed in a parabola, A', B', C' the poles of 
BC , CA, AB, respectively, prove that the circumcentres of the triangles 
A'BC, AB’C, ABC', and the focus are con cyclic. 

46. The area of the parabolic segment cut off by any chord is two-thirds 
of the triangle formed by the chord and the tangents at its extremities. 

47. Prove that the angle of intersection of y 2 — 4 ax = 0 , x 2 — Aby — 0 , is 


tan * 1 


f 3 al bl ) 
\2 (ai + bi)) 


(496) 


48. If the normal at a point on a parabola meet the axis in K, the 
envelope of the parallel through K to the tangent at cp is a parabola. 


49. If the sum of the abscissm of two points on a parabola be given, the 
locus of the intersection of the tangents at the points is a parabola. 


50. If from the vertex A of a parabola a perpendicular AB be drawn to 
any tangent, the locus of the point inverse to P, with respect to a circle 
whose centre is A, is a parabola. 

51. Find the locus of a point P, if the normals corresponding to the 

tangents from P meet on the line Ax + By + C = 0. (497) 

Ans. Ay 2 — Bxy - Aax + 2 a 2 A + aQ — 0 . 


52. If normals be drawn from the point x y' to the parabola, prove that 
the circumcircle of the triangle formed by the corresponding tangents is 
(x - a) {x ■+ x r - 2a) + y (y + y') = 0. (498) 


53. Two parabolae, S, S', have a common focus, parameter, and axes, 
their vertices being on opposite sides of the focus ; show that if from any 
'point on S two tangents be drawn to S', the circumcircle of the triangle 
formed by these tangents and their chord of contact touches S'. 

(F. Purser.) 
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54. Two equal parabolae, S, S', have coincident axes, which have 
same direction, while the focus F of S is the vertex of S'. Show that i 
be a point on S', the chord of S through F, which passes through F, is 
minimum chord through P. 


{Ibid. 

55. If ft, h, ft, ft denote the tangents of half the inclinations to the i 
of four concyclic tangents to a parabola, ftftftft = 1- (Neubeug.) (49£ 
Def .—Four lines are said to be concyclic when they touch the same circi 
The tangent at the point 0 to a parabola is x — y tan <p + a tan 2 <£ = 0 
this touch the circle (x — a) 2 + (y — £) 2 = P 2 the perpendicular on it from 
point a/3 is equal to P. Hence we get 

a cos 2 <J) - j8 sin (p cos cjj + a sin 2 <p = P cos p. 

How, putting 


sin <p = cos 20 = 


1 - tan 2 £ 


1 - t 2 


1 + tan 2 0 1 + t 2 ’ 


we get 

- 2 (P - J3) t z + 2 (2a - a) t* - 2 (P + $) t + a = 0. 


In this equation the roots are ft, ft, ft, ft. Hence the proposition is pro' 

56. If a circle osculates a parabola, and if 29 be the inclination of 
tangent at the point of osculation, and 2 6\, of the other common tangenl 

tan 0i = cot 3 6. [Ibid.) (50< 

57. The diameter of the circle inscribed in the quadrilateral formec 

concyclic tangents of a parabola is equal to the sum of the perpendicr 
from the focus on the tangents. {Ibid 

For the equation in t gives 

2 tan 6 = 2 (P — £)/«, 2 cot 6 = 2 (P 4- /3)/«. 

Hence, by addition, 

4 Eja = 2 (cot 6 + tan 6) = 22 cosec 20 = 22 sec (f >; 

2P = 2« sec <p = sum of perpendiculars. 


58. The ordinate of the centre of the circle is the arithmetic mean oi 
sum of the ordinates of the points of contact on the parabola. {Ibid 

59. If Pi, Po, P 3 , P 4 be the radii of curvature at the points of coi 
with the parabola of concyclic tangents, 

2» It = «# (2Ji» + + S^). {Hid.) (50 

For Pi = 2 a sec 3 <p\, equation (441). 

Hence, a sec (pi = (» 2 Pi/2)?r, &c. 

60. If four circles osculate at the points of contact of concyclic tangc 
the other common tangents of these circles and the parabola are concycl 
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CHAJTER VI. 

( 

TID ELLIPSE. 

172. Def. i.— Being givfi position a point S, and a line 
NN'. The locus of a variant 
point jP, whose distance from 
8 has to its perpendicular du ? 



P 

B 

-X 

L 

•■A 




A s 

M 


C 

s ' l 

\ 

L 









B r 



e, less than unity , is called a--- of 

ELLIPSE. 

Def. ii.— The point S 
called the focus, the UnP 
NN f the dieecteix, ana 
the , ratio e the eccenteicity of the ellipse. 

173. To find the equation of the ellipse. 

1°. Take the focus as origin, and the line through 8 per¬ 
pendicular to the directrix a,*-fke axis of x , and a parallel to 
the directrix through 8 jas/ the axis of y ; also denote the 
perpendicular 80 from 8 : on the directrix by /; then, if 
the co-ordinates 8M. ‘ M^P be xy } we have SB" = & + V'i 
BN = x + /; but (Def. SB -f BN =e; therefore 

1 = e 2 (x + /) 2 , (502) 

which is the required Equation. 


Observation.—It will 
conic sections. Thus, 


[ be. seen that equation (502) includes the three 
e is less than unity, it represents an ellipse; 


litten in the form -when greater, a hyperbola. Also 

■panding and comparing coeffio., Jo/ > + 2gx + 2/y + e = 0 may obviously 
of equations to determine a, ft &c., - >rouj/ _ = (Za! + + n) c. forj by 

equation. And it is evident that (x ■ Aoula obtain a sufficieilt numbei 

by transformation be reduced to the foffi o£ tbe coeffieieixts of the genera] 

oo t-c • ,r nn s . , | a + (y “ W = (2®+ »»? + «)* can 

2°. If m (502) we put x - x + 


we get 


ar + 


Hence, if Cbe the new origin, 

,s ' c ' = r 

Now, putting y = 0 in (i.), wo j 


1(502). 




jt e* 


pr 

oo 


(n.) 


ar = ■ 


C 1 ~ 

giving for x two values, equal in ft. 
signs. Hence, denoting the pointj 5 

the axis of x by A, A\ we haver magnitude, hut of opposite 
e j> where the ellipse meets 


CA'. 


1 - 


Ca 


therefore AC = CA’, and the 1 [r _ _ 
Hence, denoting AA' hy 2a, we2 ( 


1 ~ 5 


& = ■ 




line A A' is bisected in C 


(nr.) 


1 _ have 

Again, putting x = 0, and denoti. 
ellipse cuts the axis of y by B , B\ 

CB - OB' P°^ n ^ s where 

(1 - <? 2 )* 5 .ve got in the same manne: 

Hence BB' is bisected in C ; and, de. e f 
have 

otirig BB f by 2b, w< 

(IV.) 
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Now, since equation (i.) may be written 


(1 -e 2 ) 2 x 2 (1 -e 2 )y 2 

e 2 / 2 e 2 f~ " ’ 


from (m.) and (iv.) we get 


— + 

at 


b 2 


= l. 


(503) 


This is the standard form of the equation of the ellipse. 

Def. in.— The lines AA', BJB' are called , respectively , the 
teansyee.se axis and the conjugate axis of the ellipse , and the 
point C the centee. 

Def. iy.— The double ordinate LL' through S is called the 

LATUS RECTUM OT PARAMETER. 


The name parameter is also employed by mathematicians in another and 
a widely-different signification. Hence, to avoid confusion, it would he 
better to discontinue its use as a name for the latus rectum. 


174. The following deductions from the preceding equations 
are very important :— 

1°. b 2 = a 2 (l - e 2 ), from (in.) and (iy.) 

2°. If CS be denoted by c, c = ae , from (ii.) and (in.) 

3°. <70=-, for CO= CS +f = AL +f = -JL-. 

4°. b 2 + c 2 = a 2 , from 1° and 2°. 

5°. CS . CO = a 2 , from 2° and 3°. 

6°. Latus Eectum = 2a(l - e 2 ). For in equation (502) put 
x = 0, and we get SZ = ef; therefore LL’ = 2 ef = 2# (1 - e 2 ), 
from (in.) 

7°. From 1° and 6°, we infer that the transverse axis AA f , 
the conjugate axis EE', and the latus rectum ZZ', are con¬ 
tinual proportionals. 

8°. From the equation (503) it is evident that the ellipse 
is symmetrical with respect to each axis. Hence, if we make 
CS' = SC, the point S' will be another focus. Also, if 
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we make CO' - OC, and through O' draw MM' perpendicular 
to the transverse axis, the line MM' will be a second directrix, 
corresponding to the second focus. 

EXERCISES. 

1. Given the base of a triangle and the sum of the sides, find the locus of 
the vertex. 

Let SS'T he the triangle, let the sum 
of the sides equal 2half the base = c, 
and xy the co-ordinates of P; then SP 
= {(o + x)* + y 2 } I, £'P= {(a - xf + y 2 }i. 

Hence {(c + x) 2 + y 2 }* + {(<? - x) 2 -f y 2 }* g 
= 2 a. (i.) 

This cleared of radicals gives 

(a 2 - c 2 ) x 2 + a 2 y 2 = a 2 (a 2 — c 2 ); 

or, putting a 2 - c 2 = b 2 , 



Hence the locus is an ellipse, having the extremities of the base as foci. 

Cor. 1.— S'P=a — ex. (504) 

For in clearing (i.) of radicals, we get 

a {{c — x) 2 + y 2 }± = a 2 — ex ; 

that is, a S "P — a 2 — aex : therefore S'P ~ a - ex. 

Cor. 2.— SP = a + ex. (505) 

2. Given the base of a triangle and the product of tho tangents of the 
base angles, the locus of the vertex is an ellipse. 

3. Given the base and the sum of the sides, tho locus of tho centre of the 
inscribed circle is an ellipse. 

For if xy denote the co-ordinates of tho inccntro of $P$', wo have th< 
perimeter = 2 a •+ 2c. 

Also tan . tan A S' - -—- = — = —— • 

s a -H o 1 + e 

How, tan * 2 -$ = ——, tan .^ ■ ; 

C X C — X 

y 2 1 
c 2 -x 2 l + e‘ 



hence 
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Therefore 


s 2 , (l + e)y 2 _, 
c* + c 2 


(506) 


In a similar way it may be proved that the locus of the centre of the 
escribed circle, which touches the base externally, is the ellipse 


—+ 


sr 


c 2 c*(l+e) 


= 1 : 


(507) 


and the loci of the centres of the escribed circles which touch the base 
produced are the directrices of the ellipse which is the locus of the vertex. 

4. JOT is a parallel to the diagonal AC of a fixed rectangle ABCD . 

AE is made equal to AJD ; and j EM, DN 
joined; prove that the locus of their inter¬ 
section J 3 is an ellipse. (Pohlke.) 

5. If a line AB of given length slide 
between two rectangular lines OA, OB , 
the locus of a point P fixed in the sliding 
line is an ellipse. For let AP = b, BP=a ; 
then, denoting the co-ordinates of P by xy, 
and the angle OAP by 6, we have 

x — a cos 0, y = l sin 0. 

Hence, eliminating 0 we get 

a- b* *' 

6. If a fixed point S, and a fixed circle, whose 

centre is 0, be both at the same side of a fixed line 
NN', and through S any line be drawn meeting the 
circle in P, and NN r in B; then if BO be joined, 
meeting a parallel to OP, drawn through S in p, the 
locus of p is an ellipse. (Boscovich.) 

7. Prove that the radius of the Boscovich Circle, 
divided by the distance of its centre from the fixed line, 
is equal to the eccentricity. 

8. CB is a fixed diameter of a given circle, A a 
fixed point in CB produced. Through A draw any 
line meeting the circle in D and E. Join CD and produce to , 

CP — AE; the locus of F is the ellipse 

— + ^- = i. 

A CP AS 1 



(Sin'W. Hamilton.) 
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175 . To express the co-ordinates of a point P on an ellipse 
ABA'B ' in terms of a single variable. 

Let AA\ BB' be the transverse and conjugate axes of the 
ellipse upon A A' as diameter ; 
describe the circle AP f A r . Let 
P be any point of the ellipse, 

MP its ordinate; produce MP 
to meet the circle AP'A' in P f . 

Join OP ', and denote the angle 
MOP'by <£; then, since OM= x } 

OP' = a , we have x - a cos <£. 

This value, substituted in the 
equation (503) of the ellipse, 
gives y = b sin : therefore the co-ordinates of P are a cos </>, 
l sin <j>. 

Lef .—The circle described on AA' as diameter is called the 
auxiliary circle of the ellipse , and the ayigle <£ the eccentric 
angle. 

The term eccentric has been taken from Astronomy; the angle <p in that 
science being called the eccentric anomaly. 

Cor. 1.—Since PM - b sin <j>, and P’M = a sin </>, 

P'M: PM:: a : b. (508) 

Hence we have the following theorem :—The locus of a point P 
which divides an ordinate of a semicircle in a given ratio is an 
ellipse ; or again, If from all the points in the circumference of a 
circle in one plane perpendiculars be let fall on another plane , in¬ 
clined to the former at any angle , the locus of their feet is an ellipse 

( called THE ORTHOGONAL PROJECTION OF THE CIRCLE). For the 
diameter of the circle which is parallel to the intersection of the 
planes is unaltered by projection; and the ordinates of the circle 
perpendicular to this line are projected into lines having a 
given ratio to them. 
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Cor. 2.—If through P the line Pi\The drawn, making with 
the transverse axis an angle equal to the eccentric angle, PiV is- 
equal to the semi-conjugate axis b. 

Cor. 3.— NN' = a —b. (509) 

Cor. 4.—If p he the radius vector from the centre to any 
point P of the ellipse, then 

p = where A(<£) = 1-e 2 sin 2 <£. (510) 


Observation.—If the equation of the ellipse he written in the form 

KHHHf)' 

and if 

i 1 -;) = (!) tane ’ HHiH 

we get 

2 = | (tan a + cot 0), 


or, denoting tan 0 by t, 

y 2t x _ 1 — & 

b 1 + t 2 ’ a 1 + t 2 


(511) 


EXERCISES. 

1. The auxiliary circle touches the ellipse at the two points A, A "; hence 
it has double contact with it. 

2. If on the conjugate axis as diameter a circle be described, and ordi¬ 
nates be drawn parallel to the transverse axis, the ordinates of the ellipse 
are to those of the circle as a :.b. 

3. If a cylinder standing on a circular base be cut by any plane not 
parallel to the base, the section is an ellipse. 

4. If a circle roll inside another of double its diameter, any point in¬ 
variably connected with the rolling circle, but not on its circumference, 
describes an ellipse. 

For if P bo the point, C the centre of the rolling circle X Join CP, 
and produce to meet X in P and M ; then P, M are fixed points in the cir¬ 
cumference of X. Hence when X rolls the locus of each is a right line; 
thus the points P, M describe two rectangular diameters of the circle on 
which X rolls. Hence, Ex. 5, page 205, the locus of P is an ellipse. 
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176. The locus of the middle points of a system of par ah 
chords of an ellipse is a right line. 

Let PP' be a chord of the ellipse, and let the eccentric angl 
of P, P' be (a + / 3 ), (a - ft) 
respectively; then (§ 31, Ex. 3) 
the equation of PP' is 

b cos a. x 4 a sin cl. y ~ab cos ft. 

oo 

Now, it is evident that if a be con¬ 
stant and ft variable, PP' will be 
•one of a system, of parallel chords. 

Let x X) y x be the co-ordinates of the middle point of PP', tl n 
we have 

%i {cos (a + ft) + cos (a-ft)} «a cos a cos/?, 

.A 

y x = ^ { sin (a + ft) 4 - sin (a - ft )} = b sin a cos ft. 

Hence b sin a . x x - a cos a . y x = 0 ; 



and the locus of the middle point is 

b sin a . x - a cos a . y - 0. (515 

This is the line QQ!. 

Cor. 1.—Let PP' be the diameter parallel to PP '; 1 en 
since PP' passes through the origin, its equation must con dn 
no absolute term. Therefore from (i.), cos ft = 0, or ft = ! >°; 
hence the equation of PP' is 

b cos a . x 4 a sin a . y = 0. (51 

Cor. 2.—If PP’ move parallel to itself until the point P, 
P' become consecutive, then PP' will become the tangent t Q , 
and evidently we must have ft = 0 ; therefore the tangent at 2 is 
b cos a . x 4- a sin a . y = ab. (51 ) 

Now, if x\ y r be the co-ordinates of Q , we have x' - a c s a, 
y' = b sin a ; hence, from (514) we get the tangent at x'y 


F- 


(51 ) 
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Cor. 3.—If the angles which QQf, EE' make with the axis 
of x he denoted by 6 , respectively, we have from (512), 

( 513 ), ' 

tan. 0 = - tan a, tan 6' = — cot a; 


b 2 

tan 0 . tan & = —- • 
or 


(516) 


Since this remains unaltered by the interchange of 6 and 0\ 
it follows that, if two diameters Q Q! , EE' of an ellipse be such 
that the first bisects chords parallel to the second, the second 
also bisects chords parallel to the first. 

Def .—Two diameters which are such that each bisects chords 
parallel to the other are called conjugate diameters , 

Cor. 4.—Since the eccentric angle of Q is a, and of E 
a + 7 > I)? we see that the difference between the eccen¬ 

tric angles of the extremities of two conjugate semi-diameters 
is a right angle. 

Cor. 5. — If x ", y" denote the co-ordinates of E , we have 
x" = a cos y" = b sin ^ ; 

but x' = a cos a, y' -b sin a ; 

therefore x" =- ~ y', y" = ^-x'. (511) 

These formulae are due to Chasles. 

Cor. 6.—If the conjugate semi-diameters CQ , CIS be de¬ 
noted by a', V, respectively, we have 

a' 2 = # /2 + 2 / /2 = « 2 cos 2 a -F £ 2 sin 2 a = b 2 + ^V 2 ; (518) 

y~ - x" 2 + y " 2 = a 2 sin 2 a + 2 2 cos 2 a = a 2 - 0 V 2 ; (519) 

therefore &' 2 + J' 2 = a 2 + £ 2 ; (520) 

hence the sum of the squares of two conjugate semi-diameters 
is constant. 
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C orm 7—The tangent at Q is parallel to the diameter JUl 
C 0 r. 8.—The area of the triangle QCE =£(x'y" - x"y'), 
a eos a, l sin a, 

= i-ab ; (52: 

— a sin a, b cos a 

therefore the area of the parallelogram QCRT is equal t* ak 
Hence it follows that the area of the parallelogram formed b the 
tangents at the extremities of any two conjugate diameters < mi 
ellipse is constant . 

The results proved in Cors. 6, 8 are called, respectively the 
frst and second theorem of Apollonius. 

EXERCISES. 

I. Given any t^ro conjugate semi-diameters OP, OQ of an cllip >, to 
find the magnitude and direction of its axes. 

From jP let fall the perpendicular BJSf on OQ; produce and c t off 
BB- OQ; join OB, and on OB as diameter describe a circle ; 1c C bo 




its centre; join BO, cutting the circle in the points E, B; join 
and make OS = JSF, and OA = FT. Then OA, OS a’ro tl.o 
required. 


V, OP, 
niiaxoa 
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Dem.—OA 2 + OB' 2 = BP* + FP~ = 20P 2 + 2PP 2 = 2CP 3 + 20tf 2 

= OP 2 + PZ> 2 = <9P 2 + <9Q 2 ; 

that is, equal to the sum of the squares of the serai-conjugate axes. 

Again, 

OA . OB = PP.PP= 2>P. jV?= 0Q. JTP= parallelogram OP£P. 

Hence (Cors. 6, 8) 6L4, OP are the semiaxes required. 

The foregoing heautiiul construction is due to Mannheim. SeePowv. An. 
de Math ., 1857, p. 188 ; also Geometrie Analytique , tome 1, p. 457, par 
M. G. Longchamps. 

2. Being given the transverse and conjugate diameters of an ellipse to 
construct a pair of equiconjugate diameters. 

3. Prove that the acute angle between a pair of equiconjugate diameters 
is less than the angle between any other pair of conj ugate diameters. 

177. To find the equation of an ellipse referred to a pair of 
conjugate diameters. 

Let <7P, CD be two semi-conjugate diameters of lengths 
a', V ; let RR r be a chord 
parallel to CD ; then RR' is bi¬ 
sected by CP in RT. Hence, 
denoting CJT, R r R by x , y, and 
the eccentric angles of R, R! by 
(a + /3), (a - /?), respectively, we 
have 

a cos (a + ft) 4- a cos (cl- ft) j 2 15 sin (a + ft) + b sin (a -f 3 ) ) 2 

2 n 2 i 

= (arcos 2 a + b 2 sin 2 a) cos 2 ft = a' 2 cos 2 ft. (§ 176, Cor. 6.) 

In like manner ' y 2 = b' 2 sin 2 ft ; 

hence ^ + 1. (Compare § 156, 3°.) (522) 

a o~ 

Cor. 1.—The co-ordinates of any point on an ellipse referred 
to a pair of conjugate diameters can be represented by 

a' cos ft, V sin ft. 




(523) 



Cor. 2.—The equation of the tangent to an ellipse re 
to a pair of conjugate diameters is 

xx ' , yy' _ 1 * COS /3 t y sin /3 , u 

a' 2 l' 2 l ’ a' V ~ 1- ^ 

Cor. 3.—If the tangent at R meet CP produced in T, 
CN. CT= CP 2 ; (f 

xx f vv r 

for the tangent at R is — + = 1 ; and putting y = 

a o 

get xx* = a!\ or CN . CT = <7P 2 . 

(7or. 4.—The tangents at the extremities of any doubl 
nate RR r meet its diameter produced in the same point. 

Cor. 5. : —The line joining the centre to the intersect 
two tangents bisects their chord of contact. 

EXERCISES. 

1. If AB "be any diameter of an ellipse, AE, BD tangents at its c 
ties, meeting any third tangent ED in 
E and D, prove that AE. BB = square 
of semi-diameter conjugate to A B . 

For denoting AG and its conjugate 
by a', V, the equation of ED is 

x cos £ ( y sin & 1 

a b 

(Equation (524).) 

Hence, denoting AE, BJD by yi, y%, 
respectively, we have, substituting - a', 

2 /i sin j3 = b' (1 4 cos#), 

2/2 sin # = V (1 - cos 0 ); 
hence y\ y* = b'~. 

2. If CD, CE be drawn intersecting the ellipse in D\ E', pr 
CD', CE' are conjugate semi-diameters. 

3. The equation of the ellipse referred to equiconjugate diametei 

x 2, + ?/ 2 = (cfi + £ 2 )/ 2 . 



rred 


4 ) 


5) 

, we 


ordi- 


n of 


tremi- 



526) 
r e that 

is 
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4. If AB be the transverse axis, the circle described on BE as diameter 
passes through the foci. 

5. If CP, CB be any two semi-diameters; FT\ BE tangents at P 
and B , meeting CB } CP produced in T and E; prove that the triangle 
CPT = CBE. 

6. In the same case, if PN, BM he parallel, respectively, to BE and PT, 
prove that the triangle CPN = CBM. 

Def .—Two chords, such as AP, BP, joining any point P on the ellipse to 
the extremities of any diameter AB, are called supplemental chords. 

7. Diameters parallel to a pair of supplemental chords are conjugates. 

8. If a parallel to a fixed line meet a given semicircle in C and its dia¬ 
meter in B, prove that the locus of the point E, which divides CB in a 
given ratio, is an ellipse. 

9. If a line AB of given length slide between two fixed lines, prove 
that the locus of the point P, which divides AB in a given ratio, is an 
ellipse. 

10. If a given triangle ABO slides with two vertices A, B on two 
fixed lines OX, 07, prove that the 

third vertex C describes an ellipse j 

(Schooten, Organica Conicorum j 

Bescriptio, 1646, c. 3, Ex. Math, iv.) / 

About the triangle OB A describe a ft/ Q 

circle cutting A C in B ; join BB, OB ; J 

then, because the angle A OB is given, / / \A s \\j 
the angle ABB is given; hence the / j 
three angles of the triangle BCB are I j J 

given: and since BC is given, CB is \jj 

given; also the angle BOB, being Q\~ ~/A X~ 

equal to BAC, is given. Hence the 
line OB is given in position; and the 

proposition is reduced to the following AB, a line of given length, 
slides between two fixed lines OX, OB, and C is a fixed point in it: 
therefore (Ex. 9) the locus is an ellipse. 

11. If a circle pass through the foci of an ellipse, and intersect it on one 
side of the transverse axis in the points G, EC, and on the other side in the 
points J, K, the rectangle contained by the perpendiculars from the foci on 
any of the four chords IG, 13, KG, K3 is equal to # 4 /c“. 
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178. To find the equation of the normal to the ellipse a the 
point 

Let a be the eccentric angle of the point x'y *; thei the 
equation to the tangent at 
a (§ 176, Cor . 2 ) is 

b cos a . x + a sin a . y = ab ; 
hence 

tfsina (#-#')-5cosa(^-y)=0 
is the equation of the normal; 
and, putting for x f , y f their 
values in terms of a, we get 

a sin a . x - b cos a. y = c 2 sin a cos a, ('l 7) 



or 


a 2 x 

Iv 7 



(l ; 8 ) 


Cor. 1 .—In equation (527) put y = 0 , and we get x = at :os a, 


or 


CG = e\ 


( 29 ) 


hence 


MG = (1 - e~)a cos a. 


Cor . 2 .—P£ 3 = PJP 4- if # 3 = £ 2 sin 2 a 4- (1 - e 2 ) 2 ar os 2 a; 
b 2 

but l-tf 2 = — ; therefore JPG 2 = £ 2 {sin 2 a-l- (1 - e 2 ) .os 2 a} 
a 

= l 2 (1 - <? 2 cos 2 a); therefore 

TG = b l-^ 3 cos 2 a. i 30) 

In like manner, 

FG f si/l - 0 2 cos 2 a ; 

therefore TG.TG f = a ?(1 - <? 3 cos 2 a). >31) 

Por. 3.—If p, p' be the focal vectors to P, wc have 
p = + ex' = « (1 4 - e cos a), 

p'= a - (1 - e cos a) ; 

TG .TG' = pp'. 


therefore 


532) 
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Cor . 4.—If CR be the semi-diameter conjugate to CP, we 
have 

CR 2 = d 2 sin 3 a + 5 2 cos 3 a = a 2 (1 - e 2 cos 3 a), 
therefore pp' = CR 3 = Z/ 2 . (533) 

Hence PG.PG' = b'\ (534) 

Cor. 5.—If CL be perpendicular to the tangent at P , 


1 - e~ cos 3 a 

Therefore CL.PG = b\ and CL . PG' = a 3 . (535) 

Chr. 6.—If through G, G' parallels be drawn to the axes, 
meeting in K the locus of K is an ellipse. 

EXERCISES. 

1. The co-ordinates of the intersection of normals at the points (a + jS), 
(a — j 8 )j are 

o 2 cos a - cos(a4-£) cos (a — /3) c 2 sin a. sin(a + j3) sin (a- j3) 

# =-, ■?/== —---• (ooo) 

a cos p b cos p 

2 . If the normals at a, 7 he concurrent, 


sec a, 

cosec a, 

1 , 



sec p, 

cosec P, 

1 , 

= 0 . 

(537) 

sec 7 , 

cosec 7 , 

1 




This relation may he reduced to the product 
(sin (e + 7 ) + sin (7 + a) + sin (a + p) } {sin (3 - 7 ) + sin ( 7 - a) + sin (a - p)} =0 

(538) 

The latter factor of which, viz. 

sin (/3 — 7 ) -h sin (7 - a) + sin (a - P) 

vanishes when any two of the points a, P, 7 are consecutive. Hence the 
condition that normals at three distinct points, a, p, 7 may he concurrent is 

sin (£ + 7 ) -fsin ( 7 -fa) + sin (a4/3) =0. (539) 

3. The two foci and the points P, Gr are concyclic. 

4. Find the co-ordinates of the intersection of two consecutive normals. 
Making j 8 = 0 , in Ex. 1 , we get 

c 2 cos 3 a c 2 sin 3 a 


% = 


-» y — — 


b 


(540) 
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Or thus:—the co-ordinates of a point equally distant from a, 13, y (§ 32, 
Ex. 3) are 

c 2 c 2 

-cos|(a + i 3 )cosJ(i 8 + 7 )cos|( 7 +a), - -sinJ(a+j 8 ) sin-J (£+ 7 ) sinJ (7 + 0 ); 

and, supposing the points to become consecutive, we get, for the centre of 
a circle passing through three consecutive points, the same co-ordinates 
as before. 

5. Find the locus of the centre of curvature of all the points of an ellipse. 
Eliminating a from the equations (540), we get 

(«*}§+= (541) 


which is the evolute of the ellipse. 

V 2 

6 . The radius of curvature at a is = —, where p is the perpendicular 
from the origin on the tangent. 

The radius of curvature is the distance between the points 


f o 2 cos 3 a 

[-T-’ 


c 2 sin 3 a\ , 

——J ; (ffi 


cos a, b sin a), 


V 2 

which by an easy reduction can be shown = —. 


(542) 


7. In the figure, § 175, if we complete the rectangle JYON'Q, prove that 
the normal at P passes through <2. 

8 . In the same case if OF be produced to Y until FY—b and PY joined, 
prove that PY is the normal at -P. 

9. The join of the points MN (fig., § 178) is normal to another ellipse. 


179. The feet of the normals that can be dm awn from any point 
to an ellipse lie on an equilateral hyperbola. 

Dem. — The normal at a point x'y ' is a 2 xfic' - b~y/y' = c 2 , and 
if this pass through a fixed point hie, we have aVijx' - b 2 hjy r = e 2 . 
Hence, omitting accents, we get 

&xy + l 2 hx - a 2 hy = 0, (543) 

which denotes an equilateral hyperbola passing through the 
centre, and through the feet of the normals from lilc. 

Cor. 1.—Since th.e hyperbola (543) intersects the ellipse in 
four points, four normals can be drawn from any point to an 
ellipse. 
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Cor. 2.—The equation of tlie normals from hie to the ellipse is 

(a 2 x 2 + b 2 y 2 ) (lex — hyf - cVy 2 . (544) 

For, transforming the ellipse and hyperbola to the point hlc as 
origin, we get 

a 2 (g + h) 2 + l 2 (x + h) 2 = arb 2 , c 2 xij + drlcx - b 2 hy = 0. 

In these equations change x into Xx, and y into Xy , and elimi¬ 
nate X. 

It was by the hyperbola (543) that Apollonius solved the 
problem of drawing normals to an ellipse. It is called the 
Apollonian hyperbola . From equation (543) it is evidently the 
same for all homothetie ellipses. 

EXERCISES. 

1. The product of the abscissae of each pair of opposite vertices of the 
complete quadrilateral formed by tangents to an ellipse at the feet of normals 
from any point hh, is equal to — a 2 , and the product of ordinates = — b 2 . 
For, if X\y\, xzyz be a pair of opposite vertices, their polars, viz. 

xx\ jar + yy\\h 2 —1 = 0, and xxzja 2 + yyzjb 2 — 1 = 0, 

will he a line pair passing through the feet of normals, and therefore through 
the intersection of ellipse and the Apollonian hyperbola of the point Me. 
Hence, for some value of A we must have 

A [c 2 xy + b 2 hx — a 2 hy ) — {xx\jar + yyijb 2 — 1} 

{xxzja 2 + yyzjbi - 1} s x 2 /a 2 + y 2 /b 2 - 1. (i.) 

And by comparing coefficients we have 

x\Xz — — a 2 , ij\yz — — b 2 . (545) 

2. If the foot of one’of the four normals be the point x’y, the triangle 
formed by the tangents at the feet of the three other normals is inscribed in 
the hyperbola 

x’jx + yjy + 1 = 0. (546) 

For three of the opposite summits lie on the tangent at x’y\ that is, on 
xx'I a 2 + yy’ / b 2 — 1 = 0, 
and changing x into — a 2 /x and y into - b 2 jy. 

3. By comparing coefficients in (i.) we get Me in terms of x\yi: 



(547) 
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t V; 5 , at* = lnSt + - Ai»* = (*1 + ft)/* *** = + ^ ; 

hence (21 ?/2 4 £23/1) jo 2 — - (#1 4 #2)/& = (2/1 + 2/2 )I hi > 

and eliminating 2*242 between these and equation (545) we get 
A = — c 2 #i (yi 3 ~ b 2 )J{aryi 2 4 5 2 #i 2 )j j 
£ — c 2 z/i (#i 2 — a 2 )j{ary 1 2 4 5 2 #r). / 

Def.— 27^ _poi«£ ££ is normal pole . 

4. If from a given point *iy x tangents be drawn to a system of confocal 
conics, the eircumcireles of the triangles formed by tbe tangents and chords 
of contact are coanal. (Townsend, Bishop Law’s Brize Examination, 1876. 
Allersma, JIathesis, tome v., page 39, 1885.)’ 

For if 1th be the normal pole, the eireumcircle will have the join of the 
points xiy 1 , hh as diameter. Hence its equation is 

x 2 4 y 2 - (x\. 4 h)x — ( y\ 4 h)y 4- hx 1 4 hyi = 0 > 
and substituting for Jik from (547) we get 

„ n l 2 {xr 4 yr -f cr) ar{xi 2 +yi 2 -c 2 ) c 2 (a 2 yi 2 -b 2 xi 2 ) _ ft 

(548) 

which may be written b 2 S 4 c 2 S' = 0, where 

S= (j : 2 4 yr) (* 2 4 r) - (zi 2 4 yi 2 4 c 2 ) xxi - (#i 2 4 yi 2 - c 2 ) yyi 4 0 2 {xr - yi 2 ) : 
iS"=yr (.r 2 4 *r) - (*i 2 4 yi 2 - <?) yyi - ^i 2 * 


Joachimsthal’s Ciecle. 

180 . If from any point hh in the normal at the point x'y' of a% 
ellipse , three other normals be drawn, their feet and the pom\ 
- x r — y f are coneyclic. ' 

Dem.—Since the hyperbola c 2 xy 4 b 2 Jcx — a 2 hy passes througl 
x'y', we have c-x'y' 4 b 2 hx f - a 2 hy' = 0. Hence by subtracter 
we get a result which may he written either 

(* - *0 (y 4 mo 2 ) 4 (y - y') (*' - ^ 2 ) = 0, (I.) 

or 

[O - #') (y' 4 3 2 £*/c 2 ) 4 (y - y') (a? - 0 2 A/t? 2 ) » 0 ; (n.) 

and from the ellipse we have 

Qg - a') (a; + mf) + (y - y') (y + y') = Q ^ 

/ r , 2 7» 2 ' \ * 
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Hence, eliminating x ~ x', y - y' quantities, which vanish 
when x = x r and y = y first between (i.) and (nr.), and then 
between (ir.) and (in.), and adding, we get the circle 

x 2 + y 2 + xx f + yy r - h (x + x') - Jc {y + y') 

- \ i /' (y+/) - ^ 0+*') = o- 

How, putting w = a 2 + bVcjy' = £ 2 + a 2 hjx' y and remembering 
that #' 2 /& 3 + y n fb 2 - 1, this equation may be written 

x 2 + y 2 + xx r + yy' — u (xx'ja 2 + yy'jb 2 + 1) = 0. (549) 

This is called Joachimsthal’s Circle. It passes through the 
feet of the three normals; and since, manifestly, the co-ordinates 

- x r - y' satisfy it, it passes through the point diametrically 
opposite to xy'. 

Cor .—If 0 be the centre of the ellipse, and T the point 

- x r - y' y x 2 + y 2 + xx r + yy' = 0 is the circle on OF as diameter, 
and xx'/a 2 + yy'jb 2 + 1 = 0 is the tangent at P, and these inter¬ 
sect, not only at P, but at the foot of the perpendicular from 0 
on the tangent at P. Hence we have Laghjerre’s theorem. 
JoachimsthaVs circle passes through the foot of the perpendicular 
from the centre on the tangent at P. 

EXERCISES. 

1. If from a fixed point a perpendicular be drawn to a diameter of a conic, 

the locus of its intersection with the conjugate diameter is the Apollonian 
hyperbola. (Chasles.) 

2. The locus of the middle points of the chords of intersection of circles 
described from a given point with the ellipse is the Apollonian hyperbola. 

{Ibid.) 

3. If the equation of any pair of opposite sides of the quadrangle whose 
summits are the feet of the four normals that can be drawn from any point 
be lx I a + myjb — 1 = 0, and Vxja + m'yjb —1 = 0, then 

IV + 1 = 0, mm* + 1 = 0. (550) 

For, if x\yiy xtfjz be the poles of these sides, we have %\ - al y y\ — hn y 
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= _ a? } y x y % = - h 2 , equation (545). Henc 


£.~, — {lV, 1/2 = bin , but 3 ?l #2 : 

the proposition is proved. 

4 . If x'y be the foot of one of the normals to an ellipse, the sides of th 
t r i-in°ie whose summits are the feet of the other normals are tangents to 

parabola. ( F - PraSEK -) 

This is the reciprocal of the hyperbola x'\x + y\y + 1 = 0 , with rospet 
to the ellipse. Its equation is 

(xx'ja 2 - yi/jb 2 ) 2 + 2«a?7 a 2 + 2yy / jb 2 + 1 = 0 . (551) 

I shall call it Purser’s Parabola. See Quarterly Journal, tome viii., p. 6 C 


1S67. 

5. The focus of Purser’s parabola is the point where Joacbimsthal’s circl 
meets the tangent at P, § ISO, Cor. 

6 . If a, 0, 7 , 5 be the eccentric angles of the feet of normals, 


tan j- (a + 0) tan J (7 + 5 ) — 1 = 0 , (552) 

or a + j8 + 7 + S = (2 n + 1) 7 r. (553) 

This may be deduced from equation (539). 

7. If from an extremity of the major axis of an ellipse perpendiculars b 
drawn to the four normals from any point, they meet the ellipse again i] 
concyelic points. (Joachimsthal.) 

S. If CP (fig., § 17S) he joined, and a perpendicular to GP at G meet CPh 
J\ the perpendicular JK from J on the transverse axis passes through tin 
centre of curvature. (Mannheim.) 

From the construction we have CT: CG: : CP: CJ : : CM : CK. Hence 
ar\x : e 2 x : : x’: CK, CK = e 2 x ri ja 2 = c 2 cos 3 aja, 

CK is equal to the abscissa of the centre of curvature. 

181. To find the lengths of the perpendiculars from the foci 0 % 
the tangent at any point cj>. 

The tangent is 

l cos <f> .x-t a sin <f>. y — ab — 0 , 
and the co-ordinates of the 
focus S are ae, 0. Hence the 
perpendicular 

££ __ ah (1 - e cos 

a (1 - e 2 cos 2 <£)* 

= b< f \ ~e_ cos^ y 
V1 + e cos cf>) ’ 
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or 

Similarly, 

Cor. 1 .—SZ.S'Z' 
Cor. 2.— SZ~p=^ 



(554) 

S'Z' = b K 

\ P 

(555) 

= l\ 

(556) 


l l S'Z' 

= * - ±±_ = sin SPZ = S'PZ'. (557) 

PP b p 


Cor. 3.—The tangent ZZ' bisects the external angle at P of 
the triangle STS', and the normal PG the internal angle. 

Cor. 4—The first positive pedal (§ 162) of an ellipse ■with 
respect to either focus is the auxiliary circle. For, since the 
angle SPZC is bisected by PZ, we have SZ = ZIP ; therefore 
SJBL is bisected in Z , and SS' is bisected in C; therefore, if CZ 
be joined, CZ = J S'H-^ ( S'P + PS) = a. Hence the locus of 
Z is the auxiliary circle. And conversely, the first negative 
pedal of a circle with respect to any internal point is an ellipse, 
having the point for one of its foci. 

Cor. 5.—If any point in ZZ 1 be joined to S, the circle 
described on the join will 
intersect the auxiliary 
circle in Z. Hence may 
be inferred a method of 
drawing tangents to an 
ellipse from an external 
point. Thus if <2 be the 
point, join QS ; and on QS 
as diameter describe a 
circle intersecting the 
auxiliary circle in Z and 
M; QZ, QM are the tan¬ 
gents to the ellipse. 

Cor. 6.—The two tangents from Q are equally inclined to 
the focal vectors QS, QS'. — (Poncelet.) For, join the centres 
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C, 0 of the circles; then CO is parallel to S'Q; therefore il 
bisects the arc ES, hut the line joining the centres also bisects 
the arc ML. Hence the arc EM - SL, and the angle S'QJk 
= SQL. 

EXEBCISES. 

X. Find the relation between the eccentric angles of two points whosi 
joining chord passes through a focus. 

If the eccentric angles be (a 4- 0), (a — 0), the chord will be 

b cos a. x -f- a sin a .y — ctb cos 0 ; 
and if this passes through the focus (ae, 0), we get 

tfcosa=cos£. ' (568) 

Hence the equation of any focal chord is 


x cos a y sm a 

- 4- :L —;— = + e COS a, 

a o 


(559) 


the sign depending on the focus through which the chord passes. 

2. The tangents at the extremities of a chord passing through eithe 
focus meet on the corresponding directrix. For the tangents at the point 
(a 4 j8), (a - 0), are b cos (a + 0) x + a sin (a + 0) y — ab ; 

b cos (a — j8) x + a sin (a — 0) y = ab ; 
and the co-ordinates of the point where these intersect are— 


a cos a b sin a 
cos 0 1 cos 0 * 


(560) 


Substituting the value of cos 0 from (558), we get 


which are the co-ordinates of a point on the dir ectrix. 

3. In the same case the join of the intersection of tangents to the foci 
is perpendicular to the chord. For the line joining ae , 0 to the poii 

(o61) is a sin a . x — b cos a. y --— = 0, which is perpendicular to tl 

chord (559). 


4. If the co-ordinates in (560) be denoted by x'y\ we get 


x' cos 0 . y r cos 0 

cos a =-, sm a =-—-—. 

a o 
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Substituting these in the equation of the chord, we get 

S + f' =i - ( 562 > 

Hence the chord of contact of tangents from x'y' is 

. yy' _ , 

+ 5 2 x * 

5. If the chord 3 cos a . # + « sin a . 2/ = ab cos ^8 pass through a fixed 
point the locus of the intersection of tangents at its extremities is 

xx* yy' 

+ ~r=l. 

o- 

For, denoting the co-ordinates (560) by and substituting in b cos a . a/ 
+ a sin a . y f = #5 cos £, we get 

^+-5?- 1 - (S63) 

a?#' j/w' 

Def.— The line — 4- -ttt = 1 w called the polar <?/ #V wizfA 

a? b z 

respect to the ellipse. (Compare §§ 89, 149.) 

Cor.—The directrix is the polar of the focus. 

6. If a be variable and fi constant, the chord joining the points (a + £), 
(a — 0) is a tangent to the ellipse 


(r- 


7. In the same case the locus of the intersection of tangents is 


04 * 


8. The equation of the perpendicular from the point (560) on the chord 
joining the points (a + j8), (a — /3) is 

ax by a~ e 2 

•* _ -I 1 I70\ r>r>\ 


cos a sin a cos /3 
which meets the axis in the points 


(compare § 178), (566) 


that is, in the points 


„ (a cos a\ 
A cosiS )* 


e 2 x\ — - 
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9. Find the condition that the join of (a + 3), (a - $) shall tow the 
c^P se / \ o v«/ \ 2 _ 


If <j> be the point of contact, the equations 

hi cos <t >. x + ai sin <p . 2/ - h = °> 

3 cos a . # + 0 sin a . y - ab cos 0 = 0 

must represent the same line; hence, eliminating <p from the equatio 

COS <t> _ cos a sin <p _ sin a 
a cos 0 5 h t> cos 0’ 


we get 


ct\ 2 cos 2 a , b\ 2 sin 2 a ___ ^ 
b 2 


< 58 ) 


which is the required condition. 

10. If <j> denote the angle between the tangents at (a + 0), (a - 0) prove 

2^5 sin 20 


tan <p = 


(« 3 - i 2 ) cos 2a - (fl 2 + £ 2 ) cos 20 


39 ) 


11. If the angle <£ be right, we get (a 2 - 5 2 ) cos 2a = (a 2 + b 2 ) >s 20, 

or (a 2 + b 2 ) cos 2 0 = a 2 cos 2 a + b 2 sin 2 a. 

. a cos a 5 sin a , , . . 

Hence, denotmg--— by x, y, we get the circle 

cos 0 cos 0 

X 2 + y 2 - a 2 + b 2 70) 

as the locus of the intersection of rectangular tangents. 


12. If in Ex. 9 we put «i 2 = a 2 — A 2 , 5i 2 = b 2 - A. 2 , the ellipses ill bo 
confocal, and equation (568) reduces, if b' denote the somi-diamoi • con¬ 
jugate to that drawn to the point a, to 


sin 0 : 


\b' 
ab ’ 


■ 71 ) 


which is the condition that the join of the points (a -f 0), (a ~ 0 in the 
ellipse 



4 2 - A 2 


shall touch the confocal 
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13. If two tangents to an ellipse "be at right angles, their chord of contact 
touches a confocal ellipse (Ex. 11 , 12 ). 

14. The four focal vectors drawn to any two points of an ellipse have one 
common tangential circle , whose centre is the pole of the chord joining the two 
points . 

For, let a 4- £, a — J3 in the points, then the pole of their chord is the point 
a cos a/cos {3, h sina/cos and the perpendicular from this on the focal chords 
have one common value, h tan (3. Hence the proposition is evident. 

(Chasles.) 

The equation of the circle is 

(x cos /3 — a cos a ) 2 + (y cos j3 - h sin a ) 2 = 3 2 sin 2 £. (572) 

15. The angle cp between the tangents to an ellipse from a point 0 can be 
expressed in terms of the focal vectors to their point of intersection. 

Let F, F f be the foci, T one of the points of contact. Join FT, F' T 
produce FT to S, making TiS — TF f . Join OS, OF, OF', then, denoting 
OF, OF' by p, p, the sides of the triangle OFS are respectively equal to 
p, 2 a,f, and the angle FOS = <f>. 

Hence cos <p = - + P — 7 -— ; (573) 

2 PP 

and putting p + p = 2 (j, we get 

a' 2 — a 2 

cos 2 £</> =- 7 —. (574) 

pp 

16. If p, p , p" be the semi-axes major of three confocal ellipses, and if 
from any point in the outer, tangents be drawn to the three; then, if 

(pp') denote the angle between tangents to the confocals p, p, 

A A o 

sin 2 (pp) : sin 2 (pp") :: p~ — p~ : p 2 - p' 2 , (575) 


17. If tangents to two confocals be at right angles, the locus of their 
intersection is a circle. 

18. If c denote the length of the chord joining the points (a + £), (a - £), 
we have (Dem. § 177) c 2 = 45' 3 sin 2 £, and from Ex. 12, 


therefore 


sin 2 (3 = 


\ 2 b ' 2 
a 2 b 2 ; 


c 


2\V 2 

ah 


(Euhnside.) 


(576) 


19. If a tangent to one confocal be perpendicular to a tangent to another, 
the chord of contact is bisected by the line joining their intersection to the 
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let tie confocals be 

+ y 2 / 5 2 -1 = 0 , * 2 /«' 2 + y 2 / 5' 2 - 1 = 0 , * y , x " y " 

the points of contact, then the co-ordinates of the middle point of tl 
of contact axe * (*’ + *"), * V + *")• Also the Hne joining the c 
the intersection of the tangents 

+ yy'/i 2 -1 = 0, + yy"/ 5 ' 2 -1=0 

18 * (s'I a 2 - x"ja'~) + y (y’jF - = 0 ! 


chord 
itre to 


and substituting the co-ordinates J (a?' + #") £ {?/ + v"), ^ find t 
satisfied if + yV'/^' 2 = °> wHch - is tke c °nfiition that 

gents are perpendicular. 

20 . If tangents to the confocals 

/A 4/2 


^+ 1-1 = 0 , 

a 2 0 2 


£+£_i = o 

«i 2 v 


it it is 
o tan- 


be at right angles to each other, the line joining the point of contac 
to the point of contact on the other is a tangent to a third confi 
squares of whose semi-axes are 

a 2 at* b 2 b\ 2 

a 2 + h 2 ’ « 2 +V 

Let FT, QT he the tangents to the confocals a, ai; C the cent 


on one 
al, the 

577) 

,S f 8' 


T 



the foci: join PQ, SQ, GT, and draw CU, GV parallel to SQ, Q, then 
(Ex. 19) PQ is bisected in P. Hence TP - PQ; GT ~ CP Honco 
OV= *s/a 2 + bp, and GU = «i- Hence the ratio of CU: CV is g: 3 n, that 
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is, the ratio of sin CVU : sin CUV, or of sin TQP: sin TQS is given. Hence 
(Ex. 16), the envelope of PQ is a eonfocal conic. Let a@ be fthe semiaxes, 
then we have (Ex. 16), 

sin 3 TQP : sin 2 TQS:: ap - a 2 : bp, 
but sin 2 TQP : sin 2 TQS ::CU 2 : CV 3 : : aP : d 2 + b i 2 . 

Hence a 2 = a 2 apf{a 2 + bp) 

Similarly, £ 2 = b 2 bpl(a 2 -+ bp). 

21 . If tangents to two eonfocal ellipses be parallel, the angles subtended 
at the foci by the points of contact are equal. 

Eregier’s Theorem. 

182. If from a point a on the ellipse rectangular chords AB , 
AC be drawn, meeting it again in the points B , C, BC inter¬ 
sects the normal at A in a point D, whose co-ordinates are 

ao 2 cos a \{cP -f b 2 ), - be 2 sin a /(or + b 2 ). 

Dem.—Let the eccentric angles of the points.-#, C he /?, y, 
then the equations of AB, A C are 

b cos £ (a + ft) x + a sin J (a + (3) y - ab cos J (a - ft) = 0, 
b cos i (a + y) % + a sin \ (a + y) y - ab cos J (a - y) = 0, 
and since these lines are at right angles, 

b 2 cos £ (a + (3) cos J (a + y) + a 2 sin £ (a + fi) sin J (a + y) = 0. 
Hence (a 2 + b 2 ) cos £ (/3 - y) - <? 2 cos (a + £/3 + -Jy) = 0. 

Again, if we substitute the co-ordinates of JD in the equation 
of B C, we get the same result. Hence the proposition is proved. 

Cor .—If the point A moves along the ellipse, the point JD will 
describe another ellipse, viz. 

x 2 /a 2 + y 2 \b 2 = <?Y0 2 + b 2 ) 2 . (578) 

EXERCISES. 

1 . If 0 be the centre, the angle AOB is bisected by the transverse axis. 

2. If perpendiculars be drawn from A to any pair of conjugate diameters 
the line joining their feet bisects AB. 

o 
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183. The locus of the pole of any tangent to an ellipse , wi 
respect to a circle whose centre is one of the foci , is a circle. 

Dem. —Let S (see fig. § 181) be the focus, R the radius 
the circle whose centre is S, and with respect to which tl 
poles are taken. Let fall SI perpendicular to the tangent 
the ellipse, and make SI . SQ = R 2 ; then Z, <2 are inver 
points with respect to the circle whose radius is R ; and sin 
the locus of I is the auxiliary circle, the locus of Q is its invers 
and is therefore a circle; but Q is the pole of II', and is tl 
point whose locus is required; hence the proposition is proved 

Dee.— The locus of the poles of all the tangents to any curve wi 
respect to a circle is called the eecipbocal polae of that curve wi 
respect to the circle. 

From this definition we see that the foregoing propositi< 
may be enunciated as follows :— The reciprocal polar of < 
ellipse , with respect to a circle whose centre is one of the foci, is 
circle. 

Cor. 1.—If we take two consecutive tangents to the ellips 
their poles will be consecutive points on the circle which is t] 
reciprocal polar of the ellipse; but the join of the poles of t\ 
lines is the polar of the point of intersection of the lines. Hen 
the locus of the pole of any tangent to a circle is an ellipse. " 
other words, The reciprocal polar of a circle with respect to anoth 
circle is an ellipse, having the centre of the reciprocating circle j 
one of its foci. 

Or thus: 

Let S be the centre of the reciprocating circle, Q any poi 
on the circle whose reciprocal polar is required; join SQ , ai 
make SQ . SI = R 2 , and draw II' perpendicular to SQ. No' 
since SQ. SI = R 3 , the locus of I is the circle which is t'. 
inverse of that which is to be reciprocated; and since II' 
perpendicular to SIj the envelope of II' is the first negatf 
pedal of a circle with respect to a given point. 
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Cor. 2.—Since the auxiliary circles of a system of confocal 
ellipses is a system of concentric circles, and the inverse of a 
system of concentric circles is a system of coaxal circles,' we have 
3he following theorem :—The reciprocal polar s of a system of con- 
focal ellipses, with respect to a circle whose centre is one of the foci, 

'- s a system of coaxal circles , having the focus as one of the limiting 
voints. Conversely, The reciprocal polars of a system of coaxal 
circles, with respect to one of the limiting points , is a confocal . 
system, having that point for one of the foci. 


EXERCISES. 

*1. If a quadrilateral AA'BB' be inscribed in a circle X, and if the 
diagonals AB, A'B ' touch a circle Y of a system coaxal with X, then the 
sides (Sequel to Euclid, Fifth Edition, p. 126), AA', BB' touch another circle 
of the same system, and the four points of contact are collinear. Reeipro- 
oally, If a quadrilateral he circumscribed to an ellipse, and if two of its 
opposite vertices lie on a confocal ellipse, two of the remaining vertices lie 
m another confocal, and the four tangents at these vertices are concurrent. 

2 . The reciprocal polar of the directrix of an ellipse with respect to a 
focus is the centre of the circle into which the ellipse reciprocates. 

3. If a variable chord of a circle subtend a right angle at a fixed point 
within the circle, its envelope is an ellipse, having the fixed point for one of 
its foci. 

*4. If L be one of the limiting points of two circles 0, O', and LA, LB 
two radii vectors at right angles to each other, and terminating in those 
circles, the locus of the intersection of tangents at A and B is a circle coaxal 
with 0 , O' (Sequel to Euclid, Fifth Edition, p. 162). Reciprocally, If two 
tangents, one to each of two confocal ellipses, he at right angles to each other , 
the envelope of the line joining the points of contact is a confocal ellipse. 

*5. The envelope of the chord of contact of tangents to a circle which 
meet at a given angle is a concentric circle. Reciprocally, the locus of the 
intersection of tangents to an ellipse, whose chord of contact subtends a given 
angle at the focus, is an ellipse, having the same focus and directrix. 

184. The rectangle contained by the segments of any chord passing 
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through a fixed point in the plane of an ellipse, is to the squc 
of the parallel semidiameter in 
a constant ratio . (Compare 

§ 156 .) 

Let 0 be the fixed point, 
and take the lines OX, OY as 
axes of co-ordinates parallel to 
the axes of the ellipse ; let the 
co-ordinates of the centre with 
respect to OX, OF be x', y '; 
then transforming to 0, as origin, the equation of the ellipse : 

= 1 . (i.) 



(x-xj (y-yf 


a* l 2 

hfow, take any point R in the ellipse, join OR, meeting t". 
curve again in R' ; then, if r, 0 be the polar co-ordinates of . 
we have x = r cos 0, y - r sin (9. Hence from equation (i.) ^ 
get 

( d 2 sin 2 6 + l 2 cos 2 6) r 2 - 2 (a 2 y f sin 6 + h 2 x' cos 6)r 

+ (b 2 x' 2 + a 2 y' 2 - a 2 1 2 ) = 0. (n.) 

Now, the roots of this quadratic in r are OR, OR'. 

I 2 x' 2 + a 2 y' 2 - a 2 h 2 


Hence 


OR. OR’ = 


a 2 sin 2 0 4- b 2 cos 2 0 ’ 


Again, if p be the radius vector through the centre parallel 
OR, we have 


therefore 


2 _ ^ _ . 

^ a 2 sin 2 # + h 2 co$ 2 Q ’ 

OR. OR x' 2 y’ 2 , 

p 2 a 2 l 2 ’ 


( 579 ) 


that is, equal to the power of the point with respect to tl 
ellipse. Hence the proposition is proved. 

Cor. 1.—If OS be another line through 0 cutting the ellip 
in S, S', and p' the parallel semidiameter, 


OS. OS' x' 2 y' 2 , 

- = — + -i 

p' 2 a 2 h 2 
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Hence 


OR . OR' p 2 
(?£ . OS' ~ P /2 ' 


(580) 


Cor. 2. —If through anotlier point o two chords be drawn 
parallel to the chords OR, OS, and cutting the curve in r, r' 
s, s', respectively, 


OR. OR' or . or' 

OS . OS' os. os r 


(581) 


Cor. 3.—If the points R, R! coincide, OR becomes a tangent, 
and if S, S' coincide, OS becomes a tangent; hence from 
Cor. 1, Any two tangents to an ellipse are proportional, to their 
parallel semidiameters . 


EXERCISES. 


1. The rectangle BP. PD (see fig., § 177, Ex. 1 ) is equal to the square 
of the parallel semidiameter. 

2 . If any tangent meets two conjugate semidiameters of an ellipse, the 
rectangle under its segments is equal to the square of the parallel semi¬ 
diameter. 

3 . If through any point 0 , in the plane of an ellipse, a secant be drawn 
meeting the ellipse in two points R, R the locus of the point Q, which is 
the harmonic conjugate of 0 with respect to R, R\ is the polar of 0. For 

2 11 n f^y' sin d + b-x' cos 0 ^ 

OQ = oje + oir = " \ av* + - « 3 * 2 /" 

Hence, denoting OQ by p, we get, putting p cos 6 = x, p sin 6 -y, 
b 2 %’ {x f — x ) 4- a 2 y (y' - y) = a 2 b 2 , 


or, transforming to the centre as origin, 


^+§ + 1 = 0 , 

a - b 2 


which is the polar of the point — x' — y' (see § 181, Ex. 4). 

4 . If A, B he any two points, C the centre of the ellipse, and if AG, BH 
be drawn parallel to OB, CA, intersecting the polarsof B, A, respectively, 
in the points G, 2T; then AG . OB : AC . BH: : square of semidiameter 
through B : square of semidiameter through A. 

6 . If MN be the polar of the point A ; P any point on the ellipse ; AF 
a perpendicular to the tangent at P; PG the portion of the normal inter- 
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cepted between the curve and the transverse axis; PM a perpendicub 
from Pen MM; then PG . AF varies as PM. For if the co-ordinates c 
A be s' y ; of P, s" y" \ then 

(r - rU As''y'y" . AF (^l + fl\i = ^+Kf- 1- 

/ M «/'3\ i 

But 


/P'- v" 2 U 
V «* i 4 J i 2 ’ 

/P 2 V ,2 \1 PG.AF 

FM U + t>r = 


therefore 

This theorem gives an immediate proof of Hamilton 7 of Force.- 
Proceedings of the Royal Irish Academy , No. lvii. vol. in., p- 308. Als 
Quarterly Journal of Mathematics ., vol. v., pp. 233-235. 

6 . Find the equation of the line through the point x'y' parallel to it 
polar. If (a + jS), (a — £) he the eccentric angles of the points of contac 
of tangents from x'y, the line required is 

(582) 

(583) 


+ *“5-Be C jB = 0 m£. 
a b 

7 . In the same case the line through the centre and x'y’ is 
x sin a y cos a 


-— = 0 m Mi¬ 
tt b 

8 . The equations of the tangents through x'y' to the ellipse are 

L cos £ ± Jf sin (3 — 0. (584) 

9 . The product of the equations of the tangents is 

(S*S-)( 5 + S-)-( 5 + S- 0 , -‘ < 685 > 

Compare §§ 85, 150. 

* 185. To fincl the major axis of an ellipse confocal to a give? 
one and passing through a given point. 

X' 1 of 

Let hie be the given point, — + *^ 3 - 1 = 0 the given ellipse 

then, putting a 2 - l 2 = c 2 , the equation of the required ellipse 

x 2 y 2 

will he of the form — + —- -2 = 1, and substituting the givei 


a~ - c 


* The student is recommended to omit this proposition until he has rea< 
the chapter ou the hyperbola. 
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co-ordinates we get 

a' 4 - (A 2 + 7c 2 + c 2 ) a! 2 + c 2 h 2 = 0. (586) 

Similarly b fi - (A 2 + 7c 2 - £ 2 ) b' 2 - c 2 7c 2 = 0. (587) 


Let the roots of these equations he a/ 2 , a/' 2 ,; 
tively; then 


a'a"=ck , b'b”=c7c </- 1. 


j/2 j/rc reS pec- 

(588) 


Hence we have the following theorem :—JZW confocals to the 

ellipse - + ^-1 = 0 be drawn t7irough the point h7c: the 

the product of the semiaxes major of these confocals is ch , o/jfA<? 

semiaxes minor, c7ci ; w7iere i denotes , usual, - 1. 

It will be seen in Chapter tii. that one of these confocals 
must be a hyperbola unless 7c- 0 , in which case one of them 
must consist of the two foci. 


Def. —The semiaxes major aa n of the two confocals , which can 
be drawn to a given ellipse through a given point , are called 
the elliptic co-oedihates of the point (Lame, “ Co-ordonnees 
Curvilignes”). 


Cor. L— 


a ,2 a" 2 TO b' 2 b" 2 
«■- = — ~ t= —r-i 


therefore 


h 2 + 7c 2 = 


a t2 a n2 -b' 2 b N2 


e 2 


= a ,2 + b" 2 = a ,,2 + b' 2 . (589) 

Cor. 2.—The two confocals to a given ellipse which can be 
drawn through any point cut each other orthogonally. Eor the 
tangents are 

^ + l l_ 1_0 h JL + l l --1 = 0 

a' 2 + b' 2 L ’ a "- + l" 2 

and these tangents are perpendicular to each other if 
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Cor, g__Let p\ p" denote tie perpendiculars from tie centre 

in tie tan sent s to the confocals through hk at that point, and 
C'_ 3 " tie'semidiameters conjugate to the semidiameter drawn 

/r- -t h~ + k~ = o! % + b 1 -; [Equation (520)] 


therefore p = a’-- a"\ [Cor. 1). (590) 

Similarly, (591) 

But f3’p' = *'V [§ 176 , Cor. 8] ; p* = (592) 

_//2 X //2 

Similarly, p ,n = (593) 


Cor. 4.— By means of the values of A 2 , k 2 , Cor. 1, we find, 

after an easy reduction, 

^/!a‘- - «-) (s a - a" 3 ) _ y /bW+tPP-ePP . 
ija! 2 -a 2 ) + (#" 2 - & 2 ) A 2 -f /j 2 - (« 2 + b 2 ) ’ 

and substituting for hk the Talues [§181, Ex. 2], 


> Hence [§181, 


cos j3 9 cos 

, . , ab sin 2 B 

this reduces to *-r—----a———--* 

(ez 2 - b~) cos 2a - (a? + b 2 ) cos 2/3 

Ex. 10“ we have the following theorem :— If <j> denote the angle 
between the tangents to the ellipse ~ = 1 = 0, from the point 

whose elliptic co-ordinates are a r , a ,r , 

2 v / («' 2 -« J )(^ - a" 2 ) 

' (a'= _ _ («2 _ a"^ 


tan (f> - 


therefore 


tan 4" <ji> 


jar - a" 2 
\ a! 2 - a 2 ' 


(594) 

(595) 


Therefore if i (r denote the angle which the tangent at P to 
the confacal d makes with the tangent from P to the original 

ellipse, we hare 
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Hence = (596) 

Cor. 5.—The results proved give a new demonstration of the 
propositions, § 181, Ex. 16. 

The principal theorems in Cors. 4 and 5 were first published 
in a Paper of mine in the Messenger of Mathematies in the year 
1866, and were extended to sphero-conics, and to curves on con- 
focal quadrics. Corresponding theorems were given by Chasles 
for geodesic tangents to lines of curvature on the ellipsoid.— 
Liouvillje’s Journal, 1846. 


EXERCISES. 


1 . The locus of the pole of the line fix + vy — 1 , with respect to a system 

of conics confocal to ~ ~ — 1 = 0 , is the line 

a 2 b l 


y. v 


(597) 


2 . The equation of the director circle of an ellipse in elliptic co-ordinates 
is a’ 2 + a," 2 — 2a 2 . 

x 2 ip 

3. If from the centre of the ellipse —b — = 1 a parallel be drawn to the 

a- b- 

tangent from any point P on ^ + 7 ^ = 1 to a given confocal ( a') f to meet 
a* b“ 

the tangent at P to the first ellipse, the locus of the point of intersection is 
a circle. 

4 . If a\ a” be the elliptic co-ordinates of any point, <p the angle included 

x 2 y 2 

between the tangents from this point to — + — — 1 = 0 ; then 

a 2 sin 2 -bd> + a" 2 cos 2 4 <£> = cfi. (598) 


5. If from the intersection of tangents to an ellipse distances be measured 
along the tangents equal to the focal vectors of the intersection, the length 
of the join of their extremities = 2a. 

6 . The difference between the squares of the perpendiculars from the 
centre on parallel tangents to two confocals is constant. 
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7. The l*e:is of the points of contact of parallel tangents to a system o: 

.U tlipros is a hyperbola. 

„ I::--- b j;;s of the point (a) on a system of confocal ellipses is a confoea 


Th? c: centric angles of the points of intersection of a system of con- 
: al fllirzos bv a confocal hyperbola are all equal. 

l a 1 : r.ro secants, #i? 5 06, cut the ellipse in the points i?, ijf; -S', £ 
r.-.rpc;lively, and he tangents to a confocal, 


J._11 1 

OR “ “ 08 OS r 


(M. Eoberts.) 


(599) 


F-:r let a 2 - A 2 , l 2 - A 2 be the se mias es of the confocal 
diameter* parallel to OH, OS; then 

1 J__ _ RR' _ 2a V 2 

' OR' 


OR 

aer. 


L _ i_ 
06 ' 


Oii . Oli ab. OR. OR' t- E 1 uatlon ( 576 )] 
2\i" 3 


<9S. <9-6" * 

B ;t 0J2. OS': OS. OS ’:: : T 2 . [Equation (580)] 

Hence the preposition is proved. 

1^6. To Jin d the polar equation of an ellipse , the. focus leinq pole. 
Il t:ic focus be origin the 
equation of the ellipse is 

o- - f = f 2 > -/} 2 . [§ 173] 

Hence, putting 
z = P cos 9. y = p sin (9, 


P = 


ef 


1 - e cos 



trait is, 


P = 


« (1 - 5 2 ) 


( 600 ) 


1 - 0 cos 

, It is usnal 111 astronomy, when the polar equation is em- 
p.oyea to denote the angle ASP, called the true anomaly, 
. ^ > then the polar equation is 

a(l - <? 2 ) 


P = 


1+5 cos 0’ 


( 601 ) 
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Since a (1 - e 2 ) = l- latns rectum = l suppose, the polar equa¬ 
tion is p ~ ---(602) 

r 1 + e cos 9 

Cor. 1.—If the angular co-ordinates of two points on the 
ellipse he a + /3, a - /5, the equation of their joining chord is 

- — e cos 0 + sec f3 cos ( 0 — a). (603) 

P 

Por assuming it to he of the form 
l 

- - A cos 6 + B cos {9 - a), 

P 

and putting in succession for 0 the values a + /?, a - f3, we get 

1 4- e cos (a + ft) = A cos (a 4- f3) 4- B cos /?, 

1 -i- e cos (a — f3) — A cos (a - /3) + B cos /?, 

Hence A - e, J3 = sec/3. 

Cor. 2.—The equation of the tangent at the point a is 

- = e cos 0 + cos ( 9 - a). (604) 

P 

Cor. 3 # —The polar, co-ordinates of the intersection of tangents 
at the points whose angular co-ordinates are a 4- (3, a - (3 are 

6 - a, p = H(e cos a 4- cos f3). (605) 

Cor. 4.—The equation of the normal at a is 

- e sin a = (1 + e cos a) {e sin 9 + sin (<9 - a)). (606) 

P 

Por, if we put 0 = a we get Ijp = 1 4- e cos a, and if we put 
0 = 7r we get l/p = (1 4- e cos a)je. 

EXEBCISES. 

1. If p, p denote the segments of a focal chord, 

1 1 _ 4 

P P 


( 607 ) 
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2. Tie rectangle contained by the segments of a focal chord is propor 

t:: n.il to the length of the chord. 

Ai:v focal chord is a third proportional to the transverse axis and th 

y. *, ralh: i diameter. 

1. The sum of the reciprocals of two perpendicular focal chords is con 


■5. If any chord RR r of an ellipse meet the directrix in D, the line SI 
Use. := the external angle of the triangle HSR'. 

f. The i 'in of the intersection of two tangents to the focus bisects th< 
angle made by the focal vectors of the points of contact. 

7. If any point on an ellipse be joined to the extremities of the trans 
verse axis, the portion of the directrix which the joining lines intercep 
subtends a right angle at the focus. 

S. Tie angle subtended at the focus by the portion of any variable tan¬ 
gent intercepted by two fixed tangents is constant. 

9. I: a tangent from a variable point subtend a constant angle 8 at the 
focu>, the locus of the point is 

l 


- = cos 8 4- e cos 6. 

P 

(60S) 

10. If a chord FQ subtend a constant angle 28 at the focus, 
the p cunt where it meets the bisector of that angle is 

the loons ol 

l 

- = sec 8 + e cos 6. 

P 

(609) 

!L If e denote the true anomaly, <f> the supplement of the eccentric angle 

tan id . tan £$ = 

\ L — e 

(610) 

h:.t Ie pas r s th . roust the foous ° f an eiupse touoh * at point 

' co-ordinate is a, prove that its equation is 

p (1 , e cos a)- - l {cos [9 + «) -{- e cos (d— 2a)}, 

ana tout the common chord is 

(611) 

P^ 3 C0S * + ^ cos ( 6 + «))*/(! + 2<? cos a -f a2). 

(612) 


ar.d if a vary the envelope of the chord is 

p(^-e 3 cose) =l( l-«2). 


(613) 
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Exercises on the Ellipse. 


1. Find the eccentricity of the ellipse Zx 2 + 4 y 2 — 1. 

2. If two central vectors of an ellipse be at right angles to each other 

the sum of the squares of their reciprocals is constant. (Steiner.) 

3. Find the equation of the circle through either extremity of the trans¬ 
verse axis and both extremities of the latus rectum. 

4. Find the equation of the tangent at either extremity of the latus 
rectum. 

5. The locus of the middle points of chords of an ellipse passing through 
a given point is an ellipse whose axes are parallel to those of the given 
ellipse. 

6. If from any point in a circle a line be drawn making a given angle 
with a fixed line, and divided in a given ratio, the locus is an ellipse. 

7. If a transversal cut the conics 


X'ja 2 + y 2 /b 2 — 1 = 0 and x 2 ja 2 + y 2 jb 2 4 X (x 2 -h y 2 ) — 1 = 0 


where X is any constant in the points P, Q ; P' 7 Q' respectively, prove if 0 
be the common centre that the angle POP— QOQ f . State what this theorem 
becomes if X — - Ija 2 . 

8. The reciprocal polars of the conics in Ex. 7, with respect to a con¬ 
centric circle are confocal conics. 


9. If a common tangent to the two ellipses 

x 2 y 2 ~ x 2 y 2 

— + --1 = 0,-b ~ - 1 = 0, 

dr b~ a \ 2 b i 3 


touch the first in xy', and the second in x"y ,f ; then x'x" is equal to the 
square of the abscissa of either of their points of intersection, and y’y" to 
the square of the corresponding ordinate. 

10. If the sum of the tangents drawn from a point to two circles be given, 
the locus of the point is an ellipse. 

11. If a circle described through any point P on the minor axis of an 
ellipse, and through the two foci intersect the ellipse in the points Q y Q f ; 
prove that PQ f PQ r are either tangents or normals to the ellipse. 

12. Tangents are drawn from a fixed point P to a system of confocal 
ellipses ; if T , T be the lengths of the tangents to any of the ellipses, and Q 
their included angle, prove 

(1/T+ 1 JT') cos-|0 = constant. (Crofton.) (614) 
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It- <? y be the foci, produce ST, ST, and mate TU=TS, T V— T , 
r -' = rr _ j ;-,. £Ti> FP, then PP = FT, and it is easy to see tl t 

U 



jj e lr .-; e rPS-SPS', and is given, since S, P, S' are given points, let P " 
iisoc: tie angle SPU, then it also bisects TFR. Now, in the triangles 

TPS, SPU 1/PP-f 1 /PJ2 = 2 cos^RPT/PW, 
a::d 1 jSP+ I/PF = 2 cos J SPTJ\PW, 

that is, 1 IPT+ 1 jFT' = 2 cos § SPS'/PIT, 

ar.i 1/SP+ 1;S'P= cos J TPT’\PW= 2 cos§0/P?F, 

(1/P +1/1") cos^fl = (1/SP+ 1/S'P) cos§SP£', 

and is given. 

13. The area of the triangle formed by the tangents from the point 

cos a b sin a\ 

V cos £ J cos £ /* 

and their chord of contact, is ab sin 2 /3 tan j3. 

14. If from any point ^ in FT (the tangent at F) a perpendicular TF > 
dra'.vn to the focal vector SF, and a perpendicular lOf on the directri ; 
then SE = eTM. 

15. Tind the equation of the circle described on the intercept which 1 2 

ellipse 



males on the line y = nix + n ; and thence show how to find the length f 
the normal at any point of an ellipse until it meets the ellipse again. 
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16. The locus of the intersection of tangents at the extremities of a pair 
of conjugate diameters is 

x 2 y 2 

- 2 + £=2, (615) 


and the envelope of the join of their extremities is 

-+ y -=£. 
o* + i- 2 

(616) 

: 

17. Find the co-ordinates of the pole of the normal at the point a, and 
show that the locus of the pole is 


a e jx 2 + b*ly 2 = e 4 . 

18. If a tangent at any point 2J meet the transverse axis in 
be the focus, 

cos SET = e cos STT. 

• (617) 

T ; then, if S 

(618) 

,J 

i 


19. Prove that the pedal of the ellipse with respect to its centre is 

(x 2 -f y 2 ) 2 - a 2 x 2 + b 2 y 2 . (619) 

20. Prove that two of the normals drawn from, the point whose co-ordi¬ 
nates are 

c 2 cos a cos 2a C 2 sin a COS 2a 

«V2 ’ iVl 

meet the ellipse at the extremities of a pair of conjugate diameters. 

21. If A y 35, C, JD he the feet of four normals drawn from a point M to an 
ellipse E , whose centre is 0 , the perpendicular from circumcentres of the 
triangle formed by any three of the points A , JB, Gy JD upon the common 
chord of 23 , and the osculating circle of the fourth bisects the line OM. 
(Longchamps.) 

For the equation (549) may be written in the form 
x 2 -\-y 2 — hx — Icy = — c 2 zz'ja 2 + o^yy'jb 2 + Jrx 2 ja 2 + a 2 y ,2 jb 2 + hx' + ley'. 

The left-hand side equated to zero represents the circle A, described on OM 
as diameter, the second side equated to zero, represents a line 5, parallel 
to the tangent at the point D', the symmetrique of JD with respect to the 
transverse axis of 23, and therefore parallel to the common chord of E and 
the osculating circle, the line 5 being the radical axis of the circle (549) and 
A. Hence the proposition is proved. 

22. Find the equation of the pair of lines joining the centre of the ellipse 
to the points of contact of tangents from xy*. 

23. The sum of the eccentric angles of four coneyclic points on an ellipse 

o — 
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24. If a circle osculate an ellipse at the point a, tlie co-ordinates of e 
point where it meets the ellipse again are, a cos 3a, — b sin 3a. 

25. The sum of two focal chords of an ellipse parallel to two conjug e 
diameters is constant. 

26. Any two fixed tangents are cut homographically by a variable t l- 
gent. 

For the angle which the intercept on the variable tangent subtends at .e 
focus is constant. 

27. If S be the focus, T any point on the tangent at P, TM a perp i- 
dicular on the directrix; then, if ST — e TM, 

cos PS'P = 4* 
e 

28. If a chord PP' of an ellipse pass through a fixed point T, an if 
ST=e TM, then 

e — e’ 

tan § PST. tan \B'ST = (M‘Ctjllagh.) (62( 

29. If S, S' be the foci, and if the circle described on SS' as diam sr 
meet two conjugate diameters in BC, S', prove that the sum of the squ es 
of the perpendiculars from BC, JET on any tangent is constant. 

30. If all the tangents to an ellipse he inverted from any internal pc .t, 
the locus of the centres of all the circles into which they invert is an elli ;e. 

31. If ybe the intercept which any normal to an ellipse makes on io 
transverse axis, and <p the angle which it makes with it, prove 

c* 

V ~(a? + P tan»l’ ( 62 

32. If two sides, A3, 3G of a triangle be fixed, but the third movir in 
any way, prove that the circumcentre 0, and orthocentre IT of the tria do 
ABC describe curves inversely similar. (Neubeug.) 

For AO and AS make equal angles with the bisector of the anglo j 10 
and ABC = 2 AO cos A. 

33. If two central vectors of an ellipse be at right angles to each, o or 
the envelope of the join of their extremities is a circle. 

34. If the chords joining the pairs of points a, /3 ; 7 , 5 , rospoctri y, 
meet the transverse axis in points equally distant from the centro, prov 

CL j8 'V ' § 

tan - tan - tan £ tan - = 1. 

& L <L 2 


(62 
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35. If the co-ordinates in Ex. 20 be denoted by x, y , prove 

2 (a 2 x 2 + fry 2 ) 2 = fr (a 2 x 2 - fry 2 ) 2 . (623) 

36. If CP, CP be two conjugate semi-diameters, and if the normal at 
P be produced both ways to Q, Q, making PQ, PQ' each equal to CP, 
prove that 

CQ = a + b, CQ ' s= a — b. (M‘Cullagh.) (624) 

37. If x\y\, x%yz, xzyz be any three points, and if 


r , n 1 i T ^2 2/12/2 , „ 

iS== ^ + P _1 = 0 ’ ' S ‘ = ^ + ¥“ 1 > 2 b “-W + IT _1 ’ &c -> 


prove that - 4 (area of triangle formed by these points) 2 -f a 2 fr is equal to 

Cl, T 12 , T 13 , 

P 12) &2> . ^23, * (625) 

T\z, T23, Sz 

Multiply the determinants 

ccija, yijb, 1 xi\a, yijb , -1 

iCzja, yzjb, 1 xzja, y^b, - 1 

23 la, yz/b, 1 xzja, y z \b, - 1 

38. If the three points form a self-conjugate triangle, with respect to S, 
area = V 'Si Sz SzJ(2ab). (626) 


Make T12, Tiz , T23 each = 0 in Ex. 37. 

39. If they form a triangle circumscribed about S, 

area = ab {V Si + + ^Sz}- 


Let ABC be the circumscribed triangle A\ B\ C’ the points of contact, 
0 the centre, and let A!B' be the polar of C (xzyz), then, if <j> be the eccentric 
angle of A', the area of the quadrilateral OA* CB' equal 

2A OA'C— a cos <pyz — b smQxz. 


Also substituting the co-ordinates of the point A! in the equation 
xxz/a 2 + yyz/b 2 -1 = 0, 
which is the polar of C, we get 

b cos <p xz + a sin (p yz = ab. 
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Hence square and add, and we get 

IHi? + <fiy? = aW + {OA'OB'f, OA’CB' = ab V*. 

Similarly, _ _ 

OB'AG' = ab \ASi, and OC'BA' = ab ^ 82 , 

.-. ^C r =a5{V^T+VS + V^*}. (627) 

40. If tlie triangle be inscribed in 8 , 

area = </Tn T 23 T^ab). (628) 


41. If Pif be an ordinate at any point P of an ellipse, find the locus of 
the intersection of FM, with the perpendicular from the centre on the tan¬ 


gent at F. 

42. If a point P whose eccentric angle is 9 be joined to the foci, and the 
joining lines produced meet the ellipse again in Q, R ; find the equation of 
QB, and prove that its polar lies on the normal at 0. 

43. If <p be the eccentric angle of the point P of an ellipse, Q the point 

on the auxiliary circle corresponding to P; prove that the area of the 
parallelogram formed by the tangents at the points P, Q and the points 
diametrically opposite to them is 8 a 2 bj(a - b ) sin 2<£. (629) 

44. If the normal at Pmeet the transverse and the conjugate axes in the 
points G, G\ respectively, prove that the middle point of CG is the centre 
of a circle through P and the extremities of the minor axis; and the middle 
point of CG' the centre of a circle through P and the extremities of the 
transverse axis. 

45. If the product of the direction tangents of two lines touching an 
ellipse he given, and negative, the locus of their point of intersection is an 
ellipse. 

46. If 6 be the angle between a central vector to .and the normal at the 


point <p, prove 


tan 9 - 


c 2 sin 2 cf> 
fiab 


(630) 


47. The lengths of the tangents from the point x’y to the ellipse 


8 — — + JT, 

d 2 b 2 


■1 = 0 


are roots of the equation in P, 

- ^ s'- r- +V 2* - m' = 0 Vs 7 . (CaoFxoN.) ( 63 i) 

a 0 

S r = T 2 jV\ T*I 8 ' = b ' 2 = s 2 + y 2 = £ 2 *i 2 /« 2 + 


= a 2 — c 2 $i 2 la 2 = b % + c 2 yi 2 /b 2 . 



Hence 
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\/ a 2 — T 2 [S' = oxi /a, 

■/r-is' -b 2 =c yi ib-. 
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48. A circle has double contact with an ellipse at the points P, P\ Prove 
that the sum of the distances of the points P, P' from either focus is half 
the sum of the distances from the same focus of the points in which the 
ellipse is intersected by any circle concentric with the former. [Ibid.) 

49. If from any point on an ellipse tangents he drawn to the circle on the 
minor axis, and if the chord of contact meet the major and the minor axes 
in the points L } M respectively, prove. 


b 2 _a~__ a? 

CL 2 + cap = b- 


(632) 


50. Find the locus of the middle points—1°. of chords of a given length 
in an ellipse. 2°. Of chords whose distance from the centre is given. 

51. Find the co-ordinates of the orthocentre of the triangle formed by 
two tangents and the chord of contact. 

If {a + 0) and (a - 0) be the points of contact, the orthocentre is the 
point common to the perpendiculars from (a + 0) on the tangent at (a - 0), 
and from (a — 0) on the tangent at (a 4- 0). Hence it is the intersection of 


2 a sin (a + jQ) x - 2b cos (a 4- j8) y — c 2 sin 2a -1- (a 2 + b 2 ) sin 2/3, 

and 

2 a sin (a — £) a? - 2 b cos (a - 0) y = c 2 sin 2a - (a 2 + b 2 ) sin 2/3. 
From these we get by addition and subtraction 

a cos a. x + b sin a . y = [a 2 4- b 2 ) cos 0, 
a sec a. x — b cosec a . y = c 2 sec 0. 
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Hence 

x = { {a 2 + b 2 ) sin 2 a + c 2 sin 2 0}/a cos a cos (633) 

y s {(a 2 + 5 2 ) cos 2 0 - c 2 cos 2 a} ft sin a cos £. (634) 


52. The sum of the squares of the perpendiculars from the extremities of 
any two conjugate semidiameters on any fixed diameter is constant. 


53. If CP, CP' be two semidiameters of an ellipse ; CP, CP' their con¬ 
jugates ; prove, if PP' pass through a fixed point, that PP' also passes 
through a fixed point. 


54. The locus of the points of contact of tangents to a system of confocal 
ellipses from a fixed point on the transverse axis is a circle. 

x 2 y 2 

55. If x cos a + y sin a — p — 0 be a tangent to — + — - 1 = 0, prove, 


p 2 = a 2 cos 2 a b 2 sin 2 a. 


(635) 


56. If the circle x 2 + y 2 + 2 gx + 2fy + c = 0 passes through the extremi¬ 
ties of three semidiameters of the ellipse 


prove that the circle 

x 2 4- y 2 4- x — ~ y - (a 2 H- b 2 + c) = 0. 
a b 

passes through the extremities of the three conjugate semidiameters.— 

(It. A. Hobeuts.) (636) 

57. Show that if the first circle in Ex. 56 he orthogonal to x 2 + y 2 — 2ax 
— 20y 4- c = 0, the second is orthogonal to 


s-4- y 2 + 


2 t 2 a0x 2bay 


4 a 2 + b 2 - c' = 0. (23i&) (637) 


58. A triangle is inscribed in the ellipse 

x 2 ?/ 2 

-+£-1 = 0 ; 

prove, if x\ y' be the co-ordinates of its centroid, and x, y those of the 
circumcentre, 

16 (a 2 x 2 + b 2 y 2 ) 4- 9c 4 4 — j - 12c 2 (xx' - yy) -c 4 = 0. 

(/&&) (638) 
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59. If a', V be conjugate semidiameters, making angles <f>, <p' with the 
semiaxes, prove 

^-^ = eo8(» + »Q {63g) 

a~ — b 2 cos (<p — <p') 

60. If the rectangle contained by the perpendiculars on a variable line 
from its pole, with respect to a given ellipse, and from the centre of the 
ellipse, he constant, the envelope of the line is a confocai ellipse. 

61. If 8, S' he confocai conics, and FT, FT' tangents to 8, and FV a tan¬ 
gent to S\ then the angle TVT’ is bisected by FV. (M‘Cay.) 

Let the normal VU at V to S meet TT produced in TJ. Then, since 8, S' 
are confocai, the pole of FV with respect to S is on the normal VU. Again 


P 



the pole of FV with respect to 8 must be on the line TT'. Hence U is the 
pole of FV , and the pencil (P. T'TUV) is harmonic. Hence V. T'TFU is 
harmonic, and the angle FVU is right. Hence T VT is bisected. 

62. If a conic have double contact with 8 and one focus on 8\ the other 
focus must also be on S'. 

63. If FF be a diameter of an ellipse, prove that the locus of the inter¬ 
section of the normal at P with the ordinate at F' is 


x 2 Ja 2 + b 2 y 2 l(a 2 -f c 2 ) 2 - 1. 


(640) 
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64. Tlie circle whose diameter is any chord, parallel to the conjugate 
axis of 


<#■ & 


= 1 , 


has double contact with the ellipse 


& y 2 

a 2 + b 2 b 2 


1 . 


(641) 


65. If focal vectors from any point P meet the ellipse again in Q and P, 
and if the tangent at P mate an angle 6 with the transverse axis, and the 
line QR an angle <p, prove 

tan <p = 7 —%. tan 6. (642) 

1 + e* 


66 . If Pbe the focus, and A one of the extremities of the transverse axis 
of a given ellipse P, prove that the major axis of a conic passing through P, 
whose focus is A, and directrix any tangent to the ellipse is constant, and 
that the envelope of its second directrix is a conic whose foci are on the 
transverse axis of P. 

67. Being given two confocal ellipses, prove that the distance between 

the point <f> on the first and the point <$>' on the second is equal to the dis¬ 
tance between <£' on the first and cj> on the second. (IvoxtY.) 

68 . If from an external point 0 a secant ORR’ he drawn, cutting the 
ellipse in P, P'; then if OQr — OR. OR', the locus of Q is an ellipse. 

69. If t , f he the lengths of tangents from any point P to an ellipse, J, V 
the parallel semidiameters, and p, p the focal vectors of P, prove that 

tt' + IV = pp'. (643) 

70. Two chords, C\, 0% of an ellipse are at right angles, and touch a con- 
focal ; prove that 1 /Ci -f- l/Cb is constant. 

71. If normals at A, B, C ' JD meet in if, and intersect the ellipse again 
in A f , P', O', JD', prove that the latter points lie on an equilateral hyperbola, 
and touching at if the Appolonian hyperbola through A , P, C, JD. 

72. If the angles which any two conjugate diameters subtend at any point 
of the ellipse be denoted by a, a', respectively, then 

cot 2 A + cot 2 A' = {ci z - Vy-j&arb 2 . (644) 

73. If a normal to an ellipse be parallel to one of the oquiconjugate 
diameters, it cuts the ellipse again at a minimum angle. 

(PllOF. J. PunsEn.) 
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74. Two parallel focal chords of an ellipse meet it in the points G, 27, 
on the same side of the transverse axis; if the join of Gr, JET make intercepts 
X y fx on. the axes, prove 



(645). 


75. If two normals to an ellipse cut at right angles, the intercepts made 

on them by the ellipse are divided proportionally at their point of intersec- 
^ on * (Prof. J. Purser.) 

76. Prove that if a parabola be described with a point on an ellipse as 

focus, and the tangent at the corresponding point on the auxiliary circle as 
directrix it passes through the foci of the ellipse. [Ibid). 

77. If FM i F'M' be parallel focal vectors, the tangents at M, M' meet in 
a point F of the auxiliary circle, and the angle IFF' = } ( FMF ' + FM'F'). 

(Long champs.) 

78. In the same case the locus of the point of intersection of MF', M'F 

is a confocal ellipse. (Ibid.) 

79. If an ellipse and a hyperbola have a pair of conjugate diameters, 
common both in magnitude and direction, each curve is its own reciprocal 
with respect to the other. 

80. Construct an ellipse, being given 1° a focus, and three points, 2° a 
focus, and three tangents. 



CHAPTER VII. 


THE HYPERBOLA. 

187. Def. i. — Being given in position a point 8, and a line 
the locus of a variable 
point P, whose distance from 
8 has to its perpendicular 
distance from NN‘ a given 
ratio e greater than unity , 
is called a hyperboia. 

Hef. u.— The point 8 is 
called the focus * the line 
INUS' the bisectrix, and 
the ratio e the eccentricity of the hyperbola . 

188. To find the equation of the hyperbola . 

1°. Take the focus as origin, the line through 8, perpendicular 
to the directrix, as axis of a?, and a parallel to the directrix 
through 8 as the axis of y; also denote the perpendicular 80 
from S on the directrix by/; then, denoting the co-ordinates of 
P by *, y, we have SP 3 = ri +y\ and PN= x+f- but (Dc;f. x 'I 
8P ~ JPJSF = e ; therefore V 

x ~ + y 2 = e 2 (x +f)\ (646) 

2°. In equation (646) put 



2 __ _ e 2 p 

e 2 -l (<? 2 ~1 y (*0 



and we get 


X‘ 
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, *f G be the new origin, we have 

cs= j0ry <“■> 

putting y = 0 in (i.), we get 
, * 2 P 

0 2 - l) 2 ’ 

for two/values equal in magnitude, but of opposite 
Hence, denoting the points where the hyperbola cuts 

is of x by A, A', we get CA = CA' = - 

A'C - CA ; therefore the line is bisected in <7, and 
ig it by 2a, we have 


in, putting x = 0 in ( 1 .), we get 
e 2 P 

y — e—V 

Lves two imaginary values for y, viz. 

siyn ma - M il , 

J * 2 -1 J« s -i 

.g that the hyperbola does not cut the axis of y. 

. in.— The line AA' is called the teansveese axis of the 

>la; and if we male CB = B'C = J , the line BB' is 

M-i 

the conjugate axis, and the point C the centee. The 
B is denoted by 2 b. 

qP gp 

Since a = - 7 - 7 —— b = equation ( 1 .) can be 

(<r - 1) - 1)* ^ ' 7 


a 2 5 2 


3 ] the [standard form of the equation of the hyperbola. 
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Def. iy .—The double ordinate LI' through S is called the 
latus rectum of the hyperbola. 

189. The following deductions from the preceding equations 
are important:— 

1 °. 3 2 = a 2 (V- 1). 

2 °. If CS he denoted by c, c = ae. 

3°. CO = For CO = CS-f= If -f = -Tr■ 
e e 2 - 1 e~ - 1 

4°. a? + b 2 = <? 2 . Erom 1° and 2°. 

5°. CS . CO = a 2 . Erom 2° and 3°. 

6 °. Latus rectum = 2 a(e 2 - 1). Eor in (646) put x = 0, and 
we get /Si = ef ; therefore ZZ' = 2«s/ = 2& (<? 2 - 1). 

7°. The transverse axis : conjugate axis :: conjugate axis : 
latus rectum. Erom 1° and 6°. 

8 °. Since from the form (647) of the equation of the hyperbola 
each axis is an axis of symmetry of the figure, it follows that, if 
we make CS' - SC, the point S' will be another focus; also, 
if CO' = OC , and through O'a line MM' be drawn perpendicular 
to the transverse axis, MM 7 will be a second directrix^ cor¬ 
responding to the second focus S'. 

Def. v .—If the semiaxes a, b of a hyperbola be equal, the curve 
is called an equilateral hyperbola. 

EXAMPLES. 

1. Given the base of a triangle and the difference of the sides, find the 
locus of the vertex. 

Let S’ST' he the triangle ; let the base 
SS' — 2c, and the difference of the sides 
equal 2a. Let S'S produced he taken as 
axis of x, and the perpendicular to S'S at 
its middle point as axis of y ; then, if x , y 
be the co-ordinates of T, we have 


P 



S’T= {{x + c) 2 + y 2 }*, ST= {{x - cf + y *}*; 
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therefore { (x + <?) 2 4- y 2 } * — {{x — c) 2 + y 2 ) * = 2a; 

or cleared of radicals, 

(c 2 — a 2 ) x 2 ~ a 2 y 2 — d 2 (c 2 — a 2 ); 

(i.) 

or putting 

0 x 2 y 2 

c — a- — b~, — — - _ 1 . 

a~ o~ 


Cor. 1.— 

CF — ex — a. 

(648) 

For in clearing (i.) of radicals, we get 



a{(x — c) 2 + y 2 }^ = cx — a 2 ; 


that is, 

a . SF = aex — a 2 . 


Cor. 2.— 

jS'F = ex + a. 



2. Given the base of a triangle and the difference of the base angles, the 
locus of the vertex is an equilateral hyperbola. 

3. Given the base of a triangle, and the ratio of the tangents of the halves 
of the base angles, the locus of the vertex is a hyperbola. 

4. The locus of the centre of a circle, which passes through a given point 
and cuts a fixed line at a given angle, is a hyperbola. 

5. Trisect a given arc of a circle by means of a hyperbola. 

6. If the base of a triangle be given in magnitude and position, and the 
difference of the sides in magnitude, then the loci of the centres of the 
escribed circles which touch the base produced are the two branches of a 
hyperbola ; and the loci of the centres of the inscribed circle, and the 
escribed which touches the base externally, are the directrices of the same 
hyperbola. 

7. If in Ex. 6, Art. 119, the u Boscovich Circle ” cut the line iVTV', show 
that the locus of F will be a hyperbola. 

8. CJB is a fixed diameter of a given circle ; and through a fixed point A 
in CB draw any chord DE of the circle ; join CD , and on CD produced, if 
necessary, take CB = AE : the locus of the point F is a hyperbola.— 
Hamilton. 

9. ABCD is a lozenge whose diagonals are 2a, 2b, respectively ; prove, if 
the diagonals be taken as axes, that the locus of a point F, such that the 
rectangle AF. CF = the rectangle BF . DF, is the equilateral hyperbola 

* 2 - 2/ 2 = . . - ( 649 ) 

10. OX, OT are the axes, A, A' two fixed points on OX on different sides 
of 0, A, A' are joined to any point I on OY; then if a perpendicular AF to 
AI meet A'I produced in F the locus of F is a hyperbola. 
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190. To express the co-ordinates of a point on the hyperbola by 
a single variable. 



Let A A', BB ' be the transverse and conjugate axes, upon 
AA ’ as diameter describe a circle. Let P be any point in the 
hyperbola, MP its ordinate, JUT a tangent to the circle on A A ’. 
Then denoting the angle MGT by <f> we have xja = sec <f>; 
y\b = tan <£. Hence the co-ordinates of P are 


a sec <£, b tan < 5 b. 


(650) 


Cor. l.—MT-.MP:; a : i. 

Cor. 2 .—If PJSTbe parallel to CT, MJST is = b. 

fc " "» to 


Cor . 
form 


P = aV 1 + « 2 tan 2 <j>. 
4.—If the equation of the hyperbola 


(651) 

be written in the 
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we may put ^ - - J = tan 6, 

x y 

+ y — cot 0, 
a o 

from which, we get 


x = a cosec 2 Of y = l cot 20. (652) 

191. The locus of the middle points of a system of parallel 
chords of a hyperbola is a 
right line. 

Let the equation of one 
of the chords he 

yfb = mxja + n. 

Now, if m he constant 
and n variable, this will 
represent a line which 
moves parallel to itself ; and eliminating y between it and the 
equation of the hyperbola, we get 

(1 - m 2 ) x 2 - 2 mnax - a 2 n 2 - a 2 = 0. 

Similarly, by eliminating x , we get 

(1 - m 2 ) y 2 - 2 nby + b 2 n 2 - b 2 m 2 - 0. 

Hence the equation of the circle, whose diameter is the intercept 
which the hyperbola makes on the line 
y\b - mx/a + n, 

is (1 - m 2 )(x 2 + y 2 ) - 2 mnax - 2nby - (a 2 - b 2 ) n 2 - a 2 - m 2 b 2 = 0. 

,(653) 

Now, if the co-ordinates of the centre of this circle be x r , y ', we 
get 

, mna . nb 

x = n — y = ;—i- 

1 - m 2 1 - m l 



Hence, eliminating n and omitting accents , the locus of the centre , 
«■$ 0 / the middle point of the chord , is the diameter 
yjh = 

This is tho line <2<2' in the diagram. 


( 654 ) 
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C or . x._if a line be drawn through the centre parallel to 

PP ! : or, in other words, a diameter conjugate to QQ\ its equa¬ 
tion must contain no absolute term ; hence its equation is 

yjb = mxja. (655) 

Hence the product of the tangents of the angles, -which two 
conjugate diameters make with the transverse axis of a hyper¬ 
bola, is h'jar. 

Cor. 2.—If the line PP' move parallel to itself until the 
points P , P r become consecutive, then PP' becomes a tangent 
such as at Q; and if the co-ordinates of Q be x'y' we must 
have 

y'jb = mx'ja + n ; 

and since the line QQ! passes through it, we must have (478) 
y'jb - x'jma. 


Hence m = bx'jay', n - - b/y', 

which, substituted in yjb = mxja + n, 

<rives 


_ _ VL - i 
a 8 b* ~ 9 


(656) 


which is the equation of the tangent. 

Cor. 3.—The equation of the tangent at the point <j> is 


# V • , , 

-— sin d> — cos cS. 

ah 


(657) 


Cor. 4.—To find the equation of the chord of contact of 
tangents from the point Me. 

Let x'yx"y", be the points of contact; then, since the 
tangent at x'y' passes through Me, we have 


hx' ley' 
dr b 2 ~ ** 

Similarly, __ x. 

a 2 b 2 

Hence it is evident that the line 
hx Icy 


( 658 ) 
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passes through each point of contact, and therefore must he the 
chord required. 

Cor. 5.—If two diameters QQHR ' of the hyperbola be such 
that the first bisects chords parallel to the second, the second 
also bisects chords parallel to the first. 

Observation.—It is not necessary that both extremities of the chord JPP' 
should be on the same branch of the hyperbola; the chord may take the 
position pp'j where they are on different branches. 

192. Def.— It has been proved that if we construct the hyper¬ 
bola 

a 2 b 2 

whose axes are AA', BB\ 
it will be the figure HHHH 
in the diagram. Again , if 
we construct the hyperbola , 
which has BB' for its trans¬ 
verse axisj and A A' for its 
conjugate axis , it will be the figure H'H'H'H' in the diagram. 
This second figure is called the conjugate hyperbola. 

If instead of lik we put x’y we see that the chord of con¬ 
tact of tangents, from x’y' to the hyperbola, is 



— _ a 1 

a 2 b 2 


(659) 


Cor. 6.—If through any point x'y' a chord of the hyperbola 
be drawn, the locus of the intersection of tangents at its extre¬ 
mities is 

_ yyj ! 

<r ¥ 

Cor. 7.—The line 

x JfL _ y jL = T 
a 2 ¥ 

is such that any line passing through x’y ' is cut harmonically by 
it and the hyperbola. 
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193. To find the equation of the conjugate hyperbola. 

If the line BB' were the axis of x, and A A' the axis of y ; 
since BB ' is the transverse axis and AA r the conjugate axis, 
the equation of the figure WH'H'H would he (§ 188), 

t-t- i 

b 2 a 2 


Hence, interchanging x and y, the required equation is 

— _ 
a* j* 


( 660 ) 


Cor. 1.—If CQ, CLftbe conjugate diameters with respect to 
the hyperbola JEL] they are conjugate diameters with respect to 
the hyperbola H'. 

For the required condition with respect to H is 

b 2 

tsmACQ. t&nACR = — (§ 191, Cor. 1) ; 
a 

therefore tan B CR . tan BCQ = ~ 

o 

Hence the proposition is proved. 

Cor. 2.— The tangent at R to the hyperbola W is parallel to 
QQ. For the diameter RR r of H' bisects chords parallel to 
QQ r , and the tangent R is a limiting case of a chord. 

Cor. 3.—If the co-ordinates of Q be x'y \ the co-ordinates 

of R are (661) 

o a 

For these satisfy the equation (660) of the hyperbola H r and 
the equation of the line RR' is 

a 2 b 2 " 

Cor. 4. —If the conjugate semidiameters CQ , CR be denoted 
by a\ b ' 7 respectively, then a ' 2 - b f2 = a 2 - b 2 . (662) 

nj f 2 7)2 ntf* 

For a ' 2 - V 2 = CQ 2 - CR 2 = x ' 2 + y ' 2 - tjL - °JL. 

= ( x ' 2 " ~Jr) “ (^Jr ~ / 2 ) = « 2 ~ * 2 , from (647). 
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Cor . 5.—Every diameter of an equilateral hyperbola is equal 
to its conjugate. 

Cor . 6.—The area of the triangle QCR = \ab. (663) 
Eor the area 


bx‘ 


, ay'\ 1 yfx' 2 y ,2 \ 
a -yx T )=^[---_\ 


\ a 2 b 2 

Hence the area of the parallelogram, whose two adjacent sides 
are two conjugate semidiameters, is constant. 

Cor. 7. The equation of the line QR is 


x y 

+ f 

a o 


= 1. 


Hence QR is parallel to the line 


x y 

+ f = 0. 

a o 


Cor. 8.—The equation of the median, which bisects QR> is 

(664) 


*-f = 0. 

a b 


194. To find the equation of an hyperbola referred to two 
conjugate diameters . 

Let CQ : CR be two conjugate semidiameters (see fig., § 191), 
and take CQ, CR as the new axes of x, y. Let x , y be the old 
co-ordinates of any point P of the hyperbola, x'y' the new; then 
denoting the angles Q CA 7 RCA by a, /3 , respectively, we have 

x = x' cos a + y' cos /3, y-x f sin a + y' sin (3. 

Substitute these values in the equation b 2 x 2 - ahf = a 2 b 2 ; then 
x ' 2 (b 2 cos 2 a - a 2 sin 2 a) - y' 2 ( a 2 si xrj3~ b 2 cos 2 /3) 

+ x'y' (b 2 cos a cos - dr sin a sin ft) = a 2 b 2 ; 

but, since C <3, CR are conjugate semidiameters, 

b 2 
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(§ 191, Cor. 1). Hence the coefficient of x'y' vanishes, and the 
equation may he written 

„ [b- cos -a - o? sinV\ ^ ( a 8 siffiff - b- = , 

■'"v ^ j” y ’v « 2 * 2 J 

Sow, when y' = 0, we have xf = CQ. Hence, denoting CQ by 
a’ we have 

_ __ — - -. 

b 2 cos 2 a - cr sin 2 a 

Again, if it be the point where CR meets the conjugate hyper¬ 
bola (§ 192), we get 

a 2 b* 


CR~ = 


a 2 sin 2 /3 - b 2 eos 2 /5 ’ 


and, deno ting this by V", we see that the equation can be 
written 

fl 2 f^-i. 

a' 2 ~ l ’ 2 ’ 

or, omitting accents on x\ y\ 


# 2 _ _r 

a ' 2 l ' 2 


(065) 

This is the same in form as the equation referred to the trans¬ 
verse and conjugate axes. (Compare § 155.) 

Cor. L—The equation of the tangent, when the hyperbola 
referred to a pair of conjugate dia¬ 
meters as axes, is 


is 


xx r yy f 
~a? “ ~W~ 


1 = 0 : 


fox, taking two points x’y f , cc"y r/ on 
the hyperbola, the curve 

(s-sQfr — x n ) _ (y-yQ(y-y") 


b 2 


= 0 
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evidently passes through both points. Hence the chord joining 
both points is 

(x-x'){x-x") {y-y'){y-y") (a? y 3 

a 3 V v« 2 & ) ’ 

and, if the points become consecutive, this reduces to 


^ _ yjt ~ 1 

^ l 2 “ 


( 666 ) 


Cor. 2.—If the tangent at R meet CP in T.\ CJT . CT= CP 2 . 

Cor. 3.—The tangents at the extremities of any chord meet 
on the diameter conjugate to that chord. 

Cor. 4.—The line joining the intersection of two tangents to 
the centre bisects the chord of contact. 


EXEBCISES. 

1. If a chord of a circle be parallel to a line given in position, the locus 
of a point which divides it into parts, the sum of whose squares is constant, 
is an equilateral hyperbola. 

2. If CP, CD be any two semidiameters of a hyperbola, PE, DM tan¬ 
gents meeting CD, CP in N and M, respectively ; triangle CPN = CDM. 

3. In the same case, if FT, DE be parallels to the tangents meeting CD, 
CP produced in T and E; the triangle CDE = CPT. 

4. If a quadrilateral be circumscribed to a hyperbola, the join of the 
middle points of its diagonals passes through the centre. 

5. If AD be any diameter of a hyperbola, AE, DD tangents at its extre¬ 
mities meeting any third tangent in E and D, the rectangle AE. BD is 
equal to the square of the semidiameter conjugate to AD. 

6. If in the fig. of Ex. 5, CD, CE be drawn meeting the hyperbola and 
its conjugate in D' and E'; CD’, CE ' are conjugate semidiameters. 

7. Diameters parallel to a pair of supplemental chords are conjugate. 

8. Find the condition that the line \x + fxy + v = 0 shall touch the 
hyperbola. 

Am. a 2 A 2 — b 2 /x~ — v l — 0, 


which is the tangential equation of the hyperbola. 
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9 . If AA’ be any diameter of an ellipse, PjP' a double ordinate to it ; if 
AJP, AT' be produced to meet, the locus of tbeir point of intersection is a 
hyperbola. 

10 . Tangents to a hyperbola are drawn from any point in ono of the 
branches of the conjugate hyperbola ; prove that the envelope of tho chord 
of contact is the other branch of the conjugate hyperbola. 

195. To find the equation of the normal to the hyperbola at the 
point x'y*. 

The equation of the g 

tan gent afc xty* is vN X x 

xx ' \ Ns/" 

7--F- 1 ' ) K [-^ 

Hence the equation of J g n. t7AuVT'" "'(J" 

the perpendicular to / \ 

this at x'y ' is / / 

drx h 2 y , x T 

V + y = ^ W ' 

which is the equation of the required normal. 

Cor. 1. In equation (667) put y = 0, and wc get 

CG^e-x'. (668) 

Hence 1)*'. ( C6!)) 

Cor 2.-P& =PM* + M&= y n + (* - !)•*» = ( a£to , a „ 
easy reduction) to 

-j (e i x ,2 -ar'). 


(G68) 
(G69) 
liter an 


la like maimer, _ 


J~ V"s 2 *' 2 - a 2 . 


PG = e*^- a \ 
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Cor. 3.—If p, p' be the focal vectors to P, 


G f P.PG = pp f . 

(671) 

Cor . 4.—In an equilateral hyperbola 


PG = G'P. 

(672) 


Cor. 5 .—If CR be the semidiameter conjugate to CP, 

G'P . PG = CR 2 = V 2 = pp'. (673) 

6 V. 6.—If CL be perpendicular to tbe tangent at P, 

CL . PG = }*, CL . 0'P = a 2 . 


EXERCISES. 


1. The points P, T and the two foci are concyclic. 

2. A right line parallel to tbe conjugate axis of a hyperbola meets it and 
its conjugate in the points AT, JP; show that normals to these curves at the 
points M, N intersect on the transverse axis. 

3. If the hyperbola he equilateral, and if CL produced meet the curve in 
L’, prove CL . CL' — a 2 . 

4. If through the points G , G' parallels he drawn to the axes, the locus 
of their intersection is a hyperbola. 

5. In an equilateral hyperbola half the difference of the base angles of 
the triangle SFS' is equal to one of the angles which CF makes with SS 

6 . If from any point in a hyperbola perpendiculars he drawn to the axes, 
the join of their feet is always normal to a hyperbola. 

7. If through the point P, where the tangent at P meets the transverse 
axis, a parallel to the conjugate axis be drawn meeting the join of the 
points A, P, in J, the locus of J is an ellipse, having the same axes as the 
hyperbola. 

8 . If the co-ordinates of a point on the hyperbola 



be denoted by a sec <f> , b tan <j>, prove that the co-ordinates of the intersec¬ 
tion of normals at the points (a + ft), (a - j3) are 


c 2 cos £ 

a ‘ cos a cos (a + j8) cos (a - &)’ 


- % tan a. tan (a + j3). tan (a - $). (674) 
o 
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9. The co-ordinates of the point of intersection of two consecutive nor¬ 
mals are 

— sec 3 a, - C — tan 3 a. (675) 

a o 

10. The locus of the centre of curvature of the hyperbola is 

(ax)% — (ly)% = c (676) 

196. The feet of the normals that can he drawn from any point 
to an hyperlola lie on an equilateral hyperbola. 

If hie be the points whence normals are drawn to x 2 ja 2 - y 2 /b 2 = 1, 
the feet of normals lie on the hyperbola 

a 2 hjx + b 2 h\y = c 2 . (677) 

See Demonstration of § 179. 

Cor. 1.—Dour normals can be drawn from any point to an 
hyperbola. 

Cor. 2. The equation of the normals from hh to the hyper¬ 
bola is 

a 2 x 2 - b 2 y 2 ( 7cx - hy) 2 - c i x 2 y 2 . (678) 

Cor. 3.—The product of the abscissae of each pair of opposite 
yertices of the complete quadrilateral formed by tangents to an 
hyperbola at the feet of normals from any point hlc is equal to 
- a 2 and the product of the ordinates = b 2 . 

Cor. 4. If the foot of one of the four normals be the point 
x'y' the triangle formed by the tangents at the feet of the three 
others is inscribed in the hyperbola 

x'/x + y'jy + 1 = 0. (679) 

197. Joachimsthal’s Circle. 

If from any point hh in the normal at the point x'y' of an hyper¬ 
bola three other normals be drawn , the feet lie on the circle 

x 2 + y 2 + xx‘ + yy* — u (xx'ja 2 - yy'/b 2 + 1) = 0, (680) 

u - a 2 - b 2 hjy ( = a 2 hjx r - b 2 . 


where 
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This is called Joachimsthal’s Circle of the hyperbola. The 
proof may be inferred from § 180 by changing the sign of b 2 . 

Cor . 1 . —Joachimsthal’s Circle passes through the point 
- x' - y' on the hyperbola. 

Cor. 2. —Joachimsthal’s Circle passes through the foot of the 
perpendicular from the centre on the tangent at - %' - if. 

198. To find the lengths of the perpendiculars from the foci on 
the tangent at any point of the hyperbola. 

If the co-ordinates of the point P be a sec <£, b tan <f>, the 
equation of the tangent 
is 

x sec <f> y tan n _ A 
a b 

and the co-ordinates of 
the focus S are ae, 0. 

Hence the perpendicu¬ 
lar 



SZ = 


e sec <j> - 1\£ 
e sec <j> + 1 j ’ 


or denoting the focal vectors by p , p', 




(681) 


Similarly, 

S'£' = i K 

(682) 

Cor. 1.— 

SZ . S'Z ' = b~. 

(683) 


*> b 


Cor. 2.— SL -r 

0-^7 ~r (§ 195 ' ^ 5 '> 

(684) 


Cor. 3.—Tho tangent at P bisects the internal angle at P of 
tho triangle STS', and the normal bisects the external angle. 
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Cor . 4.—Since the angle SPH is bisected by PZ, we have 
SZ = ZZT, and SC = CS', because C is the centre. Hence 

CL = iS'IT= i ( S'P -SP) = a; 

therefore the locus of L is the auxiliary circle. 

Cor. 5.—If a line move so that the rectangle contained by 
perpendiculars on it from two fixed points on opposite sides is 
constant, its envelope is a hyperbola. 

Cor. 6.—The first positive pedal of a hyperbola, with respect 
to either focus, is a circle. 

Cor. 7.—The first negative pedal of a circle, with respect to 
any external point, is a hyperbola. 

Cor. 8.—The reciprocal of a hyperbola, with respect to either 
focus, is a circle. 

199. The rectangle contained ly the segments of any chord pass¬ 
ing through a fixed point in the plane of the hyperbola is to the 
square of-the parallel semidiameter in a constant ratio . 

The proof is the same as that of the corresponding propo¬ 
sition (§ 184) for the ellipse, and similar inferences may be 
drawn. 


EXERCISES. 

1. If an equilateral hyperbola pass through the angular points of a tri¬ 
angle, it passes through the orthocentre. 

2. The locus of the centres of all equilateral hyperbolas described about 
a given triangle is the { nine-points circle ’ of the triangle. 

3. If P be any point in an equilateral hyperbola whose vertices are A, A\ 
prove that the normal at P and the line CP make equal angles with the 
transverse axis. 
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200 . To find the polar equation of the hyperbola , the centre being 
pole. 

Let 27 be the hyperbola, 

A'A its transverse axis, and 
B'B its conjugate axis, JP 
any point in the curve ; 
then, if y be the rect¬ 
angular co-ordinates of P, 

P? 0, its polar co-ordinates, 
we have 

x- p cos 0, y - p sin 0 ; 

and, substituting these in the equation of the hyperbola, we get 

1 cos 2 0 sin 2 0 
p 2 = ~ 2 ¥~‘ 

72 

Hence p 2 = -——, (685) 

H e~ cos 2 0 — 1* v ' 



which the polar equation required. 

Cor. 1.—The polar equation of the conjugate hyperbola H r is 


1 — <r cos 2 0* 


Cor. 2.—If the hyperbola be equilateral, b 2 = a 2 , and the polar 


equation is 


p 2 cos 20 = & 2 . 


(687) 


Cor. 3.—If in equation (685) the denominator, e 2 cos 2 0 - 1, 
vanish, we get p 2 = infinity; therefore p = ± infinity; but if 

b~ b 

e z cos 2 0-1 = 0, we get tan 2 0 = — and tan = ± Hence, if 

a 

BB' be erected at right angles to CA, and if AB and B'A he 
made each equal to b, and CB, CB' joined, these lines produced 
both ways will each meet the curve at infinity. 
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Cor. 4.—The equations of the line CD, CD' aie respectively 

?_f = 0, -+!= 0. (688) 

ah co b 

Each of tL.ese lines touches the curve at infinity, or, in other 
words, is an asymptote- (§ 153.) 

Eor the tangent at x’y' may he written 

x yy f 1 
ar 3 V x r 

OC V 

How, if x'y f be the point where the line - - - = 0 meets the 

curve, we have ~ = - Hence the tangent may be written 
cc a 

x y a x y . 

— ± - or — y = 0, since x f is infinite. 
a b x co o 

Cor. 5.-—Since the product of the equations of the two asymp- 

3? V 2 

totes (688) is = 0, we see that the equation of the hyper¬ 

bola differs from the equation of its asymptotes only by the 
absolute term. (§ 153, Cor. 1.) 

Cor. 6. —The asymptotes of an equilateral hyperbola arc at 
right angles to each other. On this account the equilateral 
hyperbola is also called the rectangular hyperbola. 

Cor. 7.—The secant of half the angle between the asymptotes 
is equal to the eccentricity. 

Cor. 8.—The lines joining an extremity of any diameter to 
the extremities of its conjugate are parallel to the asymptotes. 

201 . To find the equation of the hyperbola referred to the asymp¬ 
totes as axes. 

Let S he the hyperbola, CX\ CT (see last fig.) the asymp¬ 
totes, T any point in the curve; draw PM' parallel to CY r ; 
then, denoting CM r , JFP, the co-ordinates of P with respect to 
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the new axes, by #'y', and half the angle between the asymptotes 
by a, we have, since CM = CO + M'N\ and PM = PJSf 7 - M'N\ 

x = (#' + «/') cos a, y = (?/' - #') sin a; 

and substituting in the equation 


we get 



(a/ + y') 2 cos 2 a (y' - x') 2 sin 2 a 
<a 3 6 2 


But 

Hence 


sec a — e. (§ 200, Cor. 7.) 


COS 2 a = 


a 2 

d 2 •+■ i 2 


sin 2 a = 


a 2 -v b 2 ’ 


therefore (#' + y') 2 - (; y ' - #') 2 = « 2 + J 2 , 

or 4#y - a 2 + b 2 \ 

and omitting accents, as being no longer necessary, 

xy = {a 2 4- 5 2 )/4, (689) 

which is the required equation. 

Cor . 1.—The area of the parallelogram formed by the asymp¬ 
totes, and by parallels to them through any point in the curve, 
is constant. 

Cor. 2.—Since the product xy is constant, the larger x is, the 
smaller y will be, and conversely ; hence the hyperbola con¬ 
tinually approaches its asymptotes, but never meets them, until 
it goes to infinity, where it touches them. 


EXEBCISES. 

1. A variable lino has its extremities on two lines given in position and 
passes through a givon point; prove that the locus of the point in which it 
is divided in a given ratio is a hyperbola. 
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2. From a point T perpendiculars are let fall on two fixed lines,* if the 
area of the quadrilateral thus formed be given, prove that the locus of T is 
a hyperbola. 

Z. If any line cuts a hyperbola and its asymptotes, prove that the intercepts 
on the line between the curve and its asymptotes are equal. 

4. If a variable line form with two fixed lines a triangle of constant area, 
the loeus of the point wdiich divides the intercept made on the variable line 
in a given ratio is a hyperbola. 

5. If two sides of a triangle be given in position, and its perimeter given 
in magnitude, the locus of the point which divides the base in a given ratio 
is a hyperbola. 

6. The equation of a hyperbola passing through three given points, and 
having its asymptotes parallel to two lines given in position, is 

xy, z, Vi 

v'y'i V\ 

x"y", v"i 

*"V", y"\ 


i, 

l * = 0. * (690) 

1 , 

1 , 


the axes being the lines given in position. 

If the lines given in position he denoted by S = ax 2 + 2 hxy + by 2 = 0, the 
equation will be 

S, x, y, 1, 

S', x', y\ 1, 

s", y"? 

y"' h 

7. The equation xy — X 2 , being a special case of the equation LM = JR, 2 
(§ 160), the co-ordinates of a point on the hyperbola can be oxprossod by 
a single variable. Thus x — k tan <p, y — k cot <p. This will be called the 
point <p. 

8. Prove that the equation of the join of the points <p’, <j>" on the hyper¬ 
bola is 


= 0. (691) 


* t y ^ 

tan tj >' + tan <p" cot <p’ + cot (p " 7 


x y 

P -7—7, + - T 7, = 1. 

x + x y + y" 

9. The intercepts on the axes are x’ + if + y". 


(693) 
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10. The tangent at the point <£ is 


x cot <p 4- y tan <p — 2k, 


or 



(694) 


11. The area of the triangle formed hy the asymptotes and any tangent 
to the hyperbola = 2k 2 . 

12. If a variable point xy on the hyperbola be joined to two fixed points, 
the intercept on the asymptotes made by the joining lines is constant. 


13. The co-ordinates of the point of intersection of tangents at <p', <£", 
are 


2k 

cot cp' -f cot </>"’ 


'27c 

tan <p' + tan <p" * 


(695) 


*14. The area of the triangle formed by tangents at the points <p<p", 

<p’" is 

2/c 2 {sin 2 p / (sin 2$”- sin20"')+sin 2 (/>"(sin2</>'"— sin2</>') + sin 2 <£'''(sin 2 </>'--sin 24 >'')} 
sin (<p' + <p") sin ( <p 77 -1- <p"‘) sin (</>"' + <}>') 

(696) 

15. The normal at the point (p is x tan <p - y cot cp = k (tan 2 cp - cot 2 cp). 

16. The four normals from the point a/3 to the hyperbola xy - k 2 , have 
the tangents of the parametric angles of their points of meeting the hyper¬ 
bola connected by the relation k (tan 4 cp — 1) = a tan 3 <p — 1 3 tan cp. 

17. The intersection of normals at the points x'y', x"y" are 

x' 2 + x'x" j- x" 2 + y'y” y' 2 + y'y" + y” 2 + xx" 
x’ + x " 7 y' + y" 

13. The co-ordinates of the centre of curvature at the point x'y' are 


3x' 2 + y' 2 3 y' 2 + x' 2 

2x r ? 2y' * 


(698) 


19. The circle of curvature at x' y' meets the curve again in the point 
whose co-ordinates are 


% 2 _ 

7 3 ~7 m 


(699) 


20. The radius of curvature at x'y' is (x 2 + y' 2 )l -f 2k 2 . (700) 

21. Given any two conjugate semidiameters OP, OQ of an hyperbola to 
find its axes in direction and magnitude. 

The asymptotes will be the median of the triangle OPQ which bisects PQ, 
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and the parallel through 0 to PQ, then, the axes are the bisectors OX , OT 
of the angles between the asymptotes. Through Q draw QM, QX parallel 



to the asymptotes meeting OX in M and X, and take OA a mean propor¬ 
tional between OM, OX. Then A is one of the summits of the hyperbola. 

Dem. —Join AQ and produce to meet the asymptotes in X, K. Since 
QM', QX are parallel to the asymptotes 

AK: QK :: OA : OX, and XQ:KA:: OM: OA, hut OM:OA::OA: OX. 

Hence AK: QK :: JECQ : BA AK = KQ, 

and since Q is a point on the hyperbola, A is a point on it. Hence A is a 

summit. 

The foregoing construction is, with slight alteration, taken from Long- 
champ’s Geometric Analytique, tome 2, p. 470. 

202. To find the polar equation of the hyperbola , the focus being 


Let SIP = p, the angle ASP = 0 . (See fig., § 188.) 

Then SP = e PH by definition ; 

that is, p = e(OS + SQ) = ef+ ep cos (tt - 6 ), 

or p = a (e 2 - 1) - ep cos 0 . 

Therefore p = ——(701) 

1 + e cos 6 ' ' 


t r 

Cor. 1. — If we put 6 = we get p = a (<r - 1) ; but in this 
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case p is half the latus rectum. Hence, denoting it by l, we 
have 


l 


(702) 


^ 1 -f e cos O' 

Cor . 2—The polar equation of the tangent at the point a is 


l 

P cos(a-0) -re COS0* 0®°/ 

Cor. 3.—The polar co-ordinates of the intersection of tangents 


at 

a -f ft, a- /?, are 8 = a, p = lj{e cos a -r cos /3). (704) 

Cor . 4.—The equation of the normal at a is 

- e sin a - (1 -r cos a) \e sin 0 + sin (0 - a)}. (705 ) 

P 


EXERCISES. 


1. The equation of the chord joining the points (a + £), (a - S', is 


l _ 

e cos 6 -f sec 3 cos (a— 6) 


(706) 


2, If a he constant, and 3 variable, the chord joining the points (a -t- ,3 
(a - 3), passes through a fixed point. 


203. To find, the area of an equilateral hyberbola, between an 
asymptote and two ordinates . yj j 


Let PQZ be the hyperbola : 
OX, O Y the asymptotes. Bisect 
the angle XOY by OP ; dra'w 
the ordinate PP l and ZZ *; then 
denoting OP' by unity, and P'Z' 
by x the area enclosed by PP‘ 
ZZ', P'Z', and the hyperbola, 
= log, (1 + x). 

Dem.—Divide P'Z' into any 



O P' Q f R' 
number of parts n, 
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,. . n pr 00' OB', &C., are in geome- 
points Q', B', &c.; ^ ^ ordil ^fces QQ, KB, &c. Join 

tneal progression, _ _ 00 0 B Now, denoting the co-ordi- 

fl d’tSpoU 0 sp; q , ihy*y,*yw- area 

of the triangle OQB 


(x"y' 

Wy"‘ -*"'y") = h[-^ 


x''y m x m y" 


since 


n ,nr 


9/ tn x ,n 

J — r and x"’ = —r- 

y' x 


Hence area of triangle OQB 

m i ^ (^" - *v)=* o*y' - * ,y) ’ 

ay 

i M n-f triangle OFQ. But it is easy to see that the 

or «» „»«i * *• top«™» «''««■“ d oaB ‘ v f 

tria ° . OO'B'B Hence the trapeziums are equal, 

i th ;sr«“e e li. 

» 016 tr,r *toe P - !?'.«■’ r<*; “ 4 ““ 

OP OQ' ...OZ' are in geometrical progression, and there are 
n terms, we have (1 + i ^ J + * 

p'Q' = (1 4- #)” - 1, and PP'= 1* 

Hell cc when n is indefinitely large, the area of the trapezium 
PP'q'q = (1 + 2 >)“ - 1 • Therefore the hyperbolic area IP Z j 

is equal to the limit of 

w{(1 + x f 1 1 } = log, (1 + *)- (See Trig., p. 90.) (707) 

Q or |_The hyperbolic sector OPZ= log, (1 + x )- (708) 
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Cor, 2. If AZ be an equilateral hyperbola, whose equation 
is x 2 — y = 1 ; and if the co-ordinates 
OM , MZ of a point Z be xy, the sec¬ 
torial area 

OAZ — J log, (x -f y). 

Dem.—In the foregoing proof 0P f 
is taken to be the linear unit; but in 
the general case it is evident that the 
proposition proved is that the sectorial 
area = OF 2 x log, ( OZ 7 OF); but 
it is easy to see that OZ' OF 
= ( 021 + MZ) v OA, and OF 2 = £ OA 2 . 

Hence the area of the hyperbolic 

sector OAZ = %a 2 log, — - — . 

a 

Hence, when a is unity, sectorial area 

= ilo g e (x+y). (709) 

Cor. 3. —If u denote twice the sectorial area OAZ\ then 



e* + e~ H e u - e-* 

*=-7r-> z- 


(710) 


Eor log, (x + y) = u ; therefore e u = x + y ; and 

1 


# + y 


= z-y. 


Dee. — x, y are called , respectively , ike hyperbolic cosdte and 
hyperbolic suste of u, and are denoted by the notation Chu, Sh u. 
(See Trigonometry , Chap, viii., sect, ii.) 

Cor. 4.—If s /-1 be denoted by i, Chz^ = cos ( ui ), Shz* 

s These follow from the values of x, y, and the tri- 

i 

gonometric expansions of cos (ui), sin (ui). 

T 2 
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204. The other hyperbolic functions are defined as follows, 

thus;_ OB = hyperbolic secant u = Sec hw, = hyperbolic 

tansrent ti = Th«, BT f = hyperbolic Cotangent w s Cot h u, OB 
= hyperbolic Cosecant u = Cosec hw. 

From the known properties of the hyperbola we have imme¬ 
diately the following relations:— 


Sec ku = 

Chw 


Th« = 


Shw 

Chw’ 


Cot Aw = 


Chw 

Shw’ 


Cosec Aw = —, 
Shw 


corresponding to the known relations of circular functions ; and 
from them can be constructed a theory of these functions. (See 
Author’s Trigonometry, Chap, yih., sect, ii.) 

sin (ui) 

From the values Chw = cos ( uij, Shw = -:—, we see 

i 

sin d> 

that if we put ui = </>, we have x = cos <£, y = —:— ; so that 

the co-or din ates of any point on the equilateral hyperbola can be 
denoted by the circular functions of an imaginary angle <f>. In 
like manner, the co-ordinates of a point on the hyperbola 


- y l=\ 

a~ ~ b 2 


can be expressed in a manner analogous to the method of the 
eccentric angle for the ellipse. Thus we can put 


x 

- - cos <A 
a 


y sin <£ 

b = ~r 


(711) 


and by these substitutions we could give proofs analogous to 
those of the ellipse for the corresponding propositions of the 
hyperbola. 

The following exercises can be solved by using the imagi¬ 
nary eccentric angle:— 
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EXERCISES. 


1. If the chord joining the points (a 4 - 0) } (a - 0) pass through the focus; 
prove 

e cos a = cos j6. {712} 

2. The tangents at the extremities of a focal chord meet on the direc¬ 
trix. 

3. In the same case, the line joining their intersection to the focus is per¬ 
pendicular to the chord. 

4. Prove that the eccentric angles of two points which are the extre¬ 
mities of a pair of conjugate semidiameters differ by 

5. Apply the method of the eccentric angle to the proof of the proposi¬ 
tion that the locus of the middle points of a system of parallel chords is a 
right line. 

6. Find the equation of the hyperbola, referred to a pair of conjugate 
diameters by means of the eccentric angle. 

7. The co-ordinates of the point of intersection of tangents at the points 
(a + 0), (a — 0), are 

a cos a hi sin a 

- -.. ( i 13) 

cos 0 cos 0 

8. If a be variable and 0 constant, the chord joining the points (a + j8), 
(a — 0) is a tangent to the hyperbola 

%-% = cos 5 #. (714) 

a- b~ 


9. In the same case, the locus of the intersection of tangents at the ex¬ 
tremities of the chord is 


x 2 

dr 



(715) 


10. If <p be the angle between the tangents at (a -f JB), (a — 0), 

2nbi sin 0 _ f 

an ^ ^ 2 a _ ^2 _ cos o# 

11. Find the locus of the pole of a chord which subtends a right angle 
at a fixed point hlc. 
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Let 'a + jB\ {a — £) be the eccentric angles at the extremities of the 
chord; then the equation of the circle which has the chord for diameter is 

(x — a cos a cos j8} 2 -r (y + hi sin a cos /3) 2 = (cr sin."a — h" cos-a) sin~$, 
and evidently hk is a point on this circle; hence 

{h - a cos a cos fi) 2 + {k + hi sin a cos j3 f = {a 2 sin 2 a - P cos 2 a) sin 2 /3, 
or 

#2 cos a cos j8) A + 2 (6i sin a cos jB) A + a 2 (cos 2 /3 - sin 2 a) 

+ b 2 (cos 2 a — cos 2 /S) = 0. 

Now, if a:, y be the co-ordinates of the pole of the chord joining (« + £), 
(a - £), we have 

<z cos a = # cos £, sin a = y cos j8 ; 

therefore 

h- -f k 2 - (2Aa? + 2&y - a 2 + b 2 ) cos 2 $ - a 2 sin 2 a + h 2 cos 2 a — 0; 
or, eliminating a, 

h- + *2 - (2As + - a 2 + J 2 ) - cos 2 # = 0. 

Bat ~ p) ° 0S ^ = ** {Ex - 9 ' ) 

Hence, eliminating &, we get 

1 ^ 2 - —“-^ 2 “2(Aa?-}-X'y)4- a 2 ~-b 2 ** 0, (717) 

which represents a hyperbola, a parabola, or an ellipse, according as the 
point hk is outside the auxiliary circle, on it, or inside it. 

12. The discriminant of this equation (717) is the product of the two 
factors 

b 2 h 2 - a 2 k 2 — dr & and h 2 + Jc 2 - (a 2 — b 2 ). 

Hence we infer that the locus will break up into two lines if the co-ordi¬ 
nates hk satisfy the equation of the hyperbola. In other words, if a chord 
of a hyperbola subtend a right angle at any fixed point on the curve, the 
locus of its pole consists of two right lines. 

From the factor h 2 + k 2 - (a 2 - b 2 ) = 0 we infer that, if the chord sub¬ 
tend a right angle at any point on tbe orthoptic circle, its pole will be the 
same point. 
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Exercises on the Hyperbola. 

1. The perpendicular from the focus on either asymptote is equal to the 
semieonjugate diameter. 

2. If e 3 e' he the eccentricities of a hyperbola and its conjugate, prove 

m 

3. The equations of the asymptotes, with the focus as origin, are 


x t y 
a 1 b 


e. 


(719) 


4. If SJ° be parallel to an asymptote, P being a point on the curve; 
prove 

spj-. (720) 

5. If from a point K in the transverse axis a perpendicular KL he drawn 
to an asymptote, and a normal KM to the curve, prove that LM is perpen¬ 
dicular to the transverse axis. 

6. An ellipse referred to the equal conjugate diameters being 


x 2 4- y 2 = 



prove that it is confocal with the hyperbola 

a 2 — b 2 

xy ~ —-—. (Ceofton.) (721) 

4 

7. Also, tbis hyperbola cuts orthogonally all conics passing through the 
ends of the major and minor axes of the ellipse in Ex. 6. The general 
equation of these conics is 

d? 4- 5“ 

x 2 eos 2 a 4- y 2 sin-a = ——. (Ibid.) (722) 


8. The chord of contact of two tangents to a hyperbola is parallel to, and 
half way between, the lines joining the intersections of tangents with the 
asymptotes. 

9. The locus of the centre of a variable circle which makes given inter¬ 
cepts on two given lines is a hyperbola. 
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10 . If from any point JP on a given line tangents be drawn to the 
ellipses 


x 2 y 2 

+ i 5 


= 1, 



the locus of the intersection of their chords of contact is an equilateral 
hyperbola. 

11. If <£, <p\ <p", <£>"' be the parametric angles of four concyclic points on 
the hyperbola xy - 7c 2 , prove 

tan <p . tan <f>\ tan <p". tan q> = 1. (723) 

12. The product of the perpendiculars from four concyclic points of a 
hyperbola on one asymptote is equal to the product of the perpendiculars on 
the other asymptote. 

13. If the extremities of a chord of an ellipse which is parallel to the 
transverse axis be joined to the centre and to one extremity of that axis, the 
locus of the intersection of the joining lines is a hyperbola. 

14. Parallels drawn from any system of points on a hyperbola to the 
asymptotes divide the asymptotes homographically; prove this, and thence 
infer the following theorem :— 

If x', x", x'"; y f , y", y"', denote the distances of two triads of points on 
two lines given in position from two fixed points 0, O' on these lines, prove, 
if x y y be the distances of two variable points on the same lines from 0 , O ', 
that x, y will divide the lines homographically if the determinant 


xy , 

Xy 

y, 

i. 

*v» 

X'y 

y\ 

i= 


X"y 

y "> 

i= 

x n, y'"y 


y" f 7 



15. Prove that the sum of the eccentric angles of four concyclic points on 
a hyperbola is 27 t. 

16. If p, p', 7 r be the perpendiculars from the points (a + /3), (a - (3 ), and 
the point of intersection of their tangents on any third tangent to the 
hyperbola, prove 

pp r = t r 2 cos 2 /3. (725) 

17. If a circle osculates the hyperbola xy = h 2 at the point <p, the common 
chord of the circle and the hyperbola is 

x tan <f> + y cot <p + h (tan 2 <jf> + cot 2 $) = 0 . 


(726) 
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18. A, B are two fixed points ; if from A a perpendicular AT be drawn 
to the polar of B with, respect to an equilateral hyperbola, and from B a 
perpendicular BQ to the polar of A ; then, if £7 be the centre, 

CA:AB::CB:BQ . 

19. An ellipse circumscribes a fixed triangle so that two of the vertices are 
at the extremities of a pair of conjugate diameters ; prove that the loims of 
its centre is a hyperbola. 

20. The polar of any point on an asymptote is parallel to that asvmpiote. 

21. The points where any tangent meets the asymptotes, and the points 
where the corresponding normal meets the axes, are coneyc-lic. 

22. The two foci and the points of intersection of any tangent with the 
asymptotes are concyclic- 

23. The angles which the intercept, made hy the asymptotes on any tan¬ 
gent, subtends at the foci are constant. 

24. If P, JT he the extremities of two conjugate semidiameters of a hyper¬ 
bola ; and if S, S' he the interior foci of the branches of the hyperbola and 
its conjugate, on which are the points P, P', prove that 

SB- S'B' = BO- AC. {727} 

25. If an ellipse and a confocal hyperbola intersect in any point P, the 
intercepts on the asymptotes between the tangent at P to the hyperbola and 
the centre are, respectively, equal to half the sum and half the dirbrence of 
the semiaxes of the ellipse. 

26. A hyperbola, whose eccentricity is e , has a focus at the centre of the 
circle x 2 + y 2 = oT ; prove that the envelope of the tangents to the hyperbola 
at the points where it meets the circle is the hyperbola. 

27. If the chord of contact of two tangents to a parabola subtends a con¬ 
stant angle at the vertex, show that the locus of their intersection is a 
hyperbola. 

28. If two hyperbolas have the same asymptotes, and if from any point 
in one tangents he drawn to the other, the envelope of their chord of con¬ 
tact is a hyperbola, having the same asymptotes. 

29. If a variable circle touch each branch of a hyperbola it subtends a 
constant angle at either focus, and makes intercepts of constant iengtns on 
the asymptotes. 

30. The centre of mean position of the points of intersection of a circle 
and an equilateral hyperbola bisects the distance between their centres. 
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31. If TQ be the chord of an equilateral hyperbola which is normal at P, 
prove 


2CJP 2 + CQ 2 = JPQ 2 . 


(728) 


32. The area of the triangle formed with the asymptotes by the normal 
of the hyperbola x 2 - y 2 ~ a 2 , at the point xy', is 


4 x' 2 i/ /2 la 2 . 


(729) 


33. The locus of the pole of any tangent to the circle whose dia- 

x 2 y 2 

meter is the distance between the foci of — - — = 1, with respect to 

a- 

sc 2 y 2 

- - ~ = 1, is the ellipse 
a 2 b 2 


a* + b l aO + b- 


(730) 


34. Two circles described through two points on the same branch of an 
equilateral hyperbola, and through the extremities of any diameter, are 
oqual. 

35. If <£, <p\ <£", <£'" be the parametric angles of four points on an equi¬ 
lateral hyperbola, such that either is the orthocentre of the remaining three, 

tan <p tan <£' tan <£" tan <£"' + 1=0. (731) 

Hence the product of the four abscissae is constant. 

36. If the normal at the point <£ of the hyperbola xy = 7c 2 meet it again 
at the point <£', prove' 

tan 3 <£. tan <£'+ 1 = 0. (732) 

37. If four points on an equilateral hyperbola be coneyclic, prove that 
the parametric angle of any point and of the orthocentre of the remaining 
points are supplemental. 

38. If the osculating circle of an equilateral hyperbola, at the point 
whose parametric angle is <£, meet it again at the point <£', provo 

tan 3 <£ . tan <£' = 1. (733) 

39. If the eccentric angle of the point (7c tan <£, 7c cot <p) be 0, prove 

cot <£ = cos 0 + i sin 0. 

40. If two sides AB, AC of a fixed triangle be chords of two equal 
circles, show that the locus of the second intersection of the cireies is an 
equilateral hyperbola. 
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41. If Pi, P 2 , P 3 be three points of the equilateral hyperbola xy = 1, then— 


(1) Area of triangle P 1 P 2 P 3 = * fo ^ ~ gl) . (7341 


(2) The tangents at Pi, P 2 , P 3 form a triangle Qi# 2(?3 whose area is 


_ 2 fol - X 2 ) (x 2 - 53) (g3 - an) 

(an + a? 2 ) (r 2 t ^ 3 ) (a '3 -r x\) 

(3) If the centroid of P 1 P 2 P 3 be on an asymptote, Q1Q2Q3 = 4PiP 2 Ps. 

(4) If the centroid of P 1 P 2 P 3 be on the hyperbola, Q1Q2Q3 = - P 1 P 2 P 3 . 

(Lucas, Xouvelles Annales , 1S76.) 

42. If through the summits of P 1 P 2 P 3 be drawn parallels to the opposite 
sides meeting the hyperbola again in Pi, P 2 , P 3 , then 


( 1 ) 


PiP 2 P 3 == — 


j (2:2- - xr) (x * 2 - rrr) (arr - x 2 2 ) 
X1 2 . xz 2 . X3 2 


(735) 


( 2 ) If the centroid of P 1 P 2 P 3 be on an asymptote, P 1 P 2 P 3 = - P 1 P 2 P 3 . 

(3) If the centroid of P1P2P3 be on the curve, P1P2P3 = - SP1P2P3. 

(Ibid.) 

43. If through any point S of the hyperbola be drawn parallels to the 
sides of P1P2P3 meeting the hyperbola again in S h S2, S3, then 

(1) S 1 S 2 S 2 = - {rPiFoTz. (736) 


(2) If the centroid of Pi P 2 P 3 be on the curve or on an asymptote so is 
the centroid of S 1 S 2 S 3 . (Ibid.) 

44. Show that the polar circle of the triangle formed by three tangents 
to an equilateral hyperbola touches the 4 brine-points Circle } of the triangle 
formed by the points of contact, at the centre of the curve. 

(R. A. Roberts.) 

45. If two vertices of a triangle circumscribed about an ellipse move 

along confocal hyperbolae, prove that the locus of the centre ox the inscribed 
circle is a concentric ellipse. ( Ibid .) 

46. Two circles, whose centres A, B are points on the transverse axis ox 
a given ellipse, have each double contact with the ellipse, and intersect in 
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int P; if the difference of the angles ABP, BAP be given, the locus of 
an equilateral hyperbola. {Ibid.) 

r . The circle inscribed in the triangle formed by the asymptotes and 
tangent to the auxiliary circle of a hyperbola intersects the hyperbola 
le point where it touches the tangent to the auxiliary circle. 

>. The circle on @G' as diameter (see fig., § 195) passes through the 
ts where the tangent PT meets the asymptotes. 

L If a, a! be the eccentric angles of two points P } Q on a hyperbola, 

. that the normal at P passes through the pole of the normal at Q, prove 

4a 4 sin a sin a' + 4b 4 cos a cos a' = c 4 sin 2a sin 2a'. 


>. If three points on an equilateral hyperbola he concyclic with the 
re, the angular points of the triangle formed by tangents at these points 
concyclic with the centre. 

.. The summits of a self-conjugate triangle of an equilateral hyper- 
are concyclic with the centre. 

5. P, Q are points on an equilateral hyperbola, such that the osculating 
Le at P passes through Q; the locus of the pole of PQ is 

{x 2 + y 2 ) 2 = 4 h 2 xy. 

!. In the same case the envelope of PQ is 

4 (4/; 2 - xijf = 27 Jc 2 {x 2 + y 2 ) 2 . (737) 


:. The hyperbola 


b 2 


a 2 — b 2 
a 2 + b 2 


cuts orthogonally all the conics 


ing through the extremities of the axes of the ellipse 
x 2 v 2 

— 4- ~ = 1. (Chofton.) 

or t b* 

>. If from any point in the hyperbola x 2 - y 2 - a 2 + b 2 a pair of tan- 
x 2 y 2 

s be drawn to the hyperbola — - ~ = 1, prove that the four points 
re they cut the axes are concyclic. 

. If through the point a on an ellipse a line be drawn bisecting the 
3 formed by the joins of a to the point (a + 0), (a - jQ), prove, if a be 
Lant and j8 variable, that the locus of its intersection with the join of 
joints (a + /3), (a — £) is a hyperbola. 


CHAPTER VIII. 


MISCELLANEOUS INVESTIGATIONS. 

Section I.—Figures Inversely Similar. 

205. 3)ee. — If upon two given lines AB, A r B' he constructed 
pairs of similar triangles {ABC, A'3'O'), {ABB, A'B'B'), Sfc., 
such that the directions of rotation ABC and A'B'C, §~c., are in¬ 
verse. The two figures AB CD .... A , B / C’B f ... thus obtained 
are said to he inversely similar. 

206. Double Point and Double Lines. 

There exists a point S which is its own homologue. This is called 
the double point, or the centre of similitude. There exist also two 
lines SX, ST which are their own homologues. They are called 
the double lines. 

If the triangles SAB, SA'B' are inversely similar, and if SX 
bisect the angle ASA', it also bisects the angle BSB'. Hence 
the line SX is constructed by dividing AA r , BB ( in parts pro¬ 
portional to SA, SA', or to AB, A'B'. Let then A", B" be 
points such that AA'fX'A' = BB"jB"B' = A3-A'B', S is on 
the line A"B". 

Similarly, SY the bisector of the exterior angle ASA' passes 
through points A'", B m , such that AA'"IA" , A' = BB m ;B m B ' 
= AB/A'B'. 

It can he proved directly that SX, ST, are parallel to the 
bisectors of the angle AO A'. In fact, if the parallelograms 
A" ABX, A"AB'L be constructed, we have BKjB'L = AA"jA rt A 
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= BB"IB"B'. Hence the points K, B", L are collinear and we 
have KB"jB"L = A! l KjA!'I. Hence A"B" is the bisector of the 



angle KA n L, and, therefore, parallel to the bisector of A 0A f . 

207. Since AA r is divided in A" and A'" in the ratio AS: A'S, 
the circle on A"A"' as diameter is the locus of points whose 
distances from A , A! are in the ratio AS : A'S, that is in the 
ratio of similitude. Similarly the circle on B"B'" is the locus 
of points whose distances from B , B' are in the ratio BS : B'S 
or of AS: A'S. Now, these circles intersect in S, let S' be their 
second intersection, then S' is the double point of figures directly 
similar described on AB } A'B'. 

-Cor. 1.— S' is the focus of the parabola which touches the 
four Hues AB, A'B', AA', BB\ 



Miscellaneous Investigations . 287 

Por, since SX, ST, divide A A', BB f proportionally, SX, SY 
are two rectangular tangents. Hence the sides of the triangles 
A"A'"S , B"B n, S each touch the parabola, and therefore their 
circumcircles pass through the focus, 

Cor. 2.—S is on the directrix. 

Cor. 3.—If the figures on AB, A'B' be denoted by F h F 2 , it 
is easy to see that any point P of F 1 on SX will have its homo- 
logue of Fo on SX, and these points will he on the same sides of 
S, and similar properties hold for points on S T. 

Cor. 4.—The lines OS, OS' are harmonic conjugates with 
respect to the angle A OA'. Tot the distances of S, S' to AB, 
A’B’ are in the ratio AB : A'B’. 

Cor. 5.—If two figures inversely similar be constructed on 
AA', BB', and S" be their double point, then SS" passes 
through the orthocentres of the triangles OAA r , OBB r , O'AB, 
O'A'B'. 

Cor. 6.—If the figure ABB'A' is cyclic S' is the projection 
of its circumcentre on the diagonal 0 O', 

EXERCISES. 

1. If A, A'; B, B '; C, C' be three couples of homologous points, the- 
points which, divide the lines AA’, BB', CC ' both internally and externally 
in the ratio of similitude are situated on the double lines. 

2. In two figures inversely similar, if the line joining corresponding 
points pass through a given point the locus of each is an equilateral hyper¬ 
bola. 

3. In two figures inversely similar, if the line joining corresponding points 
be parallel to a given line, the locus of each is a right line. 

4. In two figures inversely similar, if the distance between correspond¬ 
ing points be given, the locus of each is an ellipse. 

5. If the segment A'B' slide along the line OA'B', prove that S describes 
a right line. 

6. If the points A'B’ remain fixed on the line OA’B', and if OA'B' turn 
round the point 0, prove that the point S describes a circle, and that each 
double line passes through a fixed point. 
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M ", to Ptotototo. M m 4--- 

frco, to summits .f ™ °» *» “ ta 
of the ether are concurrent. 

Let B If, CM he trro of these lines, 
then the angle BMC is the supplement 
of the ancle B’A'C', and therefore the 
sunnlement of BA C. Hence the point 
M is on the circumcircle of the tri¬ 
angle ABC. The perpendicular from 
j °,on £'C meets the perpendicular 
from C on MB' in the circumference. 

Hence it passes through M. A , £ , 

8. In the same manner parallels through A, B, C to B , 

.are concurrent. 

Section II.—Pencils Invlbseli Equal. 



20S. Two pencils ( abed ), (a'b'c d . 
equal when they are superposable after 
in the plane. 


. .) are said to be inversely 
one of them has been reversed 



Two homologous rays are symmetrical with respect to the fixed 
direction x, y; these are called the double directions of the two 
pencils. 

In fact, transferring tlie pencil S' parallel to itself until the 
point S' coincides with. S, then let x, y he the bisectors internal 
and external of the angle act! ; it is plain that l and c and c .. - 
^ill he symmetric with respect to x and with respect to y. 



Miscellaneous Investigations . 


289 


Hence, when two pencils inversely equal are superposed with 
respect to their vertices they form a pencil in involution, having 
for double rays the bisectors of the angle between any two pairs 
of homologous rays. 

Generation op the Equilateral Hyperbola. 

209. If two pencils be inversely equal, and have different sum¬ 
mits S, S'; the locus of the intersection of homologous rays is an 
equilateral hyperbola whose centre is the middle point of SS', and 
whose asymptotes are parallel to the double rays of the pencils. 

If A be the intersection of two homologous rays it is evident 
that the difference of the base angles of the triangle SS'A is 
given, hence the locus of A is an equilateral hyperbola. 



Again, if we construct the parallelogram SAS'A', SA' and 
S'A' are still two homologous rays of the pencils, then the 
point A' is on the hyperbola, but A , A' are symmetrical with 
respect to 0 the middle point of SS'. 

Lastly, if through S, S' we draw parallels to the double direc¬ 
tion, we have two pairs of homologous rays which meet at 
infinity. Hence, the parallels to these directions through the 
centre 0 are the asymptotes. 
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Conversely , being given an equilateral hyperbola : if from 
the extremities of any fixed diameter lines be drawn to any 
variable point, we obtain two pencils inversely equal. 

Q orm _ An y chord SA and its conjugate diameter are equally 

inclined to an asymptote. In fact, if If be the middle point of 
SA, Olf is parallel to S'A. 

210. The locus of the centre of an equilateral hyperbola cir¬ 
cumscribed to a triangle ABC is the nine-points circle of ABC. 


A 



For, if A', B', C' be the middle points of the sides, and 0 the 
centre of the hyperbola ; then the lines OA' and B' C', OB' 
and C'A' are equally inclined to the asymptotes. Then the 
angle B' OA' is either equal or supplemental to A' C'B Hence 
0 is on the circumference A'B' <7. 

Cor .—Every equilateral hyperbola circumscribed to a triangle 
ABC passes through the orthocentre JET. 

Let Whe the middle of AS, 0 the centre of the hyperbola, 
the asymptotes are parallel to the bisectors of the angle OA'Ai . 
If P be the middle point of the arc A l 0, A'B is one of the 
bisectors, and the bisector of the angle 0 WA 1 passes through P, 
and is perpendicular to A'B. Then WO and WA X are equally 
inclined to A'B or WB, therefore AS is the chord conjugate to 
the diameter 0 W. Hence S is on the hyperbola. 




Miscellaneous Investigations . 


291 


EXERCISES. 

1. If a right-angledtriangle "be inscribed in an equilateral hyperbola, the 
perpendicular from the right angle on the hypotenuse is a tangent to the 
hyperbola. 

2. If A , B, C , B he any four points, the nine-points circles of the 
triangles ABC, ABB , BOB, CBA pass through a common point, the centre 
of the equilateral hyperbola through A, B, C, B. 

3. An equilateral hyperbola circumscribed to a triangle ABC cuts the 
circumcircle ABC in a fourth point B, which is diametrically opposite to 
the orthocentre. 

In fact, the centre 0 of the hyperbola being on the nine-points circle, 
and the orthocentre JEt being on the hyperbola, the point on the hyperbola 
diametrically opposite to JET is on the circumcircle, since K is the centre of 
similitude of the two circles, and the ratio of similitude is J. 

4. The diameter of the circle of curvature at any point of an equilateral 
hyperbola is equal to the portion of the normal at the same point inter¬ 
cepted by the hyperbola. 

5. A circle cuts an equilateral hyperbola in four points, A, B, C, B; each 
of these points is diametrically opposite on the hyperbola to the orthocentre 
of the triangle of the remaining points (Ex. 3). Hence if ABCB be con- 
cyclic points, the quadrilateral formed by the four orthocentres of the four 
triangles is the symetrique of ABCB with respect to the centre of the 
equilateral hyperbola ABCB. 

6. Every circle which passes through the extremities of a diameter AB 
of an equilateral hyperbola cuts the curve at the extremities of a diameter 
CB of the circle. Eor the orthocentre of the triangle ABC has for syme¬ 
trique the extremity of the diameter of the circle passing through C. 

7. Every circle having for diameter a chord of an equilateral hyperbola 
cuts it at the extremities of one of its diameters. 

8. The asymptotes of an equilateral hyperbola circumscribed to a triangle 
ABC are the Simpson’s lines of points diametrically opposite on the cir¬ 
cumcircle ABC with respect to the triangle ABC. 
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Section III.— Trar Points (German ZwirniKespuNKTE). 

211. Two points, P, P', are called Twins with respect to a 
triangle ABC when the two pencils of rays P(ABC), P'(ABC) 
are inversely equal. 

Twin points were first considered by Artzt, “ Programm des 
Gymnasiums %u Recklinghausen. Schuljahr, 1885, 1886. 

212. To construct the point R f when P is given. 

If circles be described around the triangle ABC , BPC , and if 



their symetrique with respect to the sides A C , PC' intersect in 
P, P is the point required. 

Dem.—Join AP\ BP\ CP 1 and produce IBP' to B Then, 
from the construction we have, evidently, the angles APB U 
BBC, CP'A, respectively, equal to APB, BPC, CPA, and 
the pencils P{ABC), P{ABC ). Hence, &c. 
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Or, thus :—Let P a , P h , P c he the symetriques of P with respect 
to the sides PC, CA, AB, then P' is the point common to the 
circles BCP a , CAP h , ABP C . 

Or, again :—The perpendiculars erected at the middle points 
of the lines PA, PB, PC intersect two-by-two in three points, 
Qa, Qby Q C ; let Q a , Q! h , Q' c be the symetriques of these with 
respect to BC, CA, AB, then the perpendiculars from A, B, C 
on the sides of the triangle Q' a Q' b Q' c intersect in P f . 

213. If two points, V, V he inverse icitk respect to the ciraim- 
circle of the triangle AB C, their isogonal conjugates are twin points 
of the tria?igle . 


A 



Dem.—By construction the angle 

CAP' = V'AB, and ACP'= V'CB. 

Hence 

CAP'+A CP'= V'AB-v V'CB=ABC-A Y'C=AWC-A V’C. 
Similarly, 

PCA+CAP=AVC-AWC, CAF+ACF=PCA+CAP. 
Hence AP'C = CPA. Therefore the cireumeirele of the tri¬ 
angle AP'C is the symetrique of the circumcircle of APC with 
respect to AC. Similarly, the circumcireles of BFC and BPC 
are symetriques with respect to BC. Hence the proposition is 
proved. 

214. Twin points, P, F are at the extremities of a diameter 
of an equilateral hyperbola circumscribed to the triangle ABC. 
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Jot the intersection of homologous rays of the inverse pencils 
P'ABC . . P'(ABG . . .) generate an equilateral hyperbola. 

Q ofm _pt e locus of the middle point of twin points of a tri¬ 

angle is the nine-points circle of the triangle. 

For the middle point is the centre of an equilateral hyperbola 
circumscribed about the triangle. 

215. If V, F' be the isogonal conjugates of the twin points PP f 
(see fig., § 213), and if the join of V] V' intersect the circumcircle 
in W,\ JF', the Simpson’s lines of JF, TF r , with respect to the 
triangle ABC are parallel to the double direction of the pencils 
P(ABC . . .), P f (ABC . . .). They are also the asymptotes of 
the equilateral hyperbola AB CPP'. 

Dem.—The isogonal transformation of the diameter VV 7 is 
the equilateral hyperbola AB CPP'. The asymptotic directions 
are the isogonal conjugates of the points IF, W\ but the Simpson’s 
line of IF is perpendicular to the isogonal line A JF ' and there¬ 
fore has the direction of an asymptote, and the Simpson’s lines 
intersect on the nine-points circle. Hence they are the asymp¬ 
totes. 

Cor .—The fourth point common to the hyperbola and circle 
is the isogonal conjugate of the point at infinity on VV r . 

216. If a, /?, y be the angles of a triangle whose sides are 
parallel to the rays of the pencil P(ABC), the barycentric co¬ 
ordinates of P are 

1 /(cot a + cot A), 1 /(cot /3 + cot B ), 1 /(cot y + cot G ). 

Dem.—Let HP meet the circumcircle of BPG in Q, then the 
angles of the triangle QBG are a, /3, y respectively. Hence 
the perpendiculars from Q on AB, AG are BQ sin (J3 + B), 
CQ sin (y 4 - C ); therefore if x, y, % be the normal co-ordinates 
of P, we have 

V - ^ sin (y + C ) _ sin j3 sin (y + G) _ sin G (cot y + cot G) 
s BQsm(fi-hB) sin y sin (ft + B) ~ sin B (cot j3 + cot Bj 
Hence if a, y denote the barycentric co-ordinates of P, 
a : ft: y :: l/(cota+cot A) : l/(cot ft + cot B) : 1/(cot y + cot C), 
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For the point JP' we have 

:y':: l/(cot a. — eot^4): l/(eot /3- cot-5) : l/(eoty-eot (7). 


A 



—The harycentric co-ordinates V, V' are 
a 2 (cot A ± cot a), lr (cot B ± cot /?), c 2 (cot C ± cot y). (740) 


EXERCISES. 

1. To find the locus of P if the Brocard angle of the triangle JBQ0 is 
constant. 

Let Fbe the Brocard angle of BQC. Then we have 

cot A + cot a — a j a, cot JB + cot $ = a/j 8, cot (7 -i- cot 7=A/7. 

Hence cot « -j- cot V = A2 - ; 

a 

we have also 2 cot a cot j8 = 2 (A/a — cot-4) (A/# - cot B) = 1, 

or A 2 2 —- — A2 (cot Aji 3 -f cot 5/a) = 0 ; 

ap 

A — 2 (cot Aji3 -r cot P/a) = 0, 

aj3 

or A 32 (l/aj8) — cot w 2 (1/a) 4- 2 cot Aja = 0. 
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Eliminating X, vre have 

2 (cot &> + cot r)/aj8 - cota> 2 2 (1/a) + 2 (1/a). 2 (cot-4/a) = 0), 

° r M ) * 

2 jl (cot ^ — cot a?) | — 2 j — (cot 6? - cot V) j =0. (741) 

Hence the locus is the isotomic transformation of a conic. 

Cor .—The locus of Vis a conic. 

Section IT. —Teiahgles Derived fjrom the same Teiahgee. 
Pedal Teiangles. 

217. The projections of a point T on the sides of a triangle 
A 



ABC are the summits of a triangle A l B 1 C l , called the pedal tri¬ 
angle of P. 

The sides of the pedal triangle of T are perpendicular to the 
lines joining the summits of ABC to P' the isogonal conjugate 
of P. ( Sequel , page 165.) 

The pedal triangles of the isogonal conjugates P, P' have the 
same circumcircle, which is a principal circle of a conic inscribed 
in the triangle ABC , and haying P, P' as foci. 

218. The larycentric co-ordinates ofP\ with respect to its pedal 
triangle , ^ equal to those of P' with respect to ABC . 

In fact, if (ar, s), (a?i, y 1? a x ) be the normal co-ordinates of 
P, P' with respect to AB <7, we have 

A 1 PB 1 : P X P <?!: CiP^: : sin (7: y% sin A : %% sin B 
: : sin Cj{% : sin Aj{y x %): sin P/(z 1 ^ 1 ):: 55 ^ : ^ : ^ 5 , 

219. 0 / the pedal triangle of P are proportional to the 
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products of the opposite sides of the quadrangle I ABC. In fact, 
AP is the diameter of the cireumeirele of the triangle PB L C x . 
Hence B x C 1 = AP sin A. Therefore 

-ffiCi : CUi : J-iBi : : a. AP : b . BP : c. CP. 

Cor .—The pedal triangles of each of the points A,B,C } P with 
respect to the triangle formed by the three others are similar. 

220. To fi?id the area of the pedal triangle of P. 

Let a u b h c l denote the distances AP, BP, CP , P the radius 
of the circle ABC, we have B l C 1 = a l sin A = aaflR, &c. 
Hence, area 

y (aa x + bbi+cci^-aa^+bb^cci) [aa^bb^ cc^aa^b^-cc^) 

(742) 

Cor .—The areas of the pedal triangles of four points with 
respect to the triangles formed by the three others are inversely 
proportional to the squares of the radii of the circumcircles of 
the triangles. 

EXERCISES. 

1. If A denote the area of the triangle ABC, B its eireumradius, and it the 
power of P with respect to the eircumcircle, the area of the pedal triangle of 
Pis 

7rA/(4It 2 ). (743) 

2. The locus of points whose pedal triangles have a given area is a circle. 

3. The pedal triangles of two points inverse with respect to the c-ircum- 

circle are inversely similar. (Xiehl.) 

Antipedal Triangles. 

221. If through A , B, C we draw perpendiculars to PA, 
PB, PC we form a triangle A'B' C r called the antipedal of P with 
respect to AB C. 

EXERCISES. 

1. The antipedal triangles of twin points are inversely similar. 

2. If Q, be the symetrique of P with respect to the cireumcentre of the 
triangle ABC, P and Q are isogonal conjugates with respect to the antipedal 
triangle of P. 

3. There exists an infinite number of triangles circumscribed to ABC 
similar to one another and having Pas their centre of similitude, the maximum 
is the antipedal of P, and the minimum the summit of the pencil F(ABC). 
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Harmonic Transformation- of a Triangle. 

222. If the lines PA, PB, IB meet the circle ABC again in 
A\ B'. C’, the triangle A'B'C'i s called the harmonic transfor¬ 
mation oiABC. 


C r 



The polar of P with respect to the circle AB C divides the 
lines AA\ BB\ CG harmonicallj. Hence the triangles ABC , 
A’B 1 C' are in perspective. P is their centre, and p its polar 
with respect to the circle their axis of perspective. Hence, in 
starting from ABC we can construct A r B'C' y and establish a 
correspondence between the triangles by joining P to any 
remarkable point Q of the figure AB C f and take Q! the hoino- 
logue of Q' such that QQ ' is divided harmonicallyJ)y P and p. 

223. The harmonic transformation A'B'C' of ABC with re¬ 
spect to P is similar to the pedal of P zoith respect to ABC , and 
(he liomologue of P in A'B / C l %s the isogonal conjugate of P in the 
pedal A^iCi. 


In fact, the angle PA& = PC A = AA'C", and PA^ 
= PBA = AA'B'. Hence B l A 1 C l = B'A'C', <fec. 
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224. To calculate the sides and area of the harmonic transfor¬ 
mation of the triangle AB C. 

If a, ft, y be the angles of the pencil P(ABC) we have 
B'C' = 2R sin B'A'C" = 2P sin (.A + a). 

Similarly, 

C'A' = 2R sin (B + ft), A'B' = 2R sin (C+y): (744) 

Again, 

A'B'C' = B'A '. A!C' sin B'A'C' 

= 2Br sin (. A + a) sin (B + ft) sin (C + y). 

A'B' C‘ sin (A -f a) sin (B + ft') sin ( C + y) 

Hence — - ~~ ■ ■ —-;—--:——-—— : -. 

AB U sin A . sin B . sin C 


(745) 

(746) 


225. The lines drawn through A', B', C', perpendicular to 
AA', BB', C C', respectively, form a triangle A"B" C" called the 
polar reciprocal of ABC with respect to B. It is the antipedal 
of A'B' C'. Its angles are equal to those of the pencil P (.AB C ). 


EXERCISES. 

1. The area of the triangle A ,, B , 'C ,r polar reciprocal of ABC with respect 
to Pis 

2P 2 2 sin a sin (B + j 8 ) sin ( C + 7 )/sin a sin j 8 sin 7 . (747) 

2. If 5 he the circnmdiameter of A r, B"C", 

5 sin a sin & sin 7 = 2P V 2 sin^ . sin a . sin (B -f j3) sin (C+ 7 ). (748) 

3. If we take the polar reciprocal A"B"C" of ABC with respect to the 

symmedian point K of ABC, K is the focus of an ellipse touching the sides 
of A”B"G f ' at the middle points. (Hadamasid.) 

4. The centroid G of ABC is the focus of an ellipse touching the sides of 
the pedal triangleof G at their middle points and also the focus of an ellipse 
touching the sides of the harmonic transformed of G at their middle points. 

5 - 8 . If through a fixed point we draw a variable line cutting the sides of 
a given angle J£<9Tin the points A , B, then—( 1 ) The locus of the circum- 
centre of the triangle A OB is a hyperbola. (2) The locus of the orthocentre 
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£i a hyr-effcola. (3) The locus of the double point of two figures directly 
s:m daVdeserited on OA, OB is a circle. (4) The locus of the symmedian 
point cf GAB is a conic. (Neuberg.) 

c. if nro sides AB, A Cot a triangle he given in position, and the third side 
1 ; " move in any manner, the orthocentre and circumcentre describe figures 
inversdv similar. (Neuberg.) 

10 . If two vertices B, C of a triangle be fixed, prove that the two vertices 
A, A ' of the triangles BCA , BOA' which have a common symmedian point 
JT, describe when K moves two figures inversely similar. 

(Neuberg and Schoute.) 

11. If the sums of the squares of the sides of the pedal triangle of B he 
eriven, the locus of B is a circle. 

Let x, y, z he the normal co-ordinates of B, and S 2 the sum of squares. 

Then 

Sr = 2(ar-f y 2 -f- s 2 + xy cos C-Vyz cos A +zx cos B), 


. nn , . .. f % \ fsmA sin B \ 

hS- = 2 (r sin A) 2 f -—- - 2 ay -—- -f --- ~ cos C ) 

\sm A) \sin.£ sm A ) 

= 2 (# sin A) 2 X -~ - ) - cot w 2 (xy sin G ), (749) 

\sm / 


where a is the Brocard angle of the triangle ABC. 

12. The locus of points whose pedal triangles have a constant Brocard 
angle V is a circle. (Schoute.) 

In fact the equation is 

(«r + h 2 + £r)/4A' = cot V, 


or 


2 (x sin A) 



- cot a 2 (yz sin A) = 2 (yz sin A) cot V. 


Hence (cot a? + cot V) 2 (yz sin A) = 2 (x sin A) 2 (s/sin A). (750) 

. 1S ; Izi a ^ Ten Wangle ABC can he inscribed an infinity of triangles 
similar to a given triangle A\B\Gi. These have the same centre of simili¬ 
tude 5; the minimum is the pedal of S. The envelopes of their sides are 
parabolae having S as a common focus. 

If 6 " he the isogonal conjugate of S, the angles of the pencil S' (ABC) are 
equal to those ui the triangle A&Cx (see Twin points). Hence the bary- 
cenrric co-ordinates of S are 

^ 2 (cotH + cot^i), 5 2 (cotI? ± cot^i), c 1 (cot C± cot C L ). (751) 
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Section Y.—Tetpolae Co-oedinates. 

226. The tripolar co-ordinates ofP are its powers PA 2 , PB 2 , PC 2 , 
loith respect to the three summits A, B, C, of the triangle of refer¬ 
ence. 

Tripolar co-ordinates are a limiting case of Tricylic co-ordi¬ 
nates in which the position of a point is denoted by its powers 
with respect to three given circles, namely when the circles re¬ 
duce to points. Tricyclic co-ordinates were first employed by 
the author. See 11 Bicircular Quartics,” 1869. 

227. Being given the mutual ratios X : p : v of the tripolar 
co-ordinates of a point P to construct it. 

Let the tripolar co-ordinates be X, 7] Z, then we have the 
systems of determinants 

Z ’ F ’ * = 0 . 

X, fj., V 

Hence the two points common to the coaxal circles XfX- 7jp = 
Zjv satisfy the conditions. How, the points X = 0, Y - 0, and 
the circle X/X - 7/p form a coaxal system of which X= 0, 7 = 0, 
that is, the points A and B are the limiting points. 

Hence the circumcircle of the triangle ABC , since it passes 
through A and B cuts the circle X/X - 7/p = 0 orthogonally. 
Similarly it cuts the circles Y/p - Z/v = 0, and Z/v - X/X - 0 
orthogonally. Therefore the two points common to the circles 
X/X = 7/p =Z/v, that is, the two points whose tripolar co-ordi¬ 
nates are X , p, v are inverse points with respect to the circum- 
circle of the triangle ABC. 

A pair of points having the same tripolar co-ordinates Xpv 
are said by Heubeeg to be tripolarly associated. Lor shortness 
we shall call them a tripolar pair. 

Cor. 1.—If P , <3, be a tripolar pair, and V, V' the points in 
which the circumcircle ABC intersects PQ , then PQ are har¬ 
monic conjugates to V, V 1 . 
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« be <v,), »i 

“ re ^ -4, -RP S i n B* CP* n r 0,6 Sldes of A ' B 'C 

portional to AS sin H °J ience they are pro- 

<**«£. 

•f ^ 5 are similar and 'T*'®’ ^ Sin °’ Se *ee 

*at is, they are inversely similar. 7 ^ differen t aspects, 

Hence 

6 C m the ra tio of similitnde Hen A ' A "’ £ ' B "> 

an axis of similitude. SimilLi T theT ® , impSOn ’ s line of His 

7 tte S ^ soa ’ s iine r» an axis of 




Miscellaneous Investigations. 303 

similitude, but these intersect on the nine-points circle. Hence 
the double point is on the nine-points circle. 

This point is the middle of the distance between the isogonal 
conjugates of P and Q. 

Special Case —If X : p : v : : 1 /a? : \\b 2 : l/o 2 . The quadrangles 
AB CP , AB CQ, are such that the rectangles contained by the 
pairs of opposite sides, are equal, viz., AB . CP = BC. AP 
= CA . BP. Hence it follows :—1°. that if upon any side AB 
be constructed a triangle ABB directly similar to CBP 1 the tri¬ 
angle APR is equilateral. 2°. The pedal triangle of any of the 
four points A : B, C,P with respect to the triangle formed by the 
remaining points is equilateral. 3°. The points P, Q are 
centres from which ABC can be inverted into an equilateral 
triangle. 

Dee.— The points P, Q have been called by Neuberg isodynamic 
points . 

229. Relation between tripolar and normal co-ordinates. 

Let ccj y , z be the normal co-ordinates X, F, Z the tripolar 


A. 



co-ordinates of P, then we have 

B'C' = AP sin C'PB 

or X sin 2 A = y 2 + % 2 + 2 yz cos A , F sin 2 P = z 2 + x 2 + 2zx cos B r 
Z sin 2 C = x 2 + y 1 + 2xy cos C. (752) 
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Cor. Since IX + mY + nZ= 0 is the general equation of a 
circle cutting the circle ABC orthogonally, it follows that 

I [P -fft 2.ry cos P) *f w (i f + s 2 + cos A) 

-f^(s 2 + # 2 + 2sa?cosP) = 0 

denotes a circle cutting ^4P C orthogonally. (753) 

230. Lucas's Theorem .—If A denotes the area of the triangle 

A11\ 

1 cos C. F-frcosP . Z— aX+ ale cos A = 4A#, (1) 
c cos A .Z +a cos C. X- lY+alc cosP = 4Ay, (2) 

£ J cos B. X -r b cos -4 . F- ale cos P = 4As. (3) (754) 

To prove (1), let fall the perpendicular AD; join BD , and 
draw PP perpendicular to AD. Then, by Stewart’s theorem 
(Sequel , 5th edition, Prop, ix., p. 24). 

CD.BP-+BD. CP 2 = BC.PD 2 + CD.BD 2 + BD. CD\ 

or 3 cos (7. F+ £ cos B . Z- a. BD 2 -f* &. BD. D C. 

Hence 

b cos C. T~c cosP. Z-ciX-a . PP . D C- a (AP 2 - PD 2 ) 

= a.BD .DC-a [AE 2 - ED 2 )= a . BD. DC-a{AD~ 2 x) AD 

~ 4Ax -r (PP. DC - AD 2 ) = 4A# - ale cos A. 

Hence 5 cos P. F-f c cos B. Z- aX+ale cos A - 4A#. 

These equations enable us to transform formulae from trilinear 
co-ordinates into tripolar co-ordinates. Thus, if S 12 denote the 
distance between two points we have equation (184) 

3 12 2 = {(«!- x 2 ) 2 sin 2 A + (y x - y 2 f sin 2P + ( SjL - z 2 ) 2 sin 2 P} 

/ (2 sin A sin. B sin. C). 

Hence we have in tripolar co-ordinates 

16A- 6-2 = %a~(X 1 - Xo ) 2 + {2fo (F x - F 2 )(Pi-F 2 ) cos A ]. (755) 
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231. In equation (274), if we suppose tlie second system of 
circles to coincide with, the first, and then each to become points, 
we get for the four points A, B , C, P the following relations 
where X = AP 2 , &e. : 

0 , 1 , 1 , 1 , 1 

• 1 , 0 , l\ X 

1, * 2 , 0, a\ Y = 0. (756) 

1, b 2 , a 2 , 0, ^ 

1, X, Y, X, 0 


If this be expanded and reduced by the relations 
a 2 + b 2 - c 2 ~ 2ab cos C , &c., 

we get 

^arX 2 -25 ab cos C.XY- 2abc 2# o,osA.X+a 2 b 2 c 2 = 0. (757) 


EXERCISES. 

1. If the circles X/A = Tjf/* = Zjv of § 227 intersect the sides AB, BG, 
CAj of the triangle of reference, respectively, in the pairs of points C', C'; 
A', A"; B’, B ", then the lines AA\ BB ’, CC' intersect in the same point 
S , and the points A", B ", G” are upon the same right line <r, the trilinear 
polar of S, the barycentric co-ordinates of S are 1 /a, Ij/x, Ijv; and the line 
co-ordinates of <r, A, fx, v. 

2. The centres of the circles X/A — Yjfx — Zjv are in a right line whose 
co-ordinates are A 2 , ju , 2 , v 2 . 

3. If Z, m, n, p he any constants, the tripolar equation 

ZX + in Y + viZ + ^3=0 

represents a circle when Z + m 4- 0, and a line when l + m 4- n = 0. 

4. The tripolar equation of a circle passing through three given points is 


X, 

y, 

x, 

X, 

r, 

X', 

X", 

y. 

X" ; 

X", 

T", 

Z" 


( 758 ) 


1 
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5 . The tripolax equation of a liae through two given points is 

x 3 r, X, 1 

T' y\ .2", 1 

’ 5 ’ =0. (759) 

x", r", z", i 

1 , 1 , 1 . 0 

5 If : -r m r » = 0, prove that IT + mT + nZ~ 0 is a diameter of the 

7 . The equation of the eireumcircle is 

X, Y, Z, I 

0 , c~. P, 1 

= 1, 760) 

0, a 2 1 

b\ a\ 0, 1 

>r <t cos A . X-f 5 cos I?-X-f c cosC. Z— abc = 0. (761) 

The modulus of this equation is - J2/2A. (762) 

9. The equation of the circle on BO as diameter is 

! x 3 r, x, i 

e 2 , 0 , ar. 1 

, ft . = (763) 

S-, a 2 , 0, 1 

i i, i, i, o 

r aX - b cos C. Y — c cos B . Z — abc cos A — 0. (764) 

The modulus of this equation is - 4 a. (765) 

Compare | 230. 

f*. The area of the triangle formed by three points is 


1 X', 

1 

r% 

Z', 1 



j X", 

X", 

Z", 1 



X"', 

Y" r , 

Z"', 1 

4 - 16a. 

(766) 

I 1 , 

h 

1, 0 



is of the three circles Xjx = 

Yjfx — Zjv is 


x. 

x, 

z 



A, 


V = 

0 

(767) 

1 , 

h 

1 




Exercises 4-10 have been taken from Lucas’s Memoir “ Sur les Coor- 
ionnees Tripolaires,” Mathesis, tome 9 , page 129. 



CHAPTER IX. 


SPECIAL RELATIONS OF CONIC SECTIONS. 

232. If S - 0, S' = 0 be the equations of two curves , then 
S — JcS' = 0 represents a curve passing through every point of 
intersection of the curves S and S'. 

This proposition is a simple ease of the evident principle that 
the points of intersection of two curves S and S' must satisfy 
the equations S = 0 and S' - 0, and, therefore, must satisfy the 
equation S — JcS' — 0. (Compare § 30, Cor. 2.) 

233. The following are special cases of this general 
theorem :— 

1°. If S = 0 he any conic, and S' = 0 the product of two 
lines, S - Jc 2 S' = 0 denotes a conic section through the four 
points, where S is intersected by the two lines denoted by S' ; 
for example, S - Jc 2 aft = 0 denotes a conic passing through the 
points where S is intersected by the lines a — 0, /3 = 0. Hence, 
if a, j3 are tangents, S - Jc 2 afi = 0 denotes a conic having double 
contact with S . 

2°. If the lines denoted by S' become indefinitely near, S' 
may be denoted by X 2 , where L = 0 represents a line; then 
S - lc 2 l? = 0 denotes a conic, touching S in each point where 
L intersects S ; in other words, having double contact with S. 
Ey giving different values to &, we get different conics, each 
having double contact with S, and having a common chord of 
contact, namely L = 0. If the line L- 0 intersect S in two real 
points, S - JuL 2 = 0 will have real double contact with S. If 
the line L meet S in two imaginary points—in other words, if 
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it doe snot meet it in real points —S - k 2 Z 2 = 0 will have imaginary 
double contact with S. This form of equation may also he 
written £: - II = 0, or £* -rkL = 0 ; for either equation cleared of 
radicals sires S - krZ 2 = 0. In conic sections there are many 
instances of imaginary double contact. 

3 : . If £ = 0 denote the product of two lines, say MS; 
then JLY - k 2 Z 2 = 0 will denote a conic, touching the lines 
If = 0, S = 0, and having the line I - 0 as the chord of 

contact. 

4~. By supposing one of the three lines I, II, N to be at 
infinity, we get three different cases. Thus : 1°. Let I be at 
infinity, then L becomes a constant; and if M, X be real, the 
equation MS = k 2 I? will denote a hyperbola, of which If, S are 
the asymptotes. 2 C . Let L be at infinity, and let Jf, JS denote 
the two conjugate imaginary factors x + y f - 1, x - y 
the equation MS = JrL 2 will represent a circle. From this it 
follows that all circles pass through the same two imaginary points 
on the line at infinity. For the circle x 2 -f y 2 = r 2 passes through 
the points where the line at infinity meets the lines x + y */ — 1 
= 0, x - y - 1 = 0, and the circle (x - a ) 2 -f (y - h) 2 = r~ 
passes through the points where infinity meets the lines (x - a) 
T O - K V - 1 = 0, - a) - (y - l) y -1 = 0, wlich, since 

parallel lines meet at infinity, will be the same points. 3°. Let 
one of the factors Jf, N be a constant, and let L = 0 denote a 
finite line, the equation will be of the form px - y 2 , and the 
curve denotes a parabola. Hence we have the important theorem 
that every parabola touches the line at infinity . 

5 Z . If S - 0 be the product of two lines, viz. ay = 0 , and S' 
the product of two others, namely f38 = 0, then S - kS' be¬ 
comes ay - kl3o = 0. Hence ay - k/38 = 0 denotes a conic 
passing through the four points a/5, aS, /3y, y$ ; in other words, 
it denotes a cireumconic of the quadrilateral formed by the 
lines a, j3 : y, 8, taken in order. 
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234. In the equation S - = 0 (§ 233, l c ), if the 

lines cl = 0, )3 = 0, intersect on S , the \ / 

curve S - Jc~aj3 = 0 touches S in the \ / 
point €if3, and mil intersect it in the 
points where the lines a = 0, (3 = 0 
meet S again. For evidently the 
curves have two consecutive points 
common at the intersection of the lines 
a, [3. This is called contact of the first 
order. 

This conic is represented also hy [the equation S - Jryo = 0 , 
if y = 0 he the tangent to S at the point a/3, and o = 0 the 
chord joining the points where a, /3 meet S again. 

Again, if one of the lines a = 0, J3 - 0—say a = 0—touch S 
at the intersection of a, (3, the second 
point in which a meets $ coincides 
with the point a[3 , and the curve 
S - J^a/3 will have at the point a8 
three consecutive points common with 
S, and will intersect- it in the second 
point, in which j3 meets S. The con¬ 
tact of S and S - Jra/3 in this case is 
called contact of the second order, and S - Jc 2 a(3 is said to oscu¬ 
late S. 

EXERCISES. 




denotes a conic osculating the ellipse — n -f — 1 = 1 at the point 2 J f. If 

a~ b~ 

we make the coefficient of xy vanish, we get 



and if we determine Is so that the coefficient of x 2 = coefficient of y 2 , we get 
the osculating circle at x y. See supra (7S3). 
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* c ire mneonie fj3y 4 9 7 “ 4 /<ajS is osculated at the point a# by the 

„zzi - /;sy 7 a 4 ^«j8 - (/£ 4 ga) {la 4 *«£) = 0. (768) 

C. This result holds for tangential equations. 

rp 2 = /it?4 9 v\ 4- AA/a, 

,v c - 5 - (gA 4- fp) pA 4 » 2 /i) = 0, (769) 

a cc;:: ic osculating 2 on the side opposite the summit v. 

iartlv—Let the lines a = 0, (3=0 coincide with each other, 
ar.d with the tangent to S ; then 
tht- product a/3 becomes a 2 , and 
t}>_. two conics will have four con- 
secutive points common, which 
is the highest order of contact 
that two conies can have. This 
it called contact of the third 
ordtr: and the equations of two conics which have this species 
of contact will be of the forms S = 0 , S - Jrar = 0 , where a is a 
tan cent to S. It is evident, from § 233,- 2 °, that the equations 
of conies having double contact, are the same in form, and that 
one changes into the other, when the chord of contact becomes 
a tangent. 

235. The following examples will illustrate the foregoing 
principles :—If S = axr 4 2 hxy 4 hf 4 2 gx - 0 , S - Jc 2 ol/3 = adr 
- 2 Ahc/ - Vf- 4 2g f x = O, the lines a = 0 , f3 = 0 will be the two 
factors of the expression lag’- a'g ) r +2 (%'- xy 4 (fg'~ Vg)y 2 
= 0 . got by eliminating the terms of the first degree. How, 
if one of these lines coincide with the tangent at the origin, we 
niTast have x as a factor, which requires that the coefficient of y l 
vanish. Hence, if the conics ax 2 4 2 hxy 4 by 3 4 2 gx = 0 , 
fix 2 4 2Vxy 4 h'y 2 4 2 foe = 0 osculate at the origin, by' - Vg . 
Thus, if the circle x 2 4 y 2 4 2xy cos a> - 2 rx sin co = 0 osculate 

fix- 4 2 hxy 4 5y 2 4 2 gx = 0, we must have r = - 7 —?—, and this 

0 sin oj 

is the value of the radius of curvature of S at the origin. If the 
condition hf = Vg be fulfilled, the fourth point common to the 
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two conics will be the point distinct from tlie origin, in which 
the line (ag f - a f g) x -f 2 'Jig' — h'g) ij = 0 meets S. This will also 
coincide with the tangent at the origin if, in addition to the 
condition hg l = h'g, the coefficients of S, S' fulfil the condition 
Jig' = Ji'g z and the conics will have at the origin, contact of the 
third order. Thus the parabola h-x 1 -** 2lhxy ~ Iry 2 ~ 21 gx = 0 
has contact of the third order at the origin with S. 

Cor* —The radius of curvature at the origin is the same 
for the conic ax 2 -f 2 lixy - by* ~ 2gx - 0 as for the parabola 
by 2 -r 2gx = 0 . 

236. If in the equation S - If!7 = 0 233, 2 C ) S denote a 

circle, we get the following theorem :— The loeu-s of a point, such 
that the tangent from it io a fixed circle is in a constant ratio to its 
distance from a fixed line , is a conic haring double con tact icith the 
circle; the contact will he real when the line L cuts S ; imaginary 
when it does not. In this case, if we suppose S to reduce to a 
point, we get, evidently, the focus and directrix. Hence we 
have the following definition :— The focus of a conic is an infinitely 
small circle , having imaginary double contact with the conic , the 
directrix being the chord of contact. 

Def.—A. circle S having double contact with a conic is called 
by Gbayes, a focal circle. ( H eeuathexa, vgL vi., XSSS.) 

237. If the focus be made the origin, the equation (§§ 173, 
188) is of the form x 2 — y%= 1717, or {x -f y \/- 1) (x - y y/- 1) 
= JcLTf, showing that the imaginary lines x ~ y y -1 = 6, 
x - y y -1=0 are tangents to the curve. But x ~ y y - 1 
= 0, x — y y - 1 = 0, are (§ 233, 4°) the lines from the origin 
to the cyclic points. If we denote these points by I and J. we 
see that the joins of either focus to I and J are tangents to 
the curve. Hence, all confocal conics are inscribed in the same 
imaginary quadrilateral •, the six summits of which are the two 
cyclic points, the two real foci, and two imaginary points on the 
conjugate axis, called axtifoci. 
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II ^ the tangential equations of any two conies, 
t }_ n s _jj£' — 0 is the tangential equation of any conic touching 
t k bu.r common tangents of 3 and 5'. 

In particular, if for 2' we substitute 

X 2 -jr-r v~-2ilv cos A - 2vA cos i? - 2Ap, cos <7s O = 0, 
ivhi:h denotes the cyclic points, then 

S - £0 = 0 (770) 

:s the tangential equation (§ 237) of all conics confocal with % 
239. Circle op Curva-tuee. — To eomtmci the circle of curva¬ 
ture at any point P{x'y’)o?i a central conic . 

Let QM be the polar of P with respect to the orthoptic circle 
of the conic, and let the normal at P meet QR in R ; then R r 



the symetriqne of R with respect to P is the centre of curva¬ 
ture. 

Dem.—Let the conic be an ellipse referred to CP , and the 
tangent at P as axes; then if a\ V denote the semidiameter OP 
and its sexnieonjugate the equation of the ellipse is x 2 /a' 2 + y*{h n 
4- 2 jt, a' = 0. Hence, § 235, if p denote the radius of curva¬ 
ture at P, we have p = V 2 ja' sin <o; a' 2 + pa' sin a> = a' 2 + h ,z 

~ a ~ ^ * CP . CQj since QR is the polar of P with respect to 
the orthoptic circle. Hence p sin co = PQ • p = PR, 
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Cor. 1.— If p be the perpendicular from the centre on the 
tangent at P, 

p - b f2 p for p ! = a ! sin w. , 771] 

Cor . 2 .—p = b^’ab. 772 

Observation . —In the case of the parabola, the orthoptic circle 
becomes a line (the directrix;, and the polar cf a point P with 


respect to it is a parallel line twice as far from P. Hence the 
intercept on the normal at P between the parabola, and the 
directrix is equal to half the radius of curvature at P. Com¬ 
pare § 167. 

240. To construct the chord of osculation at P. 

Let CJf, JVP he the co-ordinates of P; make CM = - 2 Oh 



CL-- 2 JVP. Join LdP, intersecting the ellipse hi Q; then PC? 
is the chord of osculation at P. 

Dem.—If a, j3. y, § be the eccentric angles of four eereyolic 
points on an ellipse a-f/2-*-y-r6 = Oor Hm-T. Hence, if a, ,3. y 
be the points where the circle osculating at P meet the emp?e 
a = /3 = y; therefore S = - 3a. Hence, if X Fhe the o:-:r linatei 
of the point where the chord of osculation meet the emrse again. 

X = 4 x !Z \dr - 3y : T = 4fy h 2 - of. 

Hence X/F -r T- f - 2 = 0 ; "* 3 

and this is evidently the equation of -Of. if we suppose XI to 
be current co-ordinates. Hence the proposition is proved. 
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L— Since the circle of eu.rvatu.re at P passes through P 
Q uni has its centre in the normal at P, we have the fol- 
1.,'xclz cinstruction. Let the line which bisects PQ perpendi- 
cuh.rlv nifvt the normal in P ; then the circle whose centre is 
[: jzl re. I:us HP is the circle of curvature. 

Cor. 2.—The chord PQ is the syinetriune of the tangent at P 
u irh respect to the ellipse. 

tV. 3. —The equation of PQ is 

x cos a h - y sin. a/5 = cos 2 a. (774) 

241. Through any point a.$ in the plane of a conic can le drawn 
flur chords of osculation. and the points of osculation on the conic 
ere coney die. (Nextbeeg-.) 

Dem.—Writing the equation (774) in the form 

xx r yy* x f ~ y' 2 

— - W--4- 17 = 0, 

a- o- a- b- 


we get by 


substituting for xy and removing accents, 

p ir a* , py __ jr 

d~ Jr a- ‘ b- 5 


(775) 


which represents a hyperbola through the points of osculation. 
Now, if 



S - A H = 0 is the general equation of a conic passing through 
tr.e points. If we put A = c~j-f -f 5 2 ), we get after an easy 

reduction the circle 

r^rtf-ax-p u + + l) = 0 . (776) 

Co/. 1 .—If the circle whose diameter is the join of the point 
a;3 to the centre, be denoted by C , and the polar of the point 
a3 by P, then (776) may be written 

C 4- 4 (« 2 4 - b 2 )P = 0. (777) 

Hence, the radical axis of the circle through the points of 




315 


Special Relations of Conic Sections. 

osculation and the circle whose diameter is the join of the point 
a/? to the centre is the polar of the point aB 'with respect to the 
ellipse. 

Cor. 2.—If the point afi coincide with P V?/; [see fig. 
§ 240), the equation (776) becomes 

xP - yf -r- h-'fxz dr -?/y T 3- - 1) =0. 77$) 

Hence, since this circle passes through xy f it meets the conic 
in three other points, and we have SizixEifs Theouzm. 

Through any point P on a conic can he described three circles to 
osculate the conic elsewhere , and the points of osculation and P are 
corny die. 

Cor. 3.—The circle (778) may be written 

„ * „ , J xxf inf \ 

x- +y- -or - -l-c~[ — - 1 ; = 0. 779'' 

\ a" o~ ? 

Hence, it passes through the points of intersection of the circle 
or 4 y~ - <r = 0, that is the circle on the transverse axis with 
xx . dr - yfff -1=0, or the symetrique of the tangent at the 
given point with respect to the transverse axis. I have called 
(778) Steiner’s Circle. The proof in § 241 is due to Professor 
27euberg, and the form in ^779; to F. Prnsm. f.i.c.d. 

Cor. 4.—If the eccentric angle of Q he a, the eccentric angle 
of P will be either - £ a, - Ja -e 120' or - 4-a - 240'. Ht-nc e. if 
Q be given, P has three positions whose mean centre coincides 
with the centre of the ellipse. 

242. If we compare the equation of Steiners Circle (77$^: 
with Joachimsthars Circle 

xr-T y 2j r xx f - yy' - u fxCa 2 - yf/b 2 -1' = 0, (o49; 

where u = a 2 e lrJ:\ if = 5* - tr/q a*'. 

we find they will he identical if we change the signs of y ! 
and make h = <rxC Her, h =- 2^ 2 . Hence, we nave tne fol¬ 

lowing theorem:— If from any point P of an ellipse or hyperbola 
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be described three circles osculating the curve, the point diametrically 
opposite to JP and the three points of osculation are the feet of four 
concurrent normals to the curve. 

Cor. 1.—If through the point x'y' on an ellipse be described 
three osculating circles, the normals at the points of osculation 
meet in the point 

# = ~<?V/ 2 « 2 , y = c 2 y r 12l 2 . (780) 

Cor. 2 .—If x\y^, # 2 y 2 , x z y % be the points of osculation of 
circles through x'y', 

#i+ ff 2 + # 3 = 0, yi+y 2 + y3 = 0, (781) 

a 2 x'= 4x 1 x 2 x z , b 2 y'= 4y x y 2 y z . (782) 

EXERCISES. 

1 . Prove the following construction for the centre of curvature at a 
point Pof a conic. Let S he the focus, G the foot of the normal. Erec^ 
GK at right angles to JPG, meeting SP in X, then XL, perpendicular to SP, 
meets PG produced in the centre of curvature. 

2 . Eind the equation of the circle of curvature at the point <p of x 2 ja 2 
+ y 2 (b 2 — 1 = 0. 

The co-ordinates of the centre are (540) c 2 cos 3 <£/a, — c 2 sin 3 <j!>/5, and the 
radius is (769) b' z jab. Hence, the circle is 

(x - ^cos^/tf) 2 * (y + c 2 sin 3 0 /£) 2 = (P/a5) 2 , 
or 

x 2 + y 2 - 2c 2 x' z xla i + 2<ry' z i/lb i + a' 2 - 2b' 2 = 0. (783) 

3. Six osculating circles of a given conic can be described to cut a given circle 
orthogonally. 

For the condition that the circle (783) cuts the circle x 2 4- y 2 + 2lx + 2 my + n 
orthogonally is (254) 

— 2le 2 x' z la i + 2 mc 2 y' z lb i — (a' 2 — 25' 2 ) - n = 0 , 
and this, by an easy reduction, and by omitting accents, gives the cubic 
2lc 2 x z fa 4: — 2 mchfjb* + 3x 2 + 3 y 2 — (2a 2 + 2 b 2 — n ) = 0, (784) 

which cuts the conic in six points. 

A particular case of this theorem is that— Through any point in the plane 
of a conic can be described six osculating circles of the conic. A theorem first 
given in the Author’s Bicircular Quartics, 1869. 
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4. The centres of the six circles of Ex. 3 lie on a conic. 

Expressing that the osculating circle whose centre is a/3 and radius r cuts 
x 2 + y 2 + 21% + 2 my + n - 0 orthogonally, we get 

2 la + 2w/3 + n +- a 2 + /3 2 - r 2 = 0. (1) 

But from Ex. 2 we have a — c 2 cos 3 </>/a, $ = - c 2 sin 2 <pjb, 


Hence, 


a 2 + ^2 _ r 2 _ (#2 __ 2 ^ 2 ) cos 2 <j) + (b 2 - 2 a 2 ) sin 2 <p. 
arar + b 2 j 8 2 = c 4 (1 - 3 sin 2 cos 2 <p). 


( 2 ) 


Hence from (1) and (2) we obtain 

(2 la +• 2 mfi + n) 2 — (a 2 4- £ 2 ) (2 la + 2 + n) - 3 (a 2 a 2 + i 2 # 2 ) + a 4 + £ 4 - a 2 5 2 — o, 

(785) 

which proves the theorem. 

5. If in (785) we put l- — x\ m — — y', n— x' 2 + y' 2 , we get Malet’s 
Theorem, that the centres of the six osculating circles which pass through a 
given point x’y' lie on a conic. 

6. The general equation of a conic osculating the ellipse at the point <p, 
and passing through the point of intersection of the ellipse, and osculating 
circle is 

Irx 2 + a 2 y 2 — a 2 b 2 + A {x 2 + y 2 — 2eV 3 #/# 4 + 2c 2 y ,2 yjb i + a 2 — 2 b' 2 ) = 0. 

(786) 

7. If A = 2 a 2 b 2 l(a 2 + b 2 ) in (786), we get a hyperbola whose asymptotes are 
parallel to the equiconjugate diameters of the ellipse. The locus of the 
centre of this hyperbola is 

(2i;c)s + (2 ;ay)* = (4 at)S. (787) 

8. The locus of the centre of the conic (786) is the hyperbola 

xy — b sin 3 <j>. x — a cos 3 </> . y — 0. (788) 

9. The locus of the centre of xy — b sin 3 <p .x — a cos 3 (p . y is 

(bx)% + {ay)f = (« 5 ) 3 . ( 798 ) 

10. The chord of intersection of the ellipse and the hyperbola 

xy - b sin 3 <p . x — a cos 3 <p . y — 0 is xjx' + y/y’ + 1 = 0. (790) 

11. Prove that the envelope of (790) is the curve (789), and that its point 
of contact with its envelope is the symetrique of the centre of xy — b sin 2 <p . x 
— a cos 3 <f >. y = 0 with respect to the centre of the ellipse. 
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12. Prove that the focal chord of curvature at any point of a conic is equal 
to the focal chord of the conic parallel to the tangent at the point. 

13. The power of the point 6 on x 2 ja 2 + y 2 /b 2 -1 = 0, with respect to the 
circle osculating it, at the point <f> is 

4c 2 sin (6 + 2<p) sin 3 J (6 - <j>). (791) 

For, substituting a cos 6, b sin 6 in equation (783), which may be written 

3 c 2 

x 2 4" y 2 — 2c 2 cos 3 0 . xja + 2c 3 sin 3 4>. y\b — \ ( d 1 + b 2 ) + — cos 2<£, 
we easily get 

- {cos 20 + 3 cos 2<p — 4 cos 3 <f> cos 0 + 4 sin 3 <jf> sin 0} 

= <? {cos 2 0 - cos 2 (f> + 2 cos 3 <p (cos <p - cos 0) - 2 sin 3 <p (sin <f> - sin 0)} 

= 4c 2 sin } (0 + Z(p) sin 3 J (0 - <p). 

14. If Si, S 2 , Sz be the osculating circles at a, j8, y (Ex. 13), then the 
equation of the conic may he written 

S& + + *1 = 0. (R. A-. Roberts.) (792) 

Make use of equation (791). 


Double Contact. 

243. We have seen, in § 233, 2 °, that conics whose equa¬ 
tions are of the forms S = 0, S - L 2 = 0 have double contact, 
and that L = 0 is the chord of contact. How, L may meet 
S in real coincident or imaginary points. Hence, there are 
three species of double contact, -viz.: ( 1 ) real and distinct points 
of contact; ( 2 ) coincident points of contact, called four-pointic 
contact or hyper osculation ; (3) where the, points of contact are 
imaginary. 

244. To find the equation of a conic having double contact with 
two given conics 8, S'. 

Let a, fi be a pair of common chords of S, >$', such that 
S — S* = aft. Then h being any constant, 


l 2 a? -2i (S + S') + /3 2 = 0 


(793) 
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represents a conic having double contact with S and S'. For it 
may be written in either of the forms 

(lea + /3 ) 2 - 4kS = 0 , (j&a - 0 ) 2 - 4 M’ = 0 . 

Since 7s is of the second degree, through any point can be drawn 
two conics having double contact with S and S', for, substitut¬ 
ing the co-ordinates of the point in (793), we have a quadratic 
in h, and since S, S' have three pairs of common chords, there 
are three such systems. If one of the conics S, S' be a line 
pair, there are only two systems of touching conics, and if S, S' 
both denote line pairs, there is only one system. 

Cor. 1.—If the conic (793) be denoted by C, we infer that 
lea + (3, lea - (3 are its chords of contact with S, S' ; but these 
form a harmonic pencil with a, (3. Hence , if two conics S, S' 
have each double contact with a third conic C , their chords of con¬ 
tact forma harmonic pencil with a pair of their common chords. 

Cor. 2.—If S, S' each denote a line pair, they form a qua¬ 
drilateral circumscribed to C ; the lines a, /3 will be its diagonals, 
and the chords of contact the diagonals of any inscribed quadri¬ 
lateral. Hence the diagonals of any quadrilateral circumscribed to 
a conic , and of the corresponding ‘ inscribed one t form a harmonic 
pencil. 

245. If three conics have each double contact with a fourth , their 
six common chords form the sides of a quadrangle. 

For, let the conics be S - Zf, S - Z 2 2 , S - Z 3 2 ; then their 
common chords are three line pairs, Z^-Z 2 2 = 0, Z 2 2 - Z 3 2 = 0, 
Z 3 2 - Zjl 2 = 0, which form the four triads of concurrent lines 

L\ = Zo = Z 3 j — Z, = Z 2 = Z 3 \ — Zo = L\ = Z 3 j — Z 3 = JL l — Z 2 . 

(794) 

Cor. —If S - Zf, S - Z 2 2 , S - Z 3 2 , each denote a line pair, 
they form a circumhexagon to S. The chords of intersection 
will be its diagonals, and we have Brianchon’s Theorem- 

The diagonals connecting opposite summits of a circumhexagon 
of a conic are concurrent. 
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246. If three conics have each double contact with a fourth, 
their twelve points of intersection lie six-by-six on four conics. 

Dem.— Prom the identities 


S + Iil 2 + Z 2 Z 3 + I%L\ = S — 1\ ■+• ( \I\ + If) (Zi + If) 


* # -If + (Z 2 + If) (I 2 + If) ^S-If + (Z 3 4- If) {I, + Z 2 ) 


we infer that the conic S + I X I 2 4- Z 2 Z 3 4 - IJLi passes through 
the points of intersection of S - If, S - If, with the chord 
I x 4- 1 2 ; also through the points common to S - L 2 , S-I d with 
I 2 4- Iz, and the points where S - If, S - If meet the chord 
X 3 4 - Ii, and hy obvious changes of sign we get three other 
conics. 


EXERCISES. 

1. The general equation of a conic haying double contact with 

3 4 - If 4 - M 2 = 0 is S 4- (X cos 0 4 - M sin 0) 2 == 0. (795) 

2 . The equation of a conic touching the sides of a standard quadrilateral is 

7c 2 a z - h (a 2 4- - r) 4 - j 8 » = 0 . (796) 

For the discriminant is the product of the four factors, a ± 0 ± y. 

3. If 3, S' denote circles, and Jc any constant, S* ± 7c denotes a 

conic having double contact with each. If 3, S' denote point circles, this 
gives the vector property of the foci. 

4. If two conics have double contact, any arbitrary conic through the 
points of contact will meet them again in points whose joining chords inter¬ 
sect on the chord of contact. 

The conies being written in the forms, 3-0, S — If — 0 , 3 — L\Li 
the proposition is evident. / 

5. If an ellipse touch the asymptotes of a hyperbola, two of its common 
chords with the hyperbola are parallel to the chord of contact, and Equidis¬ 
tant from it. 

6 . If a variable conic having double contact with a fixed conic pass 
through two fixed points, the chord of contact passes through one or other 
of two fixed points. 
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I Ty PI'JItOKCtJIfATION. 

2*17. If the line L in the equation S -- IP touch S, Hun 
S - J? : ■ 0 denotes a conic haciny four pointic contact with or 
as it way he said , hyperoseulates it. Ki nmuads Tkansuation of 
Samion, f)th edition , payc dll. 

Timmyh every point of a conic may he described a parabola 
add edi hype rose a fates it at the point. 

For, since through any four points may hr described two 
parabolas, if the points bo consecutive, the proposition is evident. 
Ono ot‘ the parabola* will, in this rase, hr tin* square of tin* tan 
gent T\ tin? other will bo S id/" 0. Tin* condition that this 
denotes a parabola, will determine t he value of k. Thun, For the 
conic (a, b 7 c f J\ //, //) (.r, ;//, I) a the tangent nl x'y' is 

(ad i let/ ! y) x I (hx f | by' \ f ) y I yx' I /// i c 0, 

or, nay lx *!■ my I n. Then, if S kT' () be a parabola, we get 

k (ab • ff)/{anr | btr - 2///;;/). 

More generally, through every point.<m a eonir may hr described 
uranic. hyperoMeuIating it, and touching a given line. Similarly, 
through every point on a. conic may he described an equilateral 
hyperbola hypero.Mrula.tinp; it. 

KXIOK018KS. 

1. Kind the equations of the parabola, and of the equilateral hyperbola 
which hyperoseulates ax' i VJuy | />;/' j p/.r 0 at the origin. 

2. Through iu»y two points in the plane of a conic nut bn dmc-tibed four 
couicii to liyperoseulate it. 

S. If a. variable ellipse liyperoseulate a fixed elliptic at tin-cxlrnmty of 
tbn minor axis (In' locus of the fori i.s u circle wliooe diameter is equal to the 
radius of curvature. 

I, li A'j, AS, Xj have routaet of the fust order with euelt other t wt>-by {wo, 
and it each hypernseulato *V, the triangle formed by thoir points of routaet 
with curb other in inscribed in tins triangle formed by the points of hyprt 
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osculation, and in perspective with it, and also in perspective with the 
triangle -formed by the tangents at the points of hyperosculation. (Ckopton.) 

Let S s l 2 a 2 + m 2 l3 2 + n 2 y 2 - 2 Zmaj3 - 2 mnJ3y - 2 nlya = 0 

inscribed in the triangle of reference be written in the three forms 
(la + mjS - ny) 2 - 4fo»aj8 = 0, (m& + ny - la) 2 - 4 mn$y = 0, 

(ny -\-la- mi 8) 2 — 4 nlya, 

then the conics $i, &% $3 will be $ + 4£ 2 a 2 , $-1-4m 2 £ 2 , $-l-4?i 2 7“, respec¬ 
tively, and the proposition is evident. 

Tocr. 

248. We have seen (§ 236) that a focus of a conic is an 
infinitely small circle having imaginary double contact with 
it. Hence, if x'y' be a focus, the circle (x - x f ) 2 + (y - y f )~ - 0 
has double contact with it, but {x-x'f + {y - y') 2 is the product 
of the isotropic lines (x - x') ± i {y - y') =0. Therefore each 
of these lines touches the conic. Hence, to find the foci of 
(«, b , c, /, g, h) (x, y , l) 2 we are to find the condition that 
(x + iy) - (x' 4- iy r ) = 0 touches it; in other words, to substitute 
1 , i and - (x ! + iy') for X, /*,, v in the tangential equation 
{A, 3, C, F\ G, H) (X, fjL, v) 2 — 0, we get, after omitting accents, 
equating real and imaginary parts to zero, equations which, 
after a slight reduction, become 

{Ox - Gf - (Cy -F)* = A(a- b), (797) 

(Cx- G){Cy-F) = Ah. (798) 

when A denotes the discriminant of {a, b, c ,/, y, h) (x, y, l) 2 . 

Since the conics (797), (798) intersect in four points we see 
that every conic has four foci; only two, however, are real: 
these, as we know, are on the transverse axis. The imaginary 
foci, called also antifoci, are on the conjugate axis. 

Graves 5 Theorem. 

249. If two tangents be drawn to an ellipse from any point of a 
eonfocal ellipse , the excess of the sum of the tangents over the 
intercepted are of the inner ellipse is constant. 
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Bern.— Let 1PS, RS '; QT\ QT' be tangents to the inner 
ellipse from two consecutive points RQ on the outer ellipse, 
and let RE, QVloe perpendiculars on QT, RS'. Then, since 



TE may he regarded as the continuation of ST, RES may be 
considered as an isosceles triangle. Hence RS = 8T+ TE, 

but QT=TR + EQ, RS-QT= ST-EQ; 

similarly, RS' - QT' = RV - S’T = EQ - S'T' 

(since the infinitesimal triangles REQ, Q VR are equal in every 
respect). Hence, by addition, 

(.RS + RS') - ( QT+ QT') = ST- S'T' = SS' - TT, 

SR + RS' - SS' = TQ + QT' - TT', 
and the proposition is proved. 

Cor. 1.—If a string of given length, RSWS'R, held tight at 
P, be partly in contact with a given ellipse, and enclosing it, the 
locus of R is a confocal ellipse. 

Cor. 2 .—If two confocal paralolce have their axes in the same 
direction, and if from any point of the outer tangents be drawn to 
the inner, the excess of the sum of the tangents over the intercepted 
are is constant. 

Cor. 3 .—If from any point of the outer of two confocal hyper¬ 
bola tangents be drawn to the inner, the excess of the sum of the 
tangents over the intersected arc is constant. 


324 


Special Relations of Conic Sections. 


M c Cullagh’s and Chasids’ Theorem. 

250. If two tangents IT, IT' be drawn to an ellipse from any 
point I of a confocal hyperbola, the difference of the arcs TK, KT 
into which the hyperbola divides the arc of the ellipse between the 
points of contact is equal to the difference between the tangents IT, 

IT. 

The proof is an obvious modification of the demonstration of 
Graves’ Theorem. 

Cor. 1.—In the same manner it follows that if from any point 
I of an ellipse, tangents IT, IT be drawn to the same branch of 
a confocal hyperbola, the difference of the arcs TK, KT into which 
the ellipse divides the hyperbola between the points of contact is 
equal to the difference between the tangents IT, IT. 

Cor. 2 .—If two parabolce have a common focus and axes in oppo¬ 
site direction, that is, if they cut orthogonally, and if from any 
point I of either tangents be drawn to the other, then, as before , the 
difference of the arcs is equal to the difference of the tangents. 

251. Tag-want’s Theorem. —An elliptic quadrant may be divided 
into parts whose difference is equal to the difference of the semi¬ 
axes. 

Draw tangents AJb, BJD at the extremities of the axes, and 
through their intersection JD describe a confocal hyperbola, cut¬ 
ting the elliptic quadrant AB in K such that 
AK-KB = AB - BB - a-b. 

Cor. The co-ordinates of K are 

[a?l(a + b)}\ {b*fta+b)}k . (799) 

252. If a polygon circumscribe a conic, and if all the summits 
but one move on confocal conics, the locus of that summit will be 
a confocal conic. 

It will be .sufficient to prove this proposition in the case of a 
triangle, as the proof for the triangle can be extended to the 
polygon. 
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Let Aft triangle inscribed in a circle A' ; then (Sequel vr., 
v., Prop. 12), it’ the envelopes of two sides of A ltd bo 
f.ou.xnl circles, the envelope of the third ?uilt* is a cuaxal circle. 
Now, let O bo one of the limiting points, and describe cireles about 
the triangles OAft, Ofti r , OCA\ lot their cent res bo C\ A*, />", 
then (Sequel vi., sect. v., Prop. «. Cor. *1) f in* envelopes of these 
circles arc circles concentric with A\ aacl the loci of their rent-res 
A', />' areeonies whose foci are O and the centre of X ; that; 



is, they are eonfocul conics. Also since the lines ()A, Oft, ()(• 
an* bisected perpendicularly by the sides ol flic triangle A f ft r ( u , 
that, f rumple is circumscribed to a conic whoso loci are 0 and 
the centre of A. Hence the proposition in proved. 

The foregoing demount ration, without reciprocation or infini¬ 
tesimals, was first pi veil by the author in a letter to the late 
Rev. Professor Townsend, ru.m., in the year lHoH. 

RX RH0I8K8. 

I. If a runic have double contact with two others which have the mime 
focus and direr|rilhe chords ol contact pass through t-lie locus and urn 
pcrpciulicular to each other, 

•,», hh'oiu any puiut V on ut» outer conlorul tunpeuta am drawn to an 
inner ; prove that the runic through l\ having thn points of mutant, as loci, 
cither hypemscnhtlos tb« miter mu fond or ruts it. orthogonally. 
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3. In the case of hyperosculation, Ex. 2, prove that the latus rectum is 
constant. 

4. A conic is described touching a fixed conic at any point P and passing 
through its foci, P, F; prove that the pole of PP' with respect to this conic 
will he on the normal at P, and will he the centre of curvature if the conics 
osculate. 

5. If a parabola have double contact with a given ellipse, and have its 
axis parallel to a given line, the locus of its focus is a hyperbola, confocal 
with the ellipse, and having one asymptote in the given direction. 

6. If an ellipse have double contact with each of two confocals, the tan¬ 
gents at the points of contact form a rectangle. 

7. If an equilateral hyperbola hyperosculate a given parabola, the locus 
of its centre is an equal parabola. 

8. The centre of curvature at any point of a conic is the pole of the tan¬ 
gent at the same point with respect to a confocal passing through it. 

9. Two parabolae osculate a circle at the same point and meet it again in 
the points P, P'; prove that the angle between their axes is one-fourth of 
that subtended by PP' at the centre of the circle. 

Similar Conics. 

253. Dlf .—Two figures F x , F 2 are said to le homothetic when 
radii vectors from any point of F x are proportional to the parallel 
vectors from the homologous point of F 2 . 

Two conics being given by their general equations it is re¬ 
quired to find the conditions of being homothetic. 

The equations of both conics being referred to their centres as 
origin, they will be of the forms 

ax 2 + 2Jixy + hfi - c, a'x 2 + 2h'xy + b'y 2 = c\ 
or in polar co-ordinates 

p 2 = c/(a cos 2 # + 2 h sin # cos 6 + b sin 2 #), 
p /2 = c r j(a' cos 2 0 + 2 h f sin 0 cos 0 + V sin 2 #), 

and in order that the ratio p : p' may be independent of # it is 
evident that we must have 

ala' = b/¥= h/h\ 


( 800 ) 
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Cor. 1.—If two conics have their highest terms the same 
they are homothetic. 

Cor . 2.—If one of the common chords of two conics he at 
infinity they are homothetic. 

Cor. 3.—Homothetic conics cannot intersect in more than two 
finite points. 

Cor. 4.—If S = 0 he the equation of a conic, S-lcL= 0 where 
L is a line, denotes a homothetic conic. 

254. If the conics he similar but not homothetic it is plain 
that if the axes of co-ordinates for one he turned round through 
a certain angle, the new coefficients a , h , b will he proportional 
to the old coefficients a', If V . Suppose this done, and that 
they become lea', Icli , left'; then from the property of invariants, 
we have for rectangular axes 

(a+h) = Jc [a! + V), ab - li 2 = h 2 ( a!V - h ' 2 ). 

Hence, eliminating 1c the required condition is 

(a + by~/(ab - h 2 ) = {a' + bjj(a'V - h*). ( 801 ) 

Similarly, if the axes be oblique, % 

(a + b - '111 cos <x>) 2 / [ab - h 2 ) - ( a ' + V - 2 h' cos to') 2 / {alb' - h' 2 ). 

(802) 

Cor . 1.—Similar conics have equal eccentricities. 

Cor. 2.—All parabolae are similar. 

Cor. 3.—If two hyperbolae be similar, their asymptotes make 
equal angles. 

EXERCISES. 

1. If three conics have two points common their three common chords 
which do not pass through either of these points are concurrent. 

2. If three conics he homothetic their finite common chords are con¬ 
current. 

3. If three conics be homothetic their six centres of similitude are the 
opposite vertices of a complete quadrilateral. 
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4. If any lino cut two concentric and homotlietic conics tlie intcvcopt 
made on it between the conics are equal. 

5. If a tangent at any point P of the inner of two concentric and 
homothetic conics meet the outer in the points T, T\ then any chord 
of the inner through P is half sum of the parallel chords of tho outer 
through T } T. 

6. If A, A' he the discriminants of the equations of two similar conics, 
then A/A' is equal to the square of the ratio of similitude. 

7. If two equal parabolas have different vertices but coincident axes they 
hyperosculate at infinity. 

8. If the equations of two conics differ only by a constant they have 
double contact at infinity. Hence, concentric circles, and also concentric 
and homothetic conics have double contact at infinity. 

Pascal’s Theorem. 

255. The intersections of three pairs of opposite sides of a hexagon 
inscribed in a conic lie on a line. (The TascaVs line of the hexagon.) 

Dem.—Let the summits of the hexagon be denoted by 1 , 2 , 3, 
4, 5, 6 , and their lines of connexion byZ 12 , Z 13 , &c., thou, since 
the conic circumscribes the quadrilaterals 1234, 4501 its equa¬ 
tion, § 233, 5°, may be written in the forms Z ] 2 Z 34 - Z 23 Z lt = 0 , 
-L 45 -Z/gi - Z 5 S Z 14 = 0 . Hence the expressions Z 12 Z }4 - Z^Zon and 
Z u (Z 23 - Z 56 ) are identical. Hence Z 12 Z 34 - Z 4 G Z«i = 0 denotes 
two lines, but it also denotes a conic circumscribed to tlic qua¬ 
drilateral whose summits are the points 1 , 4; Z 12 . Z. 1C ; Z ;u . Z C1 ; 
hut Z 14 is the diagonal through the summits 1 , 4 . lienee 
Z 23 - Z 56 must pass through the summits Z 12 . Z 45 ; L u . Z, u . 
How, Z 23 - Z 56 = 0 denotes a line through tho intersection of 
Z 23 and Z 5G , and we have shown that this passes through the 
intersection of Z 13 with Z 46 , and of Z 34 with Z fil . Hence the 
proposition is proved. 

Cor. 1 .—The Pascal’s line is Z 23 - Z 56 = 0. 

Cor. 2. Pascal’s Theorem holds for each of the s ix ty hexagons 
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wliirh can bo formed by taking 1 the points in different 

orders of sequence. 

( t(, r. 3. Since the conic circumscribes the quadrilateral 2«inf> 
if.s equation may bn written in tin* form A.. ; ,A ;m A.. ;5 A ; , f; 0 t 
and its identity with A,,A ;!l ~ 4 ; ,A U given 4, .A u A-., A.* 4* 
C4* ”** 4«) # Hence we infer that the intersections of opposite 
sides ol the hexagon M.‘>0o2 lie on the line A u A :i , ; <), and by 

comparing the identities . /,,,. 4,4, : . 0, and /, lfl A fll A, tl A u 

0, we infer that the opposite sides of l lit* mi A ti A 

0, bill, the lines A u A..., / /Mi sire concurrent. Hems* We ha\e 
STIUNUK. S IhlMOlMOM. 7fte Pascal's hut's of the three hexayons^ 
l 22*1 f)(>, 1 ddf>62, 1 0 WXiA ^formed by inlerehanyiny (he even numtu rs 
2, f>, wa concurrent. 

(■or, l.- If a hexayon he inscribed in a conic , the three 

Inanyles f each formed by <t pair of opposite sides, such us A* . A 1:<1 
uml the doty mini A ;wl throayh the remain iutj points are in per spec * 
//as /am? <*/, common centre of pcrspeetire. ft is easy to see that 
(his is another statement of StuiN inths Theorem . 

M £ ( kwhs Mxtunmion ok Kku uunAouV. Tukouhm. 

2h(>. If a, come irhose fort are collincur udth the eireumeenfre he 
inscribed in a tnanyte , (he auxiliary circle of the conic touches the 
nine-points circle of (he trianylc. 

Let. FF* be the foci, O the cireumeeiitrc, A\ If A" the midtile 
points of the sides, mid let the line FF* make angles ,/ h //,, (\ 
with the sides ol AIK*. Now, if A la* any circle, the condition 
that, it, touch the nine-points circle, that is, tin* eireumcirdo of 
A 1 1>'((\ is by my extension of PtolemyYi Theorem, 

a A t( * | h Ap l e \f A t . <) 


whets* Ay denotes the power of the point A* with respect to A ; 
but. if A he the auxiliary circle it, is the pedal circle of the 
points FF f , and it is. easy to nee that A a ‘ OF. OF* nee A n tic. 
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Hence, "by substitution the condition of contact becomes 
a cos A x + b cos JB l + c cos C x = 0, or the sum of the projections of 
the sides of the triangle on the line FF' = zero, which is true. 
Hence, &c. 

If we suppose FF' to be the antifoci the proposition becomes 
the following: — If the minor axis of a conic inscribed in a 
triangle pass through the circumcentre , the circle described on 
the minor axis as diameter touches the nine-points circle of the 
triangle. 

This remarkable proposition is given by Mr. M‘Cay, in a 
Memoir on “ Three Similar Figures,” Transactions of the Hoyal 
Irish Academy, vol. xxix., 1889. 


MISCELEANEOTJS EXERCISES ON CHAPTER IX. 

1. The chord of curvature through the centre of an ellipse is equal to 

2b' 2 1 a'. (803) 

2. The focal chord of curvature at any point of a conic is equal to the 
focal chord of the conic parallel to the tangent at the point. 

3. The focal chord of curvature at any point of a conic is double the har¬ 
monic mean between the focal radii of the point. 

4. If PP' be points on confocal ellipses having the same eccentric angle, 
prove that the sum of the tangents drawn to the inner from the point P on 
the outer is equal to the chord of the outer which touches the inner at P'. 

o. If a circle and a conic osculate at P, and if the osculating tangent and 
their common tangent intersect in Q, then a conic confocal to the given conic 
passes through the points P and Q. 

6. Find the lengths of the axes of the conic (a, b , c, /, g , h) (x, y 7 l) 2 . 

Transferred to the centre as origin this becomes 
ax 2 + 2 hxy + by 2 + A /C= 0. 

Now, if the auxiliary circle be x 2 + y 2 - r 2 = 0 it has double contact with 
the conic. Hence 


(ar 2 -1- A 1C) x 2 + 2 hr 2 xy + ( br 2 + A/C) y 2 = 0, 
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fc be a perfect square. Hence the squares at the semiaxes are the 
s quadratic in r 2 

Cb'* + (a + J) CAr 2 + A 2 = 0. (804) 

b, c 3 /? fft fy (#> Vi 1 ) 2 = 0 be an ellipse, its area is 

TrA/C'i (805) 

.ocus of points on a system of confocal conics, the osculating 
'hich pass through a focus is a circle of which the foci are inverse 

triable conic hyperosculate a fixed conic, and touch its directrix, 
>f contact passes through the focus of the fixed conic, 
system of conics have a common focus and directrix, the locus of 
se osculating circles pass through the focus is a parabola. 

(F. Purser.) 

:om a fixed point 0 a tangent OT be drawn to one of a system of 
onics, and a point P taten on it, such that OP. OTi s constant, 
Pis an equilateral hyperbola. (J. Purser.) 

le base of a triangle and its vertical angle be given, the locus of 
dian point is an ellipse having double contact with the circum- 

he conic a/3 = ky 1 touch the circumcircle of the triangle of refe- 
point of contact is on one of the symmedian lines of the triangle. 

i triangle be circumscribed to a conic, and two of its summits 
confocal conic, the third summit and the point of contact on the 
.de lie on a confocal. 

Lrclo touching an ellipse passes through its centre ; prove that the 
Le foot of the perpendicular from the centre on the chord of inter- 
a concentric and homothetic ellipse. 

variable triangle of given species has its summits on three lines 
osition, show that its circumcircle has double contact with a given 


•en five tangents to a conic, show how to find their points of con- 
ake use of Brianchon’s Theorem.] 

r cn five points on a conic, show how to construct it by points. 
3 of Pascal’s Theorem.] 

ren five points on a conic, show how to draw the tangents at these 
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j 

20. If the alternate sides of a Pascal’s hexagon he produced to meet, their > 

points of intersection form the summits * of a Brianchon’s hexagon, and if 

the alternate sides of a Brianchon’s hexagon he produced to meet, their points 
of intersection form the summits of a Pascal's hexagon. 

21. If 8 = 0 he the equation of a conic, find the equation of a homothetic 
conic passing through three given points. 

22. Pairs of tangents are drawn to a conic 8 parallel to pairs of conjugate 

diameters of a conic S', prove that the locus of their points of intersection « 

is a conic homothetic with S’. T 

23. A triangle is described about a conic S, and inscribed in a confocal J 

conic 8’; prove that the osculating circles at the points of contact of the sides \ 

are tangential to the fourth common tangent of 8 and one of the circles 

touching the sides. (R. A. Roberts.) J 

[Mate use of the theorems of the Exercises 5, 15. The method of proof ^ 

thus indicated is due to Mr. M c Cay.] 



CHAPTER X. 


TIIE (JENEUAL EUTJATION—TllIUNEAR CO-ORDINATES. 

257. Aron noi i i > 7 h Notation. —1°. In this notation, a point is 
denoted by a whi^lcs letter, and its trilinear co-ordinates by the 
sumo letter, with suffixes. Thun the point x is the point whose 
co-ordinates are ;r, 7 x ;i . 

2°. The triliuear equation of a right line, viz. a x x x 4- a«x 2 
-I- a< A x r- ()j in denoted by a x == 0, the x being a suffix to a. 

3°. The general equation of the n th degree is denoted by 
a* n 0 ; that is, by (<h®i -I- (hfy + where after the invo¬ 

lution a” is replaced by the coefficient of x* in the given equa¬ 
tion 7ia l 1i ~ l (h by the coefficient of # 1 n ~ 1 x 2 , &c. Tims the conic 
(hi&i ■!■ ( h'i tf?a 9 -I- tfM#3 a *!• ^ + 2 (tw$. A x 3 + %a Z iXzXi = 0 is 

denoted by (<vr, l (tux^ -l- or <y/ -• 0. It is evident that 

in this notation the symbols a u a- A have no meaning of them¬ 
selves for curves of the second or higher degree, until the 
involution is performed.— Salmon’s Algebra, 4th edition, p. 314; 
(hawse ii, Thmriv dvr IHniiren Algcbraeschnn Forman. 

1°. Any non-homogeneous equation in two co-ordinates may 
be transformed into a homogeneous equation by the substitutions 
x x : .r ; i, x 2 : :r ; , for the variables and the clearing of fractions. 

258. Several well-known results assume a very simple form 
when expressed in Aron hold’s notation. We shall merely 
state them here, as they present no difficulty. 

I". tJoAcu imsthal’k equation (309), which gives the ratio 
in which the join of the points y, z is divided by the conic 
<(/■ ks 0 is 


a? -I- %ka y . a K i- k % a? = 0. 


( 80 C) 
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2 °. The equation of the polar of the point y, with respect to 
a x 2 = 0 , is 

a x .a y - 0 . (807) 

3 °. The condition that y and % may he conjugate points with 
respect to a 2 - 0 , is 

a y .a z - 0. (808) 


4 °. The equation of the pair of tangents, from the point y to 
a 2 = 0 , is 

a,/.a 2 - (a x .a y ) 2 = 0 . (809) 


Disceiminant. 

259- To find the condition that a 2 - 0 may represent a line 
pair. 

If a 2 = 0 represent a line pair, the polar of the points 1 , 0 , 0 ; 
0 , 1 , 0 ; 0 , 0 , 1 , with respect to it will pass through the double 
point, that is the lines S 2 , # 3 , or 

ai 2 x 2 -\- a>i 2 X 2~0 j a^iX^ ^ 22 ^ 2 + a 23 x 3 = 0 5 a 3 \Xy\- a 32 x 2 -\" 0 

are concurrent, and eliminating x l9 x 2l x 3 we find the required 
discriminant 


< 3511 , 

<*12, 

<*13 




a 22} 

a 23 

= 0 . 

(810) 

, 

<*32, 

a 33 




Def. —The minors of this determinant are denoted ly A n , A u , 
&c. Hence, A l9 A 2 , &c., have no meaning by themselves until 
the expressions in which they occur are expanded. This will 
be plain from § 260. 

Cor. By solving any two of the equations 0 , S 2 = 0 , $ 3 = 0 , 
we get the co-ordinates of the double points, namely, 

x{ : xi : xj : : A a : A i2 : A iz (t = 1 , 2 , 3). (811) 
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Tangential Equations. 

260. To find the pole of the line X x -0 with respect to af = 0 . 

Let y Ibe the pole, then the polar of y, that is 

a x .a y = 0 , (807) 

must be identical with A* = 0 . Hence, comparing coefficients, 

I an yi + a 12 y 2 + a lz y z = \ u 

■"■I 

^ Chi 1J\ + # 22^2 + ^ 23^3 = ^2, ( 1 ) 

^3l2/l + ^32^2 + ^33^3 ~ ^*3* 

Erom which, if A denote the discriminant, we get 
A y\ — AnXi + -^i2 A.o + A\ Z X Z == AiX a . 

Similarly, A y 2 = A z X a , Ay 3 = A z X a . (812) 

If the line X x or A^ + X 2 x z + A 3 # 3 = 0 touch af = 0 the point 
of contact will be its pole, and will therefore be on the line and 
substituting in X x = 0 the values (812), we get the tangential 
equation, viz., A^ = 0 . (813) 

I Cor . 1 . The tangential equation or the equation inline co¬ 

ordinates is obtained from that in point co-ordinates by writing 
,A.\^ Ai Z j A z for flfj, $o, $ 3 , and Aj, A 2 , Ag for 2 ?i, x z ^ ^ 3 * 

Cor. 2 .—Since y is the pole X x = 0 , if A* = 0 touch = 0 we 
have + A 3 ^ 3 + A 3 y 3 = 0 ; hence, eliminating y l7 y 2 , y z be¬ 
tween this and the equations ( 1 ), we get the tangential equations 
in determinant form, viz., 

a n j # 12 ? ^i3> Aj 

a%i , <^ 22 ? ^23> Ao 

= 0. (814) 

U'Zly #32? ^33 J ^3 

Ai, Ao, A 3 , 0 

This determinant expanded or A a 2 = 0 shall be denoted by 
2 = 0 . Hence S = 0 is the tangential equation of S = 0 . 



0 we 
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Cor. s .—If the pole of the X x = 0 bo cm tlie lino /v 
have 4- ^ 2^/2 + MJz = 0, and eliminating we got 

^ 11 ? ^ 12 ? %13 ^1 

$21 j $22 ? $23? Ao 

$313 $32? %!? ^3 

A^3 /* 2 ? /^3, 0 


«0, (HI />) 


which expanded is equal to A x . A^ = 0 . (8 16) 

Hence A\ . A^ = 0 is the condition that the linen A,, p r may 
he conjugate with respect to the conic aj: 0 . 

Cor. 4 .—The differentials of A f with respect to A b A,., A ;t an* 
the point co-ordinates of the pole of A,, with, respect to a/ 0 , 
just as the differentials of afi- 0 with respect to .r/, ,r./ ? t r/ arc 
the line co-ordinates of the polar of the point A wit h respect 
to a 2 = 0 . 

261 . To find the equation of the point pair in which the /fur 
XJ = 0 intersects the conic a 2 = 0. - 

Let X x " = 0 be any other line, then if XJ -| kXJ* toueh af 0 
we get substituting A J+7cXJ', A/ + 7cX./', XJ\ /;A," for A b A,, A, 
in the tangential equation AJ 2 + 27cX' A . X'' A -i- AJ' 2 0 . Now 
since this is a quadratic m7c, we see that through tins intersectiml 
of the lines XJ = 0, XJ' = 0 can be drawn two tangents to a j 0 , 
hut if XJ = 0 , XJ' - 0 intersect on aj = 0 the two tangents coincide] 
and the equation in 7c is a perfect square. Hence, omitting the 
double accents, the equation of the point pair is 

Af ~. AJ- (Ay . XJf™ (). (Hi?) 

Cor. The equation (817) in determinant form is 

$ 12 ? $i 3 ? A/, x t 

a 2U $22? $23 J A 2 ', Ao 

^31, $ 32 ? $ 33 ? V, A ;i a 0. (8lH) 

^? V, A/ 

A 2 , a 3 


§ 


f 


! 

* 
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Observation .—The bordered determinants (814), (815), (818) 
are written by Clebsch 




respectively. See Cubic Transformations , page 4. 

262. If a x 2 = 0, b 2 = 0 be two conics, it is required to find the 
locus of the poles with respect to a x 2 - 0 , of tangents to b 2 = 0 . 
The polar of the point y x with respect to a 2 = 0 , is 


(«ia?i + a 2 x 2 + a z x z ) {a l y l + a 2 y 2 + a z y z ) = 0 ; 


or putting Y x = a n y 1 + a 12 y 2 + a lz y Zj &c. 

Y\X i + Y 2 x 2 .+ Y z x z — 0 . 

And the condition that this should be tangential to b 2 = 0 is 
{JBfYi + B 2 Y 2 + JB t Y z y = 0 , or By — 0. (819) 

263. In the general trilinear equation ao 2 + 2ka/3 + l fir + 2 ffiy 
+ 2gya + cy 2 = 0, to explain the geometrical signijidation of the 
vanishing of a coefficient. 

1 °. The vanishing of the coefficients of the squares of the 
variables has been fully explained in § 113. 

2°. When the coefficients of the products vanish. 

Suppose the coefficient h 7 for example, to vanish, then the 
equation becomes ao 2 + bJ3 2 + cy 2 + 2//3y + 2yya = 0. How, this 
will meet the line y = 0 in the two points where the lines 
ao 2 + bfi 2 = 0 meet y = 0 ; that is, in two points which are 
harmonic conjugates to the points where the lines a = 0,* ft = 0 , 
meet y. Hence we have the following theorem :— If in the 
general equation the coefficient of the product of any two variables 
vanish , the third side of the triangle of reference is cut harmonically 
by the other sides and the conic . 

Cor. 1 .—If the coefficients of all the products vanish, each 
side of the triangle of reference is cut harmonically by the conic. 
In other words, the triangle of reference is autopolar with 
respect to the conic. 
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This may he shown otherwise. Let the conic ho 


then we have 


l 2 a 2 + m 2 ft 2 - n 2 y 2 = 0, 
(ny + la) (ny - la) = m 2 ft 2 . 


Hence ny + la, ny - la are tangents, and ft is the chord of con¬ 
tact, which proves the proposition. 

Cor. 2.—Any point on the conic l 2 a 2 + on 2 ft 2 - n 2 y 2 - 0 will bo 
common to the lines denoted by the system of determinants 


la, mft, ny, 

cos <£, sin <fi, 1, 


(820) 


each equated to zero, which may be called the point </> on the 
conic. 

Cor. 3.—The equation of the join of the points if/ + i//, \[/ « i// 
is 


la, mft, ny, 

cos (ifs + *js f ), sin (t + f), 1, | rn o, 

cos (i/r - ij/'), sin (x[/ - if/'), 1 

or la cos if/ + mft sin \j/ - ny cos ij/' « 0. (821) 

Hence the equation of the tangent at the point ^ is 


la cos ij/ -i- mft sin ^ - ny ~ 0. 


(822) 


Cor. 4. The co-ordinates of the point of intersection of tan¬ 
gents at i/r + \j/', if/ - if/', are 


cos\[/ sin i // cos t// 

l 7 m ’ 


(82.'!) 


_ 5-~The equation of a conic referred to a JWuh and 

directrix is ** + y- = («y) 2 , where y = 0 denotes the directrix. 
Hence it is a special case of 

l 2 a 2 + m 2 ft 2 - n 2 y 2 = 0. 
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EXERCISES. 

1. Find tho values of l 7 m, n, in order that l' 1 a 1 -I- w 2 /3 2 + n 2 y 2 = 0 may 
represent a circle. 

Am. I 2 r-. Bin 2A, nr —■ Bin 2 /> , n 2 = Bin 2 C. 

2. If tho conic Per *!• nr ft 2 *1- n z y~ ■ 0 pafwoH through a fixod point, three 
other points on it are determined. Tho points which form with the given 
point., a standard quadrangle. 

:t. Kind the condition that the join of the points \{/ »|* if/, ip — \f/ should 
touch the conic l' 2 or I m' 2 fi 2 d n' 2 y 2 ■ 0. 

I 2 ('Ofr d> wr Bin 3 if/ n 2 cos® d/ 

Am. Y -I.d. ™~0. 824 

l 2 in- n m 

4 . Kind tho co-ordinaUw of the pole of tlio line A aJ r= 0, with respect to 
the conic 

\/li$i h \/ 4^'i d* a/ to = 0. 

Kroin equation (812) it is neon that thn co-ordinates of tho polo arc tho 
diHerontiala of tho tangential equation of the conic, with rospoct to Ai, As, As, 
respectively. But tho tangential equation of the given conic in 

hAsA;» *1- h AyAi d* diAiAs 0. 

Hence the required co-ordinates are 

:rK fsAa -I diA'i, ‘ : /»Ai *1 /iA:t, r/ ■■■: / t As d JuAi- 

Since them remain unultered when AiAsAn are interchanged with IM \wo 
HOC Unit the pole of Ar with respect to 

\/hxi d* \/kXi !• \/toi cr - 0 
in nine the pole of 4 with respect to 

Ai#i d- y/ As*r*s + %/*As.t’n "■ 0. 

5. Tho centre of tho conic 

Aun d* Aasra d- 4 / A;i.r;j - 0 

is tin* pole of hx 0 with respect to the conic which touches the sides of tho 
triangle of reference at. their middle points. 

(h Kind the locus of the pole of A* 0 with respoct to tho conic 

*s/ hx -1 d' ! • *s/ — 0 

o 
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fceing given that the conic fulfil* another condition, Hitch an to touch a given 
line, say L» = 0 . 

Solving the equations in Ex. 4, h, k, h are proportional to 
Ai {te%2 + M fc&a' + ^ ( A i‘*V + W*' ~ A ^* r -0* 

Now, if L x touch the conic, wo havo 

A + iL, * o. 

L\ L<i 

Hence the required locus, omitting accents, in the right line 
Ai (A2^2 + Aa ^3 - Ai.rj) Aa (An.r ;{ | Aj.r t — A «#») 

Ti ' 

+ (KtiR) 

03 

7 . The triangles formed by throe givon points, and their polarn with 
respect to any conic, are in pornpoctivo. 

Dem.—Let y, «,w, bo the angular points of Urn original triangle ; t heir 
polars with respect to a x 2 = 0 , are u x . a lh a# » e r „ a M . tr W) respectively ; 
and the equation of the join of y to tho intersection of the polara of 
z and w is 

(a x . a % ) ( a y . a t0 ) - (a x . <t w ) (tt v . a x ) =■= 0 , 

with two similar equations for the other liuoH of connoxion; and these, 
when added, vanish identically. Hence, &o. 

8 . It is required to determine when tho general equation 

ad 1 4 - bfi 2 *f cy 2 4 - 2 /iafi 4 * 2 /#y I 2yya r: 0 

represents an ellipse, a parabola, or a hyperbola. If wo eliminate y between 
this and the equation 

a sin A 4- /3 sin B -p 7 sin Or, 0, 

which represents the lino at infinity, and if (ho resulting equation In a, fi 
he the product of two real factors, it will bo a Immrlmlu ; if tho product, of 
two imaginary factors, it will bo an ellipse ; and if a perfect square, it, will 
be a parabola. In this way wo find it to bo an ellipse, a parabola, or a 
hyperbola, according as 

A sin 2 A 4-1? sin 2 B 4- C sin 2 £ 4 - 2 'FainD sin 0+Wm\ Omn A 4 2 // sin A mix U 
is positive, zero, or negative. 
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9. If the condition of Ex. 3 "be fulfilled, what is the locus of the pole of 
the join of the points i|/ + if/', xp — if/' ? 

Denoting the co-ordinates of the pole by x, y, z, from equation (823), 
we have 

lx - cos ip, my = sin ip, nz = cos xp'. 

Hence, from (824), we get 


fix 2 vfiy 2 ifizr 

V 2 on' 2 n' 2 


(826) 


This conic is the polar reciprocal of l' 2 a 2 4- m 2 fi 2 -I- n' 2 y 2 = 0, with respect 
to l 2 a 2 4- m 2 i 8 2 4- n 2 y 2 = 0. Hence the polar reciprocal of a'or 4 b'iQ 2 4 c'y 2 — 0, 
with respect to aa 2 4- bfi 2 4 cy 2 = 0, is 


a 2 a 2 b 2 } 8 2 

a' + b’ 



(827) 


10. Find the condition that the line Ka 4- yfi 4- vy = 0 will touch the 
conic l 2 a 2 + m 2 fi 2 — n 2 y 2 = 0. 

Comparing \a + /xjB 4- vy — 0 with Equation (822), and eliminating xp, we 
get the required condition 



(828) 


Hence, if one tangent to the conic l 2 cr 4 * m 2 /3 2 = n 2 y 2 he given, three 
others are determined. The given tangent and the three others form a 
standard quadrilateral. 

11 . If the chord in Ex. 3 passes through the point a', y, the locus of 
its pole is 

Pa a + m 2 i B'j8 4 n 2 yy = 0. (829) 

12. The locus of the pole of any tangent to the conic a* 2 , with respect 
to xi 2 4' X 2 2 + xz 2 — 0, is 

A x 2 = 0. (830) 

<8 

13. Find the equation of the orthoptic circle*of the conic 

aa 2 4- £$ 2 4 cy 2 = 0. 

If xp + xp', xp — xp' he the parametric angles of the points of contact of two 
rectangular tangents, then the condition of perpendicularity will give us 
the required result, after eliminating p, ip' by means of the co-ordinates in 
equation (823), and putting a } b, c for l 2 , m 2 , — n 2 ; thus we get 

a (b 4- c) a 2 4- b ( c + a)$ 2 + c(a^b)y 2 + Ibc cos A . fiy + lea cos JB . ya 

4 - lab cos O. aj8 = 0. (831) 
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14. The locus of tlie centre of a conic inscribed in the triangle of refe¬ 
rence, and passing through the eireumcentre, is 

2 Vsin 2 A (j8 sin JB -f y sin 0 — a sin A) = 0. (832) 

15. If the inscribed conic pass through the orthocentre, the locus is 


2 Vtan A (£ sin JB + y sin 0 - a sin A) = 0. (833) 

264. To discuss the equation aj3 - y 2 . 

This is the special case of the last proposition, when the 
coefficients of the products fiy, ya vanish, and also the co¬ 
efficients of a 2 , ft 2 . The form of equation (§ 233, 3°) shows 
that a, /3 are tangents, and y their chord of contact. If in 
the equation a/3 = y 2 we put a = y tan <£, /3 = y cot <jf>, the equa¬ 
tion is satisfied. Hence the co-ordinates of any point on the 
curve may he represented by tan <£, cot <£, 1. This point will 
be called the point <£. 

265. The equation of the join of two points <£, fa is the 
determinant 


P, y, 

tan <£, cot <£, 1 , 

tan fa, cot cj> i, 1 



p 


(834) 


tan <j> + tan </>i cot <j> + cot ^ 

Cor. 1 .—If tan -f tan fa be constant, the join of the points 

<£, fa passes through a given point. 

For writing the equation (834) in the form 

a+ /3 tan <jf> tan fa - y (tan -i- tan fa) = 0 
it represents a line through the intersection of 


a — y (tan + tan fa) = 0 and /5 - 0 ; 
that is, through a fixed point on /?. In like manner, if 
cot + cot fa he given, it passes through a fixed point on a; 
and if the product tan <j> • tan fa be given, it passes through a 
fixed point on y. 

Cor. 2 .—The tangent at the point </> is 
a cot <f> + /3 tan = 2y. 


(835) 
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Cor. 3.—The tangents at </>, </n intersect on tho lino 
a - ft tan </> tan c/n, got l»y eliminating y "between their equa¬ 
tions. Hence, if tan </>. tan <j> x be coiiHtant, tbe tangents at 
</>, </>! intersect on a fixed line passing through the point aft. 
In likes manner, it may Ins shown that ii’ tan </> -f tan <j> x bo con- 
Ht.aut, the tangents moot on a fixed lino passing through ya, 
and if cot </> h cot </n Iks constant, on a fixed lino through fty. 
Cor. *1.—-Tho equation (884) may he written in tho form 
(a - y tan <j>) - (y - ft tan </>) tan <j> x - 0 ; 

or, say L - M tan </n r.- 0 ; and since (§ 45) the anhar- 
nnmie ratio of tlm pencil of four linoH a — a - A/3, a - 
a - A,/? is 

(*-Wa-*a) ■> 

wo infer that the an harmonic ratio of tho pencil of lines from 
any variable point of tho conic to tho four fixed points </n, </> 2 > 

<fa, <h iH 

(tan <l>i - tan </> a ) (tan </> ; , - tan < fa) (tan </n - tan c/>. t ) (tan </> 2 

- tan < fa), 

or sin (</>, - </>a) sin (</> :J «■ </>.i) sin (</>, - </> ;i ) sin, (</> 2 - c/>, A ), 

(830) 

and is therefore constant. 

The theorem just proved was discovered by Oiiabuw, and 
is the fundamental one in. his >S M-tons Coniquea , Paris, 1805. 
On account of its great importance wo shall give another 
proof. Let tho quadrilateral formed by tho four fixed points 
ho ADC />, and let 0 his any variable point; then, if the 
equations of the sides A />, DO, (■!), DA. of the quadrilateral 
be a, ft, y, 8 respectively, the equation of the conic (§ 233, 5°) 
may he written ay kft o 0; hut a being tho perpendicular 
from 0 on A />, we have 


OA. OILmxAOD 
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•with, similar values for (3, y, $; and these substituted in the 
equation ay - h/3S = 0 give 

sin A OB. sin 0 OD _ ^ AB . CD 
sin j BOG. sin A OB C ' BG. AB 

The right-hand side of this equation is constant, and the left- 
hand side is the anharmonic ratio of the pencil (0 . ABCB). 
Hence the proposition is proved. (See Salmon’s Conies , 
p. 240). 

Cor. 5.—The tangent at </> intersects the tangent at fa on 
the line a cot <j> - ft tan fa - 0 . Hence, as in Cor. 4, we infer 
that the anharmonic ratio of the four points, where tangents 
at four fixed points fa, fa, fa, fa meet the tangent at any 
variable point fa is 

sin (fa - fa) sin (fa - fa) ~ sin (fa - fa) sin (fa - fa), 
and is therefore independent of </>. 

Cor. 6 .—If the line Aa + fi/3 + vy touch the conic at the 
point fa we must have A, jjl, v proportional to cot <p, tan </>, - 2. 
Hence 

4A^ = v 2 , (837) 

which is the tangential equation of the conic. 


EXERCISES. 


1. The co-ordinates of the point of intersection of tangents at <p, <p e are 
proportional to tan <p tan <£', 1, J (tan <f> + tan <£'). 

2 . The length of the perpendicular from, the intersection of tangents at 
<f>', <£>" on the tangent at <f> is, putting t for tan <f>, &c., 


where f(t) stands for 

V(2 4 + 4 cos A . t z + 2 (2 - cos C) t 2 4- 4 cos JB . t + 1). 


(838) 


3. If ajQ = Jc 2 y 2 be the equation of a conic, the circle of curvature at the 
point &y is 

£ 2 -{. y* + 2f}y cos A - & . [c sin JB)//*; 2 . (Cropton.) 
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4. Tf </>, <j >' bo two points on a conic, such that the ratio of tan <p : tan <f >' 
is constant, the envolopo of thoir join is a conic, haying double contact 
with the given conic. 

6 . If the points <j>, <p' vavy hut so as that the ratio of tan<£ : tan <£>'be 
given, they divide tho conic homographically (see Cor. 4). 

Hence, if two conics have double contact, any variable tangent to one 
divides tho other homographically. (Townsend.) 

G. If two vertieos of a circumscribed triangle move on fixed lines, the 
locus of tho third vortex is a conic having doublo contact with the given 
conic. 

For lot tho points of contact bo <•/>, <■//, <}”; and tho fixed lines a - /ul& = 0, 
a - fx'JB sb 0. Then ($ 205, Cor. 3), tan </>. tan <p r = /jl } tan (p . tan <p" = fx\ 
Ilonco tho tangents at <\>' aro 

a tan <[> -\- /* 2 0 cot (p — 2 fxy, 
a tan </> + ,u/ 2 /3 cot (j> ss 2/x'y ; 
and eliminating <p wo got 

a0 ( fx. -1- /x') 2 = (839) 


7. Find tho envolopo of tho base of a triangle inscribed in a conic and 
whoso two sides pass through fixed points. 

8. If pi* donoto tho perpendicular from tho intersection of tangents at 
<])', <//' on tho tangent 0, and 7H2 tlxo perpendicular on any other tan¬ 
gent ; thou 

V 12 • TTai __ 7T 13. 7 T2i __ • ^33 /R4 

012 • 03 d 013 . 02d 01d ■ 023 


9. If a polygon of any number of sidos bo circumscribed to a conic, 
and if <//, </>", &c., bo tho points of contact, and (p any variable point, then, 
with tho notation of Ex, 8, wo have 


M^n + %t fl z £2 + &e . = 0 . 

•aria 7T23 


(841) 


10 . Since 0i 3 {? + t") = 2712 , and 0 i 2 {t’t") = ais (Ex. 1 ), it follows that 
012 { t * — £") = 2 V ?!# 8 — <*12012 = % V $ 12 ) & o . 


Ilonco, from (841), wo got 


V/S 12 ^ V&S3 ^ '//Sad 
V ISt ^23 7T34 


+ 


&C. + 


a/ £«i 

^•»i 


= 0 . 


(842) 
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Theory of Envelopes. 

266. We have seen (Chapter II. Section m.) that it the 
coefficients in the equation of a line ho connected by a rela¬ 
tion of the first degree, the line passes through a given {mint— 
in fact, the relation between the coefficients is the equation, of 
the point (§ 72); and in this Chapter we have shown that, if 
the coefficients he connected by a relation of the second degree, 
the line will? in all its positions, be a tangent to a etiivo ol the 
second degree. From these examples we are letl to the follow¬ 
ing definition :—When a right line or a curve move* according to 
any law , the curve which it touches in all its positions is called its 
envelope. The following examples afford further illustrations 
of this theory, one of the most interesting in Analytical 
Geometry. 

EXERCISES. 

1 . Let X% + fty + 1 = 0 be the line, and («, b , c , /, y, //) (A, 1)“ the rela¬ 

tion among the coefficients; it is required to find the envelope of the lino. 
It appears at once that the required cnvelopo is such that two tangents can 
he drawn to it from any arbitrary point. For, let x'y' ho the point ; 
substitute these co-ordinates in Xx /xy -I- l, and eliminate /<. between tho 
result and the equation (a, b , c , /, g, h)(X, /x, 1)“, and we get a, quadratic 
in X, corresponding to each root of which can bo drawn a tangent to the 
required envelope. Now, if tho quadratic have equal roots, the tangents 
will coincide, and their point of ultimato intersection will he a point, on 
the curve. Hence, forming the discriminant; of the quadratic in A, and 
removing the accents from #'/, wo got tho required envelope, viz. 

[A, B, C, F } G,II)(x, y, l)~-0, («-13) 

where A, I?, C , &c., have tho usual meanings. 

2 . Find the envelope of p 2 z -/x?/ -\- a — 0. This is the quadratic, that 
would result if we were solving by tho foregoing]method the problem of 
finding the envelope of the line x% + juy a - 0 ; A, /x being eonneeted by 
the relation A = /x 2 . Hence, forming tho discriminant with respect to y. 
of the equation p?x + fxy -|- a — 0, wo got tho parabola */- ; ittx. 

Similarly, we may solve the more general problem to find tho envelope 
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of p 2 P + fiQ + B = 0, when P, Q, F denote curves of any degree, viz. 
we get 

Q 2 = 4PR. (844) 

3. If p, p be the distances of two fixed points /,/' from a variable line ; 
then, if Ap 2 + 2 Bpp' + Cp' 2 = D the envelope of the line is a conic of which 
the line ff is an axis of symmetry. 

1°. If B 2 — 4 AG > 0 the equation reduces to the form 

(mp + np ') (m\;p + nip') = D. 

Let JF, F' be the points which divide the distance ff in the ratios — n/m, 
— nil mi, and let g , g f be the distances of FF' to the moveable line. Then 
the equation becomes gg' - F, and the line envelopes an ellipse or hyperbola 
having F, F r as foci, according as F is positive or negative. If m\ — — n\ 
F ' is at infinity, and the envelope is a parabola. 

2°. If B 2 — 4AC — 0 the equation becomes (mp -f np) 2 =2), which corre¬ 
sponds to a circle. 

3°. If B 2 — 4AC < 0, we can write (mp + np ') (m\p + nip') =2) where the 
ratios mjn, mijm are imaginary. The imaginary points F, F\ which divide 
ff in the ratios — nfm — ni/mi are situated on the minor axis. They are the 
antifoci of the conic. In this case we can also write the equation in the 
form 

(p.p -h vp) 2 + (fp + v'p') 2 - D. 

4. Find the envelope of the line ax cos <p + by sirup = ab . 

5. Find the envelope of a line if the sum of the squares of perpendiculars 
let fall on it from any number of fixed points be constant. 

Ans. A parabola. 

6. Find the envelope of 



being = c. Ans. 2 xy — c. 

7. Find the envelope of a line which makes on the axes of co-ordinate 
intercepts whose sum is constant. 

8. If two conjugate diameters of an ellipse be given in position, and the 
sum of the squares of its axes given in magnitude, prove that it is inscribed 
in a given quadrilateral. 

9. Find the envelope of a system of confocal conics. Let 

a 2 y 2 _ 1 

a M -|- A b 2 *f A 
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te one of the conics. Clearing of fractions, and considering tho result as 
a quadratic in A, we find, by forming the discriminant, tho product of four 
imaginary lines, viz. 

c ± x ± y ~ 1 = 0, whero c 2 = dr - IP. (845) 

10. The envelope of the polar of a given point, with respect to a system 
of confocal conics, is a parabola whose directrix is tho join of tho given point 
to the centre of the confocals. 

11. If A ., JB, C, A\ C he two triads of fixed points on two given linos 
jjl } ft' two variable points, one on each line, find tho envelope of the join 
of fjL, fi, if the anharmonic ratios (ABC0), (A r Ji r O r 0) bo equal. 

12. The s ummi ts of a triangle move along throo fixed linos, and two of tho 
sides pass through two fixed points ; find tho envolopo of tho third side. 

13. If two of the sides of an inscribed trianglo of tho conic a 2 4- 0 l — y~ 
touch the conic aa 2 4- b$ 2 = cy 2 , the envclopo of tho third side is 

(ca 4 ab - be) 2 a 2 4- ( ab + be ~ ca) 2 0* = (bo 4* ca - ah) 2 y 2 . (84 6) 

14. If the point z'y' be the orthocentro of a triangle inscribed in tho 
ellipse x 2 ja 2 -\-y 2 jb 2 -1 = 0, prove that the onvolopo of its sides is tho conic 

(a 2 4 b 2 ) 2 { {a 2 - x' 2 ) x 2 4- {b 2 - y' 2 ) y 2 - 2 x'y'xy) 

4- 2 [a 2 4- b 2 ) {(aV 2 4- b 2 i/ 2 - a 4 ) xx' 4- («V 2 4- b 2 >/ 2 - b 4 ) yy' } 

— (a 2 x ,% 4- b 2 y 2 — a *) («V 2 4* bhj' 2 — b*) = 0. (847) 

15. If the line xx 4- M 4- 1 = 0 cut tho conic 

ax 2 4- 2 hxy + hy 2 4- 2gx 4- %fy 4- c = 0 
in points which subtend a right angle at tho origin, provo 

c {X 2 4- /r) - 2yx - 2/> 4- {a 4- b) = 0. (848) 

16. If tangents he drawn to tho ellipso x 2 ja 2 4- y 2 /b 3 -1-0 at tho extre¬ 
mities of a variable diameter AA', and if a circle touching those tangents 
touch the ellipse at a point P, provo that tho onvolopo of tho chords AP, A'P 
is one or other of the conics 


x 2 /a 2 4- y 2 \b 2 - 11 (a + b) « 0, 
x 2 \a 2 - y 2 jb 2 4- 1 [a - b) = 0. 


( 849 ) 


CHAPTER XI. 


THEORY OP PROJECTION. 


267. Dee. — Let 0 he the origin, OX, OT the axes ; BB', IB 
{called the base line and the infi¬ 
nite line respectively') two lines Y 
parallel to the axis of Y. Then 
let P he any point in the plane ; 
join IP, cutting BB' in C; through 
C draw CP' parallel to OX, meet¬ 
ing OP produced in P'. The point o 
P' is called the projection of P. 

In tlie ordinary method of 
treating proj ective properties of figures (see Cremona, Elements 
of Projective Geometry) three planes are required :—(1) A plane 
passing through the centre of projection. (2) A parallel plane, 
on which is drawn the projected figure. (3) The plane of 
the figure to he projected, cutting the former planes in parallel 
lines. It will he seen that the method which we have adopted 
is virtually the same, and that while it relieves the student 
from the embarrassment of having to consider different planes, 
it has the advantage of admitting the use of analysis. 

If the co-ordinates of P be xy, those of P', x'y', then denot¬ 
ing 01 by a and BI by c, we easily get 



x 


ax' ay' 

c + x' 9 ^ c + x r 


(850) 


Cor . 1 . —If x = a, x' will be infinite. Hence the projection 
of any point on the line IB will be at infinity. 
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Cor . 2.—From (850) we get 


cx , 

■ j y = — ~* 

a - x a - x 


( 851 ) 


268. If any line CD cut the base line and the infinite line in 
the points C, D respectively, its projection will be a line through 
Cparallel to OD. 

Let the equation of CD be 

lx + my + n ; 

and since 01 = a , the equation of IT 
is x - a = 0. Hence the equation of 
OD is 

n(x — a) + a (lx + my + n) = 0, 

or (la + n) x + may = 0. 

Again, substituting in lx + my + n the values in (850), wc get, 
after omitting accents and clearing of fractions, 

(la + n) x + may + nc - 0, 

which is the equation of the projection of CD. Now, since 
this differs from the equation of OD only by a constant, it is 
parallel to it; and since it may be written in the form 

n (x - a + c) 4- a (lx + my + n) = 0, 

it passes through the intersection of the linos 

x — a + c a 0 and lx + my + n = 0 ; 

that is, through the point C. Hence the proposition is proved. 

Cor. 1. Any two lines intersecting each other on IT aro 
projected into parallel lines. 

Eor, if two lines pass through, the point D, the projection of 
each will be parallel to OD. 

Cor. 2—A line passing through the origin is unaltered by 
projection. J 
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Cor . 3.—If four lines form a pencil, their projections form 
a pencil of the same anharmonic ratio. 

For, if B be the vertex of the pencil, and if its fonr rays 
meet the line IP in the points A 7 B , C, D, their projections 
will be parallel to OA 7 OB 7 OC , OB. Hence the proposition 
is proved. 

On account of the invariance of the anharmonic ratio ly projec - 
tion 7 those properties which depend on anharmonic ratios are called 
pitojKCTivn properties. 

Cor. 4 .—Parallel lines are projected into concurrent lines. 

Tor the projection of lx + my + n = 0 is a (lx + my) + n (c + x) = 0 ; 
if n be variable (lx + my + n) = 0 denotes a system of parallel 
lines, and its projection a (lx + my) +tt(H^)=0a concurrent 
system. 

269. A curve of the second degree is projected into another curve 
of the second degree . 

For, making the substitutions (850) in an equation of any 
degree, and clearing of fractions, we get an equation of the same 
degree. 

Cor. 1.—The proj action of a tangent to a conic is a tangent 
to its projection. 

Cor. 2.—The relations of a pole and polar are unaltered by 
projection. 

Cor. 3. —A system of concentric circles is projected into a system 
of conics having double contact with each other. 

For, let x 2 -I- y 2 = r 2 be one of the circles : by varying r we get 
a concentric system ; and making the substitutions A (850), we get 
a (x 2 + y~) = r~ (c -l- x) 2 7 which, when r varies, denotes a -system 
of conics having double contact with each other. 

270. Any straight line can be projected to infinity , and at the 
same time any two angles into given angles. 
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Let IT be the line to bo projected to infinity; UPS ,, TQV 
the angles to be projected into given angles ; 
say, for example, into right angles. Let if |p 

meet the legs of the angles in tho pairs of points 
It, S; f V. "Upon US, TV describe semieir- 
cles, intersecting in 0. Then 0 Avill he this 
required centre of projection, and wo can take 
any line parallel to 12 1 for the base lino />/;*'. 

If the circles do not intersect, the point 0 
will be imaginary, in which oasis imaginary 
lines in one figure will be projnoted into real 
lines in the other. Thus eonfoeai (tonics, 
being inscribed in an imaginary quadrilateral, 
will be projected into conics inscribed in a real 
quadrilateral. 

The substitutions for this case are, for x, y, respectively, 

ax ays/ ~ i 
c + T c -I- x 

In this manner wc get for the four imaginary linos (8 (5), the 
four real lines c ( c -I- x) ± ax ± ay ~ 0, which arcs the four sides 
of the quadrilateral circumscribed to the projection of eonfooals. 

271. A system of coaxal circles is projected into a system of 
conics passing through four points . 

Dem. Let x 2 + 4- 2 lex — d“ ~ 0 bo a (tire,Its, which, by giving 
l different values, will represent a coaxal system. Then, making 
the substitutions (850), wc get, after clearing of fractions, 
arx 2 + dry 2 - d 1 ( c + xf + 2 kax (c *}- x) () 7 

or, say, S + 2kLM. = 0. 

Hence the proposition is proved. 

This maybe shown otherwise, thus : a coaxal system of circles 
have common the two cyclic points, and the two points where 
they meet the radical axis, and the projections oi‘ these points 
•will he common to the projections of the circles. 
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272. Any conic A can he projected into a circle having for its 
ire the projection of any point P in the plane of the conic. 

Dom.~~ Let, .//' lx; 1.1 in polar oil P with respect to S ; then 
;< i this lor tho infinite line (§ 2(>7), and let 
R; Jt' he pairs of conjugate points 
>n it with respect to A; upon QU , Q1V 
erihe semicircles, intersecting in 0. Now 
ing 0 for the centre of projection, anti 
r line parallel to IP for tho base line 
2(>7), tho lint's /Y*>, P11 will he projected 
!> lint's parallel to OQ, OR; that is, into 
(‘.angular 1 inos. Similarly, PQ\ PR' will 
projected into another pair of rectan- 
nr lines. Hence the projection of S will 
a conic, having two pairs of rectangular 
jugate lines intersecting in tho projee- 
l of P. in other words, it will boa circle, having the projec- 
i of P for ct'ntrt'. 

S7T The pencil formed by the two legs of a given angle, and the 
gin ary lines through Us vertex to the cyclic points has a given 
unuonic ratio. 

)om..Let. the given, angle ho that formed by tho axes of 

>rdinat.es, namely, «>. Then the equation of a point circle at 
origin is ;r j ;//" • Try c.os <» -■ 0 ; and tho factors of this, viz. 
e u> * 1 y 0, x - e ,4,v 1 y - o, a,re the linos from the origin to 
cyclic points, The enharmonic ratio of the pencil, formed 
these lines and the axes, is e 2< *' / “ 1 , and is thereforo given, 
ice the proposition is proved. 

tor. . If the axes he, rectangular tho pencil formed by them, 

tho linens to the cyclic points, is a harmonic pencil. For, 
ting 

rr/2 for «>, /r wV ” 1 = — 1. 
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EXERCISES. 

1. Any quadrilateral can be projected into a square. For the third diagonal 
(§ 270) may be projected to infinity, and the remaining diagonals and a pair 
of adjacent sides into pairs of rectangular lines. 

2. The diagonal triangle of a quadrilateral is self-conjugate with respect 
to any inconic of the quadrilateral. For projecting the quadrilateral into a 
square, the intersection of the diagonals of the square will evidently be the 
centre of the inconic of the square, and will be the pole of the line at infinity 
with respect to that conic. Hence any diagonal of the quadrilateral is the 
polar of the intersection of the other two. 

3. If four chords of a conic be tangents to an inscribed conic (having 
double contact), the anharmonic ratio of the points of contact is equal to 
that of one set of extremities of the chords of the outer conic. For the 
conics may be projected into concentric circles, and the proposition is 
evident. 

4. Any line passing through a given point in the plane of a conic is cut 
harmonically by the conic and the polar of the point. For the conic can 
be projected into a circle and the point into its centre (§ 272). 

5. Any chord of a conic touching an inscribed conic is cut harmonically 
at the point of contact, and at the point where it meets the chord of contact 
of the two conics. 

6. If two pairs of opposite sides of a hexagon inscribed in a circle be 
parallel, it is easy to prove that the third pair of opposite sides are parallel. 
Hence the three pairs of opposite sides intersect on the line at infinity; and, 
projecting this, we have a proof of Pascal’s Theorem for any conic. 

7. Two tangents lo any circle are cut homographically by any variable 
tangent. For it is easy to see that the pencil formed by joining four points 
on one tangent to the centre of the circle is equal to the pencil formed by 
joining their corresponding points to the centre. Hence, by projection, we 
see that any two fixed tangents to a conic are cut homographically by a 
variable tangent. 

8. If two triangles be such that the intersections of corresponding sides 
are collinear, the joins of corresponding vertices are concurrent. For, pro¬ 
jecting the line of collinearity to infinity, the triangles will be homothetic. 

9. If a system of chords of a conic pass through a fixed point P, their 
extremities divide the conic homographically. Project the conic into a 
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circle, haying the projection of P for its centre, and the proposition is 
evident. 

10. Any two conics can he projected into circles. For, project one of 
them into a circle, and one of their common chords to infinity, then the 
projection of the other ■will pass through the cyclic points, and therefore it 
will be a circle. 

11. Any two conics can he projected into concentric conics. 

12. If a system of conics pass through four points, they cut any trans¬ 
versal in involution. 

For the conics can be projected into coaxal circles. 

13. If two conics he inscribed in a quadrilateral, their eight points of 
contact lie on a conic. 

Project the quadrilateral into a square, and the proposition is evident. 

14. What properties of conics are obtained from the following by pro¬ 
jection?—If a variable conic pass through four fixed points, the locus of 
its centre is a conic passing through the middle points of the joins of the 
four points. 

15. If a chord of a given circle pass through a fixed point, the locus of its 
middle point is a circle. 

16. If a variable conic be inscribed in a given quadrilateral, the locus of 
its centre is a right line bisecting the diagonals of the quadrilateral. 

17. The locus of the point, where parallel chords of a given conic are cut 
in a given ratio, is a conic having double contact with the given conic. 

18. If two triangles ABC, A'B'C ' be self-conjugate with respect to a 
conic, their six summits lie on another conic. 

Project the conic into a circle and the line BC to infinity; then A, the 
pole of BC, will be the centre of the circle; and if, taking the projections 
of AB, AC as axes, x'y\ x"y'', be the co-ordinates of the projec¬ 

tions of A', B’, C, respectively, the equation of a hyperbola passing through 
the projections of A\ B\ C', and having its asymptotes parallel to the 
axes, is— 

*!/, x, */, 

sty* 

x"'y'", v"\ 

This hyperbola passes through the projections of the six points. Hence the 
proposition is proved. 
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IS. In the same c.ise tie six lines forming the sides of the two triangles 

-:£* tangents to a conic. 

Prefect, as in Ex. IS, and it is easy to see that the projections are tan- 

cents to a parabola. 

20. If a conic be inscribed in a triangle the three lines through its sum¬ 
mits coni unate to the opposite sides are concurrent. 

21. The point in Ex. 20, the centre of the conic, and the centroid of the 

triangle are eoliinear. 

22. Through a given point d of a conic chords AJB, AO are drawn 
rnrullei to conjugate diameters of another conic; prove that the chord JdO 

passes through a given point. 


274. The projections of focal properties are always imagi¬ 
nary. For the imaginary tangents from a focus are projected 
into real tangents, and the cyclic points and the antifoci into 
real points. It will be seen that all these results follow from 
the projections of the four lines c ± x ± y s/ - 1, forming an 
imaginary circumscribed quadrilateral to a conic, into four real 
lines. 


EXERCISES. 

1. If a variable circle touch two fixed lines the chords of contact are 
parallel. Hence, by projection, if a variable conic touch two fixed lines, 
ani pass through two fixed points T, J, the chords of contact are concurrent. 

2. If a variable circle touch two fixed lines, the locus of its centre is 
a right line. Hence, if a variable conic touch two fixed lines, and pass 
through two fixed points I, J, the locus of the pole of the chord If is aright 

3. If a variable circle pass through a given point and touch a given line, 
the locus of its centre is a parabola, having the given point as focus. 
Hence, if a circuinconic of a given triangle touch a given line , the loci of t7ie 
poles of the sides of the triangle are conics inscribed in it. 

4. Two lines through the focus of a conic are cut by pairs of tangents 
parallel to them in four eoneyclic points. 

5. The circumcircle of the triangle formed by three tangents to a para¬ 
bola passes through the focus. Hence the vertices of two cireum triangles of 
a eonie lie on a come. 
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6. If a cireumtriangle to a given circle Lave two sides fixed and the 

third variable, the envelope of its eircumeirele is a circle. Hence, if a 
cireumtriangle of a given conic have two sides fixed, and the third variable, 
the envelope of a conic passing through two fixed points I, J of the former 
conic, and through the vertices of the triangle, is a conic passing through 
the two points /, J . (Prof. J. Purser.) 

7. The locus of the centre of a circle touching two given circles is a 
conic section, having the centres of the given circles as foci. Hence, if a 
variable conic passing through two given points I, J touch two given 
conics also passing through J, J, the locus of the pole of the chord IJ with 
respect to it is a conic inscribed in the quadrilateral formed by the tangents 
to the fixed conics at the points I, J. 

8. Through any three points can be described six conics to osculate a 

given conic. \ 

9. The poles of any side of the triangle formed by the three points 
in Ex. 8 with respect to the six osculating conics lie on a conic. 

275. In projecting a locus described by the vertex of a 
constant angle, we consider the pencil formed by its legs 
and the lines from the vertex to the cyclic points; and it 
follows, from § 273, that we get a constant pencil. Again, 
if the sum or difference of angles be given, we get, by pro¬ 
jection, pencils the product or quotient of whose anharmorde 
ratios is constant. This projection is always imaginary. 

EXEBCISES. 

1. The angle contained in the same segment of a circle is constant. 
Hence the anharmonic ratio of the pencil formed by lines drawn from any 
variable point to four fixed points of a conic is constant. 

2. If two tangents to a conic be perpendicular to each other they inter¬ 
sect on the orthoptic circle. Hence the locus of the point of intersection of 
tangents to a conic which divide a given line IJ harmonically is a tonic 
through the points J, J, and the envelope of the chord of contact is a conic 
which touches the tangents to the original conic from I, J. 

3. If two tangents to a parabola be at right angles, they intersect on 
the directrix. Hence the locus of the point of intersection of tangents to 
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a conic which divide harmonically a given line IJ touching the conic is a 
right line. 

4. If from any point on a circle two lines he drawn forming a given 
angle, the chord joining their other extremities touches a concentric 
circle. Hence if 2, J he two fixed points on a conic; jP, Q two variable 
points, such that the anharmonic ratio of the four points P, Q, I J is 
constant, the envelope of TQ is a conic. 

6. Project the following properties :— 

If two tangents to a parabola include a given angle, the locus of thoir 
intersection is a conic. 

6. If two circles be such that a quadrilateral can he inscribed in one 
and circumscribed to another, the chords of contact intersect at rigid 
angles. 

7- Confocal conies intersect at right angles. 

8. If two tangents, one to each of two confocals, be at right angles, the 
locus of their intersection is a circle. 

9. If a variable chord of a conic subtend a right angle at a fixed point 
not on the conic, the envelope of the chord is a conic. 

10. If a variable line, whose extremities rest on the circumferences of 
two given concentric circles, subtend a right angle at any given fixed 
point, the locus of its centre is a circle. 

Orthogonal Projections. 

276. If P , Qle two planes intersecting in a line Z, and inclined 
at an angle 0, and if from all the points A u A* ... of a figure I\ 
in the plane P perpendiculars le drawn to the plane Q, meeting it 
in the points B l1 B 2 . . .forming a figure F 2 , the figures If , .If 
are said to le orthogonally related , F 2 is called the projection of 
j P 1? and F ± the inverse projection of F 2 ; the line L is called the 
axis, and cos 0 the modulus of projection. 

The following are fundamental properties of orthogonal pro¬ 
jection :— 

1°. To parallel lines in either figure correspond parallel lines 
in the other. 

2°. The ratio of parallel lines is unaltered by orthogonal pro¬ 
jection. 
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277. By supposing the plane P to turn round the axis until 
it coincides with Q, the figures Pi, P 2 will be reduced to one 
plane. It is evident that any two corresponding points will be 
situated on the same perpendicular to the axis at distances 
which are in the ratio 1 : cos 0. Hence if the axis of projec¬ 
tion and a perpendicular to it be taken as axes of co-ordinates, 
the equation of P 2 can be found from that of F 1 by writing 
x, hj for x, y where h = cos 0 . 


EXERCISES. 

1. Tho lino at infinity is projected into the line at infinity. For the 
equation of the line at infinity is 0\.x + 0 .y + c = 0, and the substitution of 
§ 277 leaves this unaltered. 

2. A conic of any species is projected into a conic of the same species. 
For suppose the conic in j F x to be a hyperbola, it meets infinity in two real 
points. Hence its projection in F z meets infinity in two real points. 

3. Homothetic figures remain homothetic after projection. 


Liiuilter’s Problem. 

278. To project a given triangle A 1 A 2 A 3 into a triangle BiB 2 B 3 
■which shall he similar to a given triangle C X C 2 C 3 . 

Solution". —The generality of the problem will not be lessened 
by supposing the point B x to coincide with A x . On the side 
A«A Z of the given triangle construct the triangle D X A 2 A 3 
similar to 0 l 0 2 C 3l and describe a circle SA^Di through the 
points Af) i, and having its centre on the line A 2 A Z . 

Let the circle cut the line A 2 A Z in the points S, S'. Join 
A X S, P X S; let fall the perpendiculars A 2 a 2} A 2 a 3 on A X S. 
Draw SM t making the angle A X SM equal to B.SS', cutting 
A 2 aa, A 3 c t 3 in the points B Zj B z : then A X B 2 B 3 is the triangle 
required. 
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Dem.—The triangle A X 8M is evidently similar to J) X S8'. 
Therefore A X S : SM: : Z> X S: 8 S'; but SM: SB 2 : : SS' : BA,. 
Hence A X S : SB 2 :: B x 8 : SA 2 , and the angle A X SB 2 = J) X 8A 2 
(const.). Hence the angle SB 2 A X - SA,D X . Therefore A x BJJ n 
= B X A,A Z . Similarly, A x B 3 B 2 ~ B X A Z A 2 . Hence the tiianglo 
A X B 2 B 3 is similar to J) X A,A 3 , and therefore similar to C X C,C 3 . 

(Q.E.D.) 



If through 8’ the line S’M' be drawn parallel to SM, and the 
lines A X B 2 , A X B 3 produced to meet it in B' 2 , B' z , the triangle 
A X B',B' 3 is the inverse projection of A X A 2 A 3 . 

For A X B ' 2 : A X B 2 :: A X S' : A X M, that is : : a ,A ,: a,B 2 . Hence 
the line B'A 2 is parallel to A x 8, and therefore perpendicular 
to A X S'. Similarly, A 3 B\ is perpendicular to A x 8 r . lienee the 
triangle A x B r 2 B f 3 is the inverse projection AAA, with respect 
to the axis A X S'. 

The foregoing solution is taken from Heuberg, “ Sur les pro¬ 
jections et contre-projeetions d’un triangle fixe,” Bruxelles, 
1890. It is due to Gugler, who published it in tho 2nd 
Edition Traite de Geometrie descriptive, page 103. 
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Cor. 1.—If X >'i be “the symetrique of JD X with, respect to A 2 A 2 , 
the axes of projection are the bisectors of the angle 2) x A x jD' x 
and its supplement. 

Cor. 2.—The line A X JD X is perpendicular to the sides B 2 B 3 , 
B',B'z of the projections. For let A X B X intersect B 2 B Z in P. 
Then [Euc. III. xxi.] the angle SA X P = SS'D^ and A X SP 
= S'SD X (const.). Hence A X PS = SD X S\ 

Cor. 3.—The perpendiculars A X P , A x B l of the projections 
A X B 2 B Z , A x B' 2 B' z are respectively equal to ± {A X JD X - A X B\), 
b(A l 2) l + A l V l ). 

This follows from Sequel, Prop, vm., Book IY. 

Cor. 4.—If the axes of projection be given, but the modulus 
variable, the locus of summits of triangles similar to the pro¬ 
jections of A X A 2 A Z described on the line A 2 A 3 is a circle, viz. 
the circle A X SS whose diameter SS' is the intercept which the 
axes make on the line A 2 A Z . (Heuberg.) 

Cor. 5 .—If the modulus be constant but the axes variable, 
the locus is a circle. 

For let A\ be the symetrique of A x . Join SJD\, S'jD f x , cut¬ 
ting A X A\ in the points iY, iY' respectively, we have cos 0 
= A X M/A X S' = tan JD X SS'/ tan A X SS' = JTJT/A X BT; and since 0 
is constant and A X II constant, iZiY is constant, and iY is a given 
point. Similarly, iY' is a given point, and the circle iYZ/xiY' 
described on iY, iY' as diameter is a given circle, that is the locus 
of J)'i is a given circle. Ibid.) 

Cor. 6.—The circumcirclc of the triangle A X A 2 A Z will pro¬ 
ject into an ellipse, whose axes will be parallel to the axes of 
projection A X S, A X S'. 

EXERCISES. 

1. If a circle bo projected into an ellipse, the centre of the ellipse will be 
the projection of the centre of the circle. 

2. Any ellipso touching the three sides is touched by a homothetic ellipse 
passing through the middle points of its sides. 

3. In tho figure (§ 27S), prove that tan 2 -} 6 = AiD’ijAiJDi. 
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4. The maximum triangle inscribed in an ellipse is that whose centre of 
gravity coincides with the centre of the ellipse. For if the ellipse he 
projected [into a circle, the triangle must be projected into an equilateral 
triangle. 

5. The minimum triangle circumscribed to an ellipse is that whose sides 
are bisected at the points of contact. 

(3. Any hyperbola can be projected into an equilateral hyperbola. 

7. Two triangles orthogonally related are orthologiquo. 

Suppose the triangles to be AiA 2 Az, BiB 2 Bz, fig. § 278. Now tho tri¬ 
angle A 1 A 2 A 3 and the flat triangle Aictzaz are evidently orthologiquo, for 
the perpendiculars from AiAoAz on the sides of A\a 2 az are concurrent since 
they meet at infinity, and the vertices of A\B 2 Bz divido tho distances 
between corresponding vertices of A\A 2 Az and A\a 2 az in the same ratio. 

8. The tangents to an ellipse at the summits of its maximum inscribed 
triangle are parallel to the opposite sides of the triangle. Hence tho equa¬ 
tion of an ellipse referred to its maximum inscribed triangle is 

By I sin A + ya /sin B + a/3/sin C = 0. (So2) 

This is called the Steiner ellipse of the triangle. The contrast between 
its equation and that of the circumcircle is worthy of note. 

9. If the triangle A\A 2 Az turn in its own plane round the centre of its 
circumcircle, and be projected in all its positions on a plane Q , all tho re¬ 
jected triangles will be inscribed in the same ellipse. Provo that if tin*, 
axes of the ellipse he taken as axes of co-ordinates, the co-ordinates of tho 
points Bi, Bo, Bz will be 

j k cos (<pi + A) Ik cos (0 S + a) 

( k'&m(<pi + a) ( //sin (0 3 + a) 

<Ph 02, 03 being constants, and A variable. 

10. Construct two triangles orthogonally related, tho first of which shall 
be equal to a given triangle aBy, and the second similar to another given 
triangle a'j8 V- 

11. If b\ 6", V" be the semidiameters of an ellipse parallel to the sides 

of an inscribed triangle, and if *, b he the semiaxes of the ellipse, prove 
that the circumradius of the triangle is Vb"V"\ab. (M'Cullaoii.) 


k COS (03 -f a) 
//sin (03 + a) 


(H53) 





Theory of Projection. 


363 


12. The modulus in the figure of § 278 is given by the equation 

cos 6 + see 6 - 2 (cot A 2 cot Bz + cot Bz cot A $). (Netjberg.) 

Cor. —All equilateral triangles in the same plane are projected on any 
plane into triangles having the same Brocard angle. 

Sections of a. Cone. 

279. A cone of the second degree is the surface generated by 
a variable line passing through the circumference of a fixed circle 
called the base, and through a fixed point not in the plane of the 
circle. The generating line, in any of its positions, is called an 
edge of the cone, the fixed point its vertex , and the line joining 
the vertex to the centre of the base the axis of the cone. 

The line generating the cone being produced indefinitely both ways, it is 
evident that the complete surface consists of two sheets united at the vertex, 
and the whole is considered only as one cone, of which the vertex is a node 
or double point. 

‘When the axis of the surface is at right angles to the plane 
of the base, it is called a right cone ; in other cases it is oblique. 

In the following propositions a plane through the axis, per¬ 
pendicular to the plane of the base, will be the plane of reference , 
and the sections of the cone will be understood to be those made 
by planes at right angles to the plane of reference. 

280. Sections of a cone made by parallel planes are similar. 

This is evident, for the sections are homothetic with respect 

to the vertex. 

Cor. 1.—Any line drawn through the vertex will meet the 
planes of two parallel sections in homologous points with respect 
to those sections. 

Cor. 2. —The sections made by planes parallel to the base are 
circles. 

Def. —A section whose plane intersects the plane of reference in 
a line antiparallel to the diameter of the base is called an antiparallel 
section . 
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281. If cm oblique cone ABC be cut by a plane ELF in an 
anti-parallel position , the section will be a circle. 


Dem.—Through, any point R 
in EF draw a plane ILLK par¬ 
allel to the base. Then, since 
the planes ELF\ HLK are both 
normal to the plane AB C , their 
common section (Euc., XI. xix.), 
RL , is normal to it. Hence (Euc., B 
III. xxxv.), RL^ELR. RK. But 



from the hypothesis, the four points H ’ E , JT, F are coneyclic. 


Hence ER .RF = SR . RK ; therefore ER . RF - RL 2 . Hence 


the section ELF is a circle. 


Cor. 1.—Any sphere passing through the base of a cone will 
cut the cone again in an antiparallel section. 

Cor. 2.—If a sphere be described about a cone, its tangent 
plane at the vertex is anti parallel to the base. 

282. Any section of an oblique cone which is not antiparallel is 
either a parabola, an ellipse, or a hyper¬ 
bola. 

1°. Let the section be parallel to an 
edge of the cone. 

Let AN be the intersection of 
the section with the plane of refe¬ 
rence. Then since AN is parallel 
to the edge CL, and NE parallel 
to the diameter of the base, the 
triangle ANE is given in species. 

Hence the ratio of AN : NE is given; and since AL is equal 
to FN, the ratio of the rectangle AL . AN : FN. NE is given ; 
but FN.. NE = NP 2 . Hence the ratio AL. AN : PN 2 is given , 
therefore PN 2 varies as AN. Hence the section is a parabola. 

Cor. —If the point Q be taken in CL , such that LC . LQ 
= LA 2 , then LQ - latus rectum of the section. 
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2°. Let the section cut all the edges of one sheet of the cone.. 

Let A , B be the ^vertices of the 
section. Draw any section FF 
parallel to the base, intersecting 
the former in the points P, P f . 

Then, since the jdanes APB , FPF 
are both normal to the plane of re¬ 
ference, their common section is 
normal to it ; hence NP is per¬ 
pendicular to FF. Therefore PN 2 
= FN. NF. 

Again, from the pairs of similar triangles BA G, BNF; ABB y 
ANF, we get 

AB 2 : AG . BB :: AN. NB : FN. NF or PN 2 . 

Hence the ratio AN. NB : PN 2 is given, and therefore the locus, 
of P is an ellipse. 

3°. Let the plane of section meet loth sheets of the cone. 

The section in this case will 
be a hyperbola. The proof is 
the same as 2°. 

Cor. —The rectangle A G. BB 
is equal to the square of the 
eonj agate diameter. 

283. If a right cone enve¬ 
loping two spheres be cut by a 
plane touching loth of them , 
the points of contact will be 
the foci of the section. 

(Dandelin and Qijetelet.) 

Dem.—Take any point P in 
the section. Join CP meeting 
the planes of contact in B } B'. 

Join PF, PF Then PF. = PB, being tangents to a sphere, 
and PF’ = PB f . Hence PF+ PF f = BB' = distance on an edge 
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of the cone between the planes of contact Hence PF + PF' is 
constant, and the proposition is proved. 

Cor .—The plane of section intersects the planes of contact in 
the directrices of the section. 


c 



1* I'-k® orthogonal projection of the section APB on tho baso of the cono 
is a conic having a focus at the centre of the base. 

2. If the section of a cone by a plane be a hyperbola, prove that tho 
asymptotes are parallel to the edges in which the cono is cut by a piano 
parallel to the section. (Make use of § 280.) 

3. If a right cone enveloping two spheres be cut by a plane which also 
cuts the spheres in two circles, the sum or difference of the tangonts to tho 
circles from any point in the section of the cone is constant. 

4. If « be the eccentricity of the conic in Ex. 3, prove that if 5 donotc 
the distance between the centres of the circles, S/(sum or difference of tan- 
gents) = e. 

5. The eccentricity of any section of a cone is proportional to the cosine 
of the angle which the axis of the cone makes with plane of section. 
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6. The planes of contact of the spheres intersect the plane of the circles 
in lines which correspond to the directrix. That is, if t he the tangent from 
any point in the conic, and p the perpendicular on the corresponding line, 
t\p = e. 

7. The latns rectum of the section is equal to twice the perpendicular 
from the vertex on the plane, multiplied hy the tangent of half the vertical 
angle. 

8. If I J be any point in the circumference of the section, prove that the 
right cone, having P'P, PF, PC as edges, has the tangent at P to the curve 
for its axis. 

9. The locus of the vertex of all right cones, out of’which a given ellipse 
can be cut, is a hyperbola, having for summits and foci the foci and sum¬ 
mits of the ellipse. The relation between the ellipse and hyperbola are 
reciprocal. 

10. If through the vertex of an oblique cone standing on a circular base 
a piano be drawn perpendicular to one of its edges, this plane will cut the 
base in a line whoso envelope is a conic, having the foot of the perpendicular 
from the vertex on the base as focus. 

11. If a right cone be cut hy a plane, the perpendiculars from the vertex 

of tho cone on any tangent to the section, and from the point where the 
plane meets the axis, are in a contrary ratio. (Neubeug.) 
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THEORY OF HOMO GRAPHIC DIVISION. 

284. If 0 be the origin, and the abscissae OA , OB, the 

roots of the o A C B D 

equation 1 --^-- 1 4 

ax 2 + 2 hx + 3 = 0, and OC, OB the roots of a'x 2 + 2 h'x + V = 0 ; 
then, if C, B be harmonic conjugates to A , J?, 

*3' + a'3 - 2M' = 0. (854) 

Dem.—If the abscissa of C be x', its polar, with respect to 
ax 2 + 2 hx + 3, is axx' + h (x + x') + 3 = 0; and the points 
whose abscissae are x, x' will be harmonic conjugates with 
respect to A, B, and therefore x, x' will be the roots of 
a'x 2 + 2 h'x + 3' = 0. Hence 

, 2 li' , 3' 

x + x' = --, xx' = — : 

a a! 

and, substituting in axx' + h (x + x') + 3 = 0, we get 

ab' + a'l - 2 hh' = 0. Compare § 42, Cor. 2. 

Cor. 1.-—The point pair denoted by 

Axx' + B (x + x r ) + C= O 
are harmonic conjugates to the pair 

Ax 2 + 2Bx +(7 = 0. 

285. If the three point pairs 

ax 2 + 2hx+b = 0, a'x 2 + 2A'a? + 3' = 0, a"® 2 + 27*"# + 3" = 0 

have a common pair of harmonic conjugates, the determinant 
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a , A, 

a!, h', b\ 

a", hf b" 



(855) 


Bern.—Let Ax 2 + 25# + 5 = 0 be the common pair of har¬ 
monic conjugates : then we have three equations 

Aa - 2Hh + bJB = 0, &c., 


and eliminating A , 5", B we get (855). 

1.—If the x>oint pair ax 2 + Thx + b = 0 be harmonic con- 
j ugates to 

JJ ~ o!x 2 + 2 lix + V = 0 and to V= a!’x 2 + 2h"x + b" = 0, 
they are also harmonic conjugates to 77+ X F= 0. 

Car. 2.—If the line pair ax 2 + 27m/ + 7y 2 = 0 be harmonic 
conjugates to the line pair a'x 2 + 2 h!xy + b'y 2 = 0 ? then 


ab' + a'b - 2hli = 0 . 

Cor. 3.—The line pairs 

77s + 2X#y + 5?/ 2 = 0, F- + 2/^y + b'y 2 = 0 

hare the line pair 

(ah' - ah) x 2 + ( ab' - a'b) xy + {lib’ - lib) y 2 = 0 


as harmonic conjugates. Lor each of the former line pairs fulfil 
•with this the condition of harmonicism. The last equation may 
be written 


dJT dV_ dU dr 

dx * dy dy * dx 


(856) 


Cor 4.—If the line pairs £7= 0, F= 0, be written in Aeon- 
hold’s notation thus, 

{&\X\ + a^xi) 2 = 0, {b l x l + bnxif = 0, 

9 m 
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the condition that they form a harmonic pencil is 

( 857 ) 

where, as usual, a u a 2 , &c., have no meaning until the multipli¬ 
cation is performed. 

286. If a f = 0, If - 0 be the equations of two conics , it is 
required to find the locus of a point whence tangents to them form 
a harmonic pencil. 

Let x he the point; then if y he a point on a tangent to af = 0, 
the equation of a pair of tangents from y to af - 0 is got by 
substituting the expressions 

(*s2/3 - ®ay*)> ( A W1 - »*)> (*1^2 - *22/0 

for A,, X 2) A 3 in. the tangential equation A\~ = 0 (§ 260, Cor. 2). 
Hence the pair of tangents are— 


^1, 

A,, 

^3, 

2 


Xiy 

X 2 y 

a*3, 

= 0; 

(868) 

y* 

y *> 

y& 




and putting y z = 0, the pair of points, where the tangents meet 
the third side of the triangle of reference, are given by the 
equation 

{(-4o* 3 - A^.,) iji + (Jj®! - A t x 3 ) y-i ) 2 = 0 ; 

where A u A 2 , A z have no meaning until the multiplication is 
performed. Similarly we get from the conic, If = 0, 

{ {B..X 3 i? 3 %) tji + (B^ - jB&s) y s } 2 = 0. 

Hence (§ 285, Cor. 4) the condition of harmonicism is— 

A 2 x 3 - A s x 3 , . A 3 x 1 - 2 

B 2 x$ - B z x 1 - B x x z “ ^ ? 


^lj 

Xoy 

#3, 

2 


A U 

A„ 

A Z y 

= 0. 

(859) 


B,, 

B z 
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Similarly, the envelope of A*, which cuts the conics af = 0 , 
bf = 0 harmonically, is 

Ai, A 2 , A 3 , 

$i, ^3) = 0 * (860) 

K K h 

The two conics (859), (860) may be called, respectively, the 
point and line harmonic conics of a 2 - 0 , bf~ 0 . Their importance 
in the theory of a pair of conics was noticed by Dr. Salmon 
( Cambridge and Dublin Math. Journal , vol. ix., p. 30). They are 
due to Staudt, who published them in 1834, in his “Nurnberger 
Programm.” 

The equations (859), (860) expanded are 
5 (XonX 33 + -^33-^22 ~ 2X 23 -^ 23 ) 

"f 2^ ( jLy>D\ 3 + — jL\\H 33 — X 23 -Z?n) ^? 2^3 = 0, (859 ) 

and 

(^ 22^33 4 ^ 33^22 ~ 2 # 03 ^ 23 ) Aj" 

+ 2 ! 2 j (^12^13 “f“ ^13^12 — ^11^23 — ^23^1l) AoA 3 := 0 . (860) 

Cor.—The point and line harmonic conics of a x x? + a^x'r 
+ a 3 x 3 2 = 0 , and b v xr + & 2 # 2 2 + hx 3 2 = 0 are, respectively, 

fllil (« 2 &3 + a z b 2 ) + ttzh («3^1 + ^ 2 2 + &A (tf A + «‘A) #3® = 0 , 

(861) 

and 

(«A + a 3 bo) Af + (afx + aj> 3 ) X? + (aj>« + «A) A 3 2 = 0. (862) 

Projective Eows. 

287. Def. — Pairs of points X, X' 'whose abscisses x, x' with 
respect to two fixed points O , O' on two given lines X, X', or ‘whose 
ratios of section A, A' with respect to two pairs of fixed points 0 , A 
X, O', 0/ cm X' satisfy equations of the first degree of the 
forms 

axx' - bx - Vx + c = 0, 
d^AA 7 — ^A — bi'X' •+■ = 0 


o 


(863) 

(864) 
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are said to marl projective roios (French, Ponctuelles projectives, 
German, Projeltivischen Punhtreihen) on X, X'. 

It is necessary to show that (863), (864) are consistent. Let 

JL» 

tf_ o j x r t: 

00 { = m, O'OS = < X = XO/XO, = xfx - m) 7 
X = X'OjX'OS = xj(x - w'), 

and eliminating between these and (863), we get an equa¬ 
tion of the form (864). 

Projective rows have a 1 to 1 correspondence: that is, to every 
point of one row corresponds one , and only one , . 0 / the other. 

For it is evident that being given the value of either variable in 
(863) or (864), we get only one value of the other. 

Cor. 1.— The equations (863), (864) retain their forms after 
transformation to new origins on the lines L , L'. 

For, since the points X, X' have a 1 to 1 correspondence before 
transformation, they must have it after transformation. 1 j 

Cor. 2.—If A, B , C , A ', B ', C' be two triads of fixed points on 
two fixed lines, and X, X' variable points on the same lines 
satisfying the relation ( AB CX) = (. A!B' C'X') 7 then X, X' mark 
projective rows on these lines 

For it is evident that X, X' have a 1 to 1 correspondence. 

Cor. 3.— A pencil of lines marls projective rows upon two trans¬ 
versals. In other words, two perspective rows are projective. 

288. In two projective rows the anharmonic ratio of any four 
points of one is equal to the anharmonic ratio of the four corre¬ 
sponding points of the other. In other words , projective rotes are 
homographic. 
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Let AA\ BB', two corresponding point pairs, be taken as 
origins. Then we have A = XAjXB , A' = X'A'/XB'. "Now, if 
X coincide with A, X' will coincide with A'; hence, when 
X = 0, X' = 0. Similarly, if X coincide with Z, X' will with B', 
and it follows that when X = oo, X' ~ oo ; but if A, A' be each equal 
to zero in (864), we get e x - 0, and if each equal to infinity, we have 
ai = 0. Therefore, when pairs of corresponding points are taken 
as origins the equation (864) becomes bX + b'X' - 0, or A = IcX'. 
How, if C C", DD’ be the corresponding point pairs, we have 

CA _ C'A' DA _ D'A' 

CB~ C’B n BB r 

Hence (ABCD) = (. A'B'C'D '). 

Cor .—Two projective rows are in perspective when three 
corresponding point pairs are in perspective. 

289. Points which Correspond to Infinity. —Suppose a >< 0, 
the equation (863) can be written 

xx' — mx - mV + n - 0, or (x - m l ) (x l - m) - mm f - n = p 

suppose. How, transferring the origins to points /, J, whose 
abscissas on Z, L' are m* and m, the new abscissas are 

y = IX - x ~ m r , and y' = JX' = x' - m. 

Hence yy' Then /, J arc points which correspond to in¬ 

finity. Por, if y = 0, y f - oo, and if y' - 0, y = a>. 

Cor. —The standard forms to which (863), (864) can be re¬ 
duced, are yy' -■p, (865) 

A = JcX'. (866) 

290. Similar Eows. —If a = 0 in (863), the relation becomes 
bx -f b'x' - c = 0, that is x = - b'jb [A - c/b'), or x = m (x 1 - ?i) } 

and, transferring the origin O' to a point which has n for 
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abscissas, x - my'. Here there is a constant ratio between the 
segments on L and the corresponding segments on Z', and when 
x = go, y-cc. Hence the points /, J are both at infinity. 

Cor. 1.—If the points /, Zbe at infinity, the rows are similar. 
Cor. 2.—If m - ± 1, homologous segments on Z, Z' are equal. 

EXERCISES. 

1. If AT, BT be two tangents to a conic, XX' any variable tangent, 



the points X, X' divide at AT, -BThomographically. For, evidently, there 
is a 1 to 1 correspondence. 

2. If a tangent parallel to BT cut AT in 7, and a tangent parallel to AT 
cut BT in 7, then the rectangles IX . IX', IA.JTIT. JB are all equal. 

3. T wo fixed tangents to a parabola are divided proportionally by a variable 
tangent. For it is easy to see that tbe points 7, J are at infinity. 

4. If IX, JX' be parallel tangents to a central conic 7, J being the points 
of contact, and if any variable tangent cuts them in X, X', then IX. JX 
= constant. 

Projective Pencils. 

291. Dee. —Two pencils are said , in relation to each other , to be 
projective when the ratios of section X, X' of two homologous rays 
loith respect to any origins of rays AB,A'B' satisfy a relation of the 
form aXX f - bX - b'X' + c = 0. 
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In tioo projective pencils the (inharmonic ratio of any four rays 
of one is equal to the (inharmonic ratio of the four homologous rays 
of the other. 

Bern.—The preceding relation gives X! = (hX - c)/(a\ - V). 
]STow, let (A 1? V) (A* XJ) • • • (Kj V) he the ratios of section of 
four pairs of corresponding rays. Then it is easy to verify 

(zAA • ^ ^ ~ — \ f ~ • ( ^Lz_^A 

U - xj • U - xj • • Vv - v J' w - vj 

it suffices to replace V by (bX l - e)j(aX i - l'\ &c. 

Cor. 1.—If two pencils be such that the anharmonic ratio of 
three fixed rays, A, B, C : and a variable ray X of one be equal to 
the anharmonic ratio of three fixed rays, A',B\ C ', and a variable 
ray X' of the other. Then the anharmonic ratio of the pencil 
formed by X in four different positions is equal to that formed 
by X' in the corresponding positions. Because, to a ray of one 
corresponds one, and only one, ray of the other. 

Cor. 2 .—Any two projective pencils are cut by two trans¬ 
versals in projective rows. 

Cor. 3.—If two homographic pencils be such that three pairs 
of homologous rays intersect in a right line, then all pairs of 
homologous rays intersect in a right line. 

EXERCISES. 

1. Two pencils whose vertices lie on a conic, and whose corresponding 
rays intersect on the same conic are equal, for the rays have a 1 to 1 corre¬ 
spondence. 

2. If four chords of a conic pass through the same point, the anharmonic 
ratio of four of the points in which these chords meet the conic is equal to 
the anharmonic ratio of the remaining four points in which they meet it. 
For, let X , X' be the points in which any of the chords meets the conic, 
and let 0 , O' be two fixed points on it. Join OX, O'X' ; these will he rays 
of two pencils, whose vertices are 0, O', and they evidently have a 1 to 1 
correspondence. 

3. If two conics have double contact, the anharmonic ratio of four of 
the points in which any four tangents to one meet the other is equal to that 
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of the remaining points in which, the same tangents meet the curve, and 
also the same as that of the points of contact. (Townsend.) 

4. Maclaurin's Method of Describing Conics. —The locus of the vertex of 
a variable triangle whose sides pass through three fixed points, and whose 
base angles move on fixed lines, is a conic. 

5. Newton's Method of Describing Conics.—AD CD is a cyclic quadri¬ 
lateral, the points A , D are fixed, and the angle DA C is given in magnitude; 
then, if D describe any right line, or if it describe any conic passing through 
the points A, D, C will describe another conic passing through A , D. t 

Superposed Rows. 

292. Upon the same line L we can have pairs of points 
X, X, whose abscissse x, x ' with respect to two given origins 
satisfy an equation of the form 

axx' - lx - b'x' + o = 0. 

In this case the rows are superposed. In superposed rows the 
origins may or may not coincide. 

293. Double Points. —Double points of superposed rows are 
those in which conjugate points coincide. If the origins 0 , O’ 
coincide, then, for the double points we shall have x - x and 
their abseissse are given by the equation 

ax 3 - (b + b') x + c = 0. (867) 

Hence there are two double points, real and distinct, coincident, 
or imaginary. When they are real and distinct, let them bo 
denoted by F, F' ; and let (. A , A '), (X, X) be two corresponding 
point pairs. Then (§ 288) we have ( FF'AX ) = (. FF'A'X ), 
or (§ 39), 

AF XF A!F X'F _ AF _ A'F XF X’F 
AF ,: XF' ~ A'F'' X'F'’ ’’’ AF''' A'F' ~ XF'' X'F' ‘ 

Hence (. FF'AA') = {FF'XX'). (868) 

Therefore the (inharmonic ratio of the double points and any 
homologous point pairs is constant. 
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294. If tlie double points F, F f coincide in F \ and tbis be 
taken as origin, the equation (867) will have two roots each 
equal to zero. Hence c = 0 , b + V = 0 , and the relation of pro- 
jectivity becomes axx' - l (x - x ) - 0, or 

l/x - 1/x' = 1/m. (869) 

295. Double Points pound Geometrically. —The following 
geometrical construction for the double points holds, whether 
the origins do or do not coincide. Thus, let A, B, C be three 
points of one system; A ', B', C' the corresponding points of 
the other; then if X be the double point, we have ( XABC ) 
= (XA'B'C') 


X A B C A' 3' C' 

i i i i ‘ i , 

XB XC XB' XC f 
01 AB : AC~ A'£ ,: A'O' 

Heuce XB. XC : XB'. XC::AB. A'C ': A'B'.AC. 

Therefore the ratio of XB. XC': XB '. XC is given, that is, 
the ratio of tangents from X to circles described on B C' and 
B' C as diameters is given, and X will be either of the points of 
intersection of the line L , with a given circle coaxal with the 
circles on B O', B' C. 

Similarly, we may have two triads of points on a conic 
say A, B , C ; A', B', C ', and require 
to find a point 0 , such that 

( OABC) = ( OA'B'C ')• This is 
solved by constructing the Pascal’s 
line of the hexagon which they 
form, as in the diagram. Por if 
A A' be joined, it is evident that the 
pencils (A'. OABC), {A. OA'B'C') 
are equal. 
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EXEEOISES. 

L Inscribe in a conic section a polygon all whose sides pass through, 
given points. 

Solution. —Assume any arbitrary point a for the vertex of the polygon, 
and form a polygon whose sides pass through the given points ; the point (C, 
where the last side meets the conic, will not in general coincide with a. 
If we make three such attempts, we get three pairs of points a, a '; b, b' ; 
c, c' ; then a point X, such that ( Xabc ) = ( Xa'b'c ) will be the point 
required. 

2. In a triangle inscribe another triangle whose sides pass through given 
points. 

296. Two projective pencils which are united, at their summits 
in the same plane are said to he concentric or superposed . In 
intersecting them by any transversal, we obtain two projective 
rows superposed. These rows have double points, real or 
imaginary, which joined to the common summit give two 
double rays of the pencils . 


Involution. 

297. If tioo systems of homographic points on the same line have 
a pair of corresponding points (. A , A') permutable , then any pair 
of corresponding points of the systems are permutable. 

Bern.—Let a, a! be the abscissae of A, A r ; then, by hypo¬ 
thesis, we have 

aoo! — ba — Vo! + c = 0, aaa' - bo! — b'a + c = 0. 

Hence, by subtraction, 

(b - b')(a - a') = 0, and since a >< a', b = b\ 

and tbe relation becomes 

axed - b {x + ad) + c = 0 ; (870) 

and since it is symmetrical in x , tbe points X, X' are per¬ 
mutable. 
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Def. —Two superposed, projective rows in ;which homologous 
points are permutable are said to be in involution. 

298. Central Point of Involution. —Supposing #><0, bx 0, 
the equation (870) may be written xx' -m(x + x') + c' - 0, or 

( x - m){x' - m) = n. (871) 

where n = m 2 - c f . Then, taking the point whose abscissa is m 
as origin, denoting it by 0, 0 is called the central point of the 
involution, and equation (871) gives 

OX.OX' = n , (872) 

n being a constant. "We see that the central point is that 
which corresponds to infinity (I or J\ in the general case. 

299. Double Points of Involution. —When two homologous 

points coincide in one, such a point is called a double point. 
Now, if X, X coincide in (872), we have OX - if n > 0, 

there are two double points, which are symetriques with 
respect to the central point. In this case homologous point pairs 
are situated at the same side of the central point, and the involu¬ 
tion is said to be hyperbolic. If n < 0 the double points are 
imaginary, and the involution is called Elliptic. 

300. In an hyperbolic involution , any tioo homologous points 
divide harmonically the distance between the double points. 

Dem.—Let F : F' be the double points, then we have (872) 
OX. OX' = n and OF 2 = OF' 2 = n ; OX. OX' = OX 2 ; but 
0 being the middle point of FF', this equality indicates that 
X, X' are harmonic conjugates to FF'. Beciprocally, all the 
point pairs which divide harmonically a given segment FF' 
belong to an involution. 

Cor . 1.—If three point pairs 

ax 2 -i- 2 hx •+ J = 0, a'x 2 + 2 h'x + V = 0, a"x 2 + 2 h"x + b" = 0 

form an involution, they have a common pair of harmonic con¬ 
jugates. Hence the condition of involution is the determinant 
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Cor. 2.—If («,<), (J, V), (fi, c 0 bc the absoissao of t,nxic l>mnt 

pairs in involution, then the determinant 
aaf, & + a \ 

IV, b + v, i, l = °- ( 87;!) 


I cc' 9 0 + c'j 1 I 

Cor. 3. _If Z7= 0, F= 0 be the equations of any two point 

pairs, then 1J+ TiV = 0 forms an involution with Vuwl V. 

301. SrMMETEic Involution-. —If a = 0, the equation of invo¬ 
lution (870) reduces l (as + «0 - e = 0 or (* - «/2i) + (#' - «/^) ■ °> 
and transferring the origin to the point whose alw«iHHu is r/'lb. 
Supposing this point JE, we have EX + EX' = 0, thou the 
involution is formed by point pairs, which are nyniotriquos 
with respect to E. E is a double point, the second double 
point is at infinity. 

This involution having two real double points is hyperbolic*. 

302. If two superposed projective pencils be such that a pair 
of homologous rays are permutahlc, then the rays of: every 
homologous pair are permutable, and the two pencils are said 
to be in involution. Their theory is reduced to that of points in 
involution by cutting the pencils by a transversal. Pencils in 
involution are also divided into hyperbolic and elliptic. The 
former has two real double rays, which arc harmonic conjugates 
to any pair of homologous rays. As a particular cane, we may 
note the involution formed by line pairs symmetrical with 
respect to a fixed axis (one of the double rays, the ray perpen¬ 
dicular to this axis is the second double ray). This is no (/on a! 
involution. The elliptic involution has two imaginary double 
rays. The most remarkable case is orthogonal involution, 
formed by the sides of a right angle turning round its summit. 
If we take the sides of one of these angles for axes of co¬ 
ordinates, the angular coefficients of two conjugate rays of the 
involution satisfy the equation mm! + 1=0 where m, m' are ratios 
of section relative to OX, OY. Hence, making m — m f 9 the double 
rays are defined by m 2 +1 = 0 or m- ± i. Hence, the double rays 
are the imaginary lines from O to the cyclic points. 
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EXEBCISES. 

1. Given two homologous point pairs of an involution, show how to 
find the central point and the double points. 

2. A system of conics passing through four fixed points cuts any trans¬ 
versal in involution. 

For, let iSj S' be two fixed conics passing through the points, then S -f 7cS r 
will denote a variable conic through them; and if S, S' be given by their 
general equations, then, if the transversal be the axis of x> the point pairs 
in which they are intersected by the transversal are given by the equations 

ax 2 + 2 gx + c, ax 2 + 2 g'x + c\ and ax 2 + 2 gx + c + k ( a'x 2 + 2 g'x 4- c'). 
Hence (§ 300, Cor. 3), they are in involution. 

3. The three pairs of opposite sides of a quadrangle are cut in involution 
by any transversal. 

4. Coaxal circles are cut in involution by a transversal: the points of 
contact of the circles of the system which touch the transversal being the 
double points, and the central point that in which the radical axis meets it. 

5. A system of conics having a common self-conjugate triangle cut in 
involution any line passing through a summit of the triangle. 

6. For every two projective rows on different lines there exist two points, 
for each of which the rows are isogonal, that is, the angles subtended by 
one row are respectively equal to those subtended by the other. 

(Townsend.) 

7. If aa !, bb\ cc be three point pairs in involution— 


ah’.be* .ca! + a'b .b’c. c a — 0. (874) 

ah', be. c'a'+ a’b . b'c' .ca - 0. (875) 

ah . b'c'. ea'+ a!V . be . c'a — 0. (876) 

ah. b’c. tfV+ a'b'. be'. ca = 0. (877) 


8. A common tangent to any two of three eircumeonics of a quadrilateral 
is cut harmonically by the third. 

9. Show that the folloAving are special cases of Ex. 8 :— 

1°. If through the intersection of common chords of two conics a tangent 
be drawn to one of them, it is cut harmonically by the other. 

2°. If through any point on the chord of contact of two tangents to a 
conic a third tangent be drawn intersecting both, it is divided harmonically 
by the tangents and the point and chord of contact. 



CHAPTER XIII. 


t 


THEORY OP DUALITY AHD RECIPROCAL POLARS. 

303. It has been seen in Chapter III. that every circle has 
two forms of equation, viz. trilinear and tangential. The same 
has been shown in Chapters IX. and X. to hold for every conic, 
and in fact it is universally true for all curves. Conversely 
every equation represents two distinct curves, according as it is 
regarded in point or line co-ordinates. Thus, in l/x+m/y+n/z-O, 
if y, s be trilinear co-ordinates, it represents a conic circum¬ 
scribed to the triangle of reference; and if they denote tan¬ 
gential co-ordinates, it is the equation of an inscribed conic. 
It follows as an inference from this twofold interpretation of 
equations, that every theorem which gives a graphic property 
of a conic has another related theorem called, its reciprocal, and 
that the same demonstration proves both theorems. This two- 
** fold interpretation is called the principle of Duality. 

EXERCISES. 

1. S - JcS' = 0 represents in point co-ordinates the general equation of 
a conic passing through the four points common to S and S', and in line 
co-ordinates the general equation of a conic inscribed in the quadrilateral 
formed by the four common tangents to S } S'. 

2. ay — hi 85 = 0 in point co-ordinates denotes that the rectangles con¬ 
tained by the perpendiculars from any point of a conic on a pair of opposito 
sides of an inscribed quadrangle is in a given ratio to the rectangle contained 
by the perpendiculars from the same point on another pair. In line 
co-ordinates it proves that the product of the distances of any tangent to a 
conic from a pair of opposite vertices of a circumscribed quadrilateral is in 
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a given ratio to the product of the distances of the same tangent from 
another pair of opposite vertices. 

3. Interpret the tangential equation \v = lip?. 

4. If two conics have each double contact with a third conic, their poles 
of contact and a pair of opposite vertices of the complete quadrilateral 
formed by their common tangents are collinear, and form a harmonic row. 

5. If three conics have each double contact with a fourth, six of the 
points of intersection of common tangents form the opposite vertices of a 
complete quadrilateral, and the remainiug six may be divided into four sets 
containing three each, such that the pairs of common tangents which inter¬ 
sect in them are tangential to a conic. 

6. If three conics touch the same pair of lines, the intersection in each 
case of the remaining pair of common tangents are collinear. 

304. Since the coefficients in the tangential equation of a 
conic occur in the co-ordinates of its centre, and in the equations 
of its orthoptic circle and foci, when the tangential equation is 
given, we can at once write out its orthoptic circle, foci, and 
centre. Thus the tangential equation of the envelope of the 
line, cutting harmonically the conics 

(«> h , c,f 9 ') h) 0, y, l) 2 = 0 (a,', b', e',f, f, h') (x, y, 1)°- = 0, 
is {be' 4- b'c - 2ff') A 2 4- ( ca' + c'a - 2 gg') /r 4 - {aV + a!b - 2 hh')v- 
4- 2 ( ( gh' + g'h - af — a'f) [xv 4 - 2 (lif 4 - hf - bg' - b'g) vX 
4 - 2 {fg f -f fg - ch' - c'h) Xgu = 0. 

The orthoptic circle is 

{ab'+ o!b - 2 h7ti) (x 1 4 -y 2 ) - 2 {hf'+h'f-bg'-b'g)x-2 {gh'+g'h-af'-a'f) y 
+ (be’ 4 - b'c - 2/' 4 - ca' 4 - c'a - 2 gg') = 0. (878) 

EXERCISES. 

1. The locus of the centre of a conic inscribed in a quadrilateral is a 
right line. 

2. The orthoptic circles of conics inscribed in a quadrilateral form a 
coaxal system. 
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Theory of Reciprocal Polars. 


305. The principle of duality may be also inferred from the 
theory of poles and polars, some propositions in connexion with 
which have been already given (§ 183). 


Def. —If any figure A he given , by talcing the pole of every 
line and the polar of every point in it with respect to any arbi¬ 
trary conic $, we construct a new figure B, which is called the 
polar reciprocal of A with respect to S. The conic S is called 
the reciprocating conic. 


Prom the definition, we 
suits:— 

A . 

1 °. Por a point on. 

2°. A tangent to. 

3°. A system of collinear 
points on. 

4°. A pencil of concur¬ 
rent lines. 

5°. A pair of lines ho- 
mographically di¬ 
vided. 

6 °. The join of two 
points. 

7°. The locus of a point. 


have at once the following re- 

B. 

^^ 

1 °. A tangent to. 

2 °. A point on. 

3°. A pencil of concur¬ 
rent lines. 

4°. A system of collinear 
points. 

5°. Two pencils of homo¬ 
graphic lines. 

6 °. The intersection of 
two lines. 

7°. The envelope of a 
line. 


306. The following are a few theorems proved by this 
method:— 
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EXERCISES. 

1. Any two fixed tangents to a conic are cut homographically by any 
variable tangent. 

Let AT, JBT be two fixed tangents 
touching the conic at the points A , B ; 

CD any variable tangent touching it at 
P. Join AP, BP. Now AP is the 
polar of C, and BP of D ; and if P take 
four different positions, the point C will 
take four corresponding positions, and so 
will D. Then the anharmonic ratio of 
the four positions of C will be equal 
to the anharmonic ratio of the pencil from A to the four positions of P. 
Similarly, the anharmonic ratio of the four positions of D will be equal to 
the anharmonic ratio of the pencil from B to the same positions of P; but 
the pencils from A and B are equal. Hence the anharmonic ratio of the 
four positions of C is equal to the anharmonic ratio of the corresponding 
positions of D. 

From the theorem just proved it follows, that if two lines be divided in 
equal anharmonic ratios by four others , the six lines are tangents to a conic . 
And, more generally, If two lines be divided homographically , the envelope of 
the join of corresponding points is a conic. 

2. Any four fixed tangents to a conic are cut by a variable tangent in 
points whose anharmonic ratio is constant . 

Dem.—The joins of the point of contact of the variable tangent to the 
points of contact of the fixed tangents are the polars of the points of inter¬ 
section of the variable tangent with the fixed ones; but these form a con¬ 
stant pencil. Hence the proposition is proved. 

3. If a hexagon be described about a conic, the joins of opposite angular 
points are concurrent. 

For the circumhexagon is the polar reciprocal of the inhexagon, and the 
joins of its opposite vertices are the polars of the intersection of opposite 
sides. Hence the proposition is the reciprocal of Pascal’s Theorem. 

4. The three pairs of points, in which a transversal meets three circum- 
conics of a quadrilateral, are in involution. 

5. The common tangent to any two of three circumconics of a quadri¬ 
lateral is cut harmonically by the third conic. Hence, if three conics 
S, S', S" be inscribed in a quadrilateral; and if from P, a point of inter¬ 
section of S, S', tangents be drawn to S", these form a harmonic pencil 
with the tangents at P to S, S'. 
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6. From Ex. 2 it follows that the intercepts on any variable tangent 
to a parabola made by three fixed tangents have a given ratio. 

7. The reciprocal of Ex. 5, § 302 is—pairs of tangents to a system of 
conics having a common self-conjugate triangle, drawn from any point in 
one of its sides, form a pencil in involution. 

S. The six sides of two inscribed triangles of a conic are Hindi that any 
two are cut in equal anharmonic ratios by the remaining four, ileuco 
they touch another conic. 

Eeciprocally, if two triangles circumscribe a conic, the six vortico.4 Ho on 
another conic. 

9. The locus of the pole of a given line, with respect to any circinn- 
conic of a quadrilateral, is another conic. Hence the envelope of tlio polar 
of a given point, with respect to a conic inscribed in a quadrilateral, is 
a conic. 


307. When the reciprocating conic is a circle, its centre in 
called the centre of reciprocation. The following rcaultw will 
he evident from a diagram :— 

1 °. The angle between any two lines is equal or supple¬ 
mental to the angle at the centre of reciprocation subtended by 
the join of their poles. 

2 °. Since the nearer any line is to the centre of reeipro- 
cation the more remote its pole, it is evident that the pole of 
any line passing through the centre must he at infinity, and 
in the direction perpendicular to the lino through the centre. 
Hence it follows, since two real tangents can he drawn from 


any external point 0 to a conic, that the polar reciprocal „f 
that conic with respect to 0 is a hyperbola. Similarly, the 
polar reciprocal of any conic with respect to any point; on it, 
is a parabola, and its polar reciprocal with respect to any 
internal point is an ellipse. 

3°. If a conic reciprocate into a hyperbola, the asymptotes of 
the hyperbola are perpendicular to the tangents drawn from the 
centie of reciprocation to the original curve. 

4°. If a conic reciprocate into an equilateral hyperbola, the 
locus of the centre of reciprocation is the auxiliary circle. 
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5°. The polar of the centre of reciprocation with respect to 
any conic will reciprocate into the centre of the reciprocal 
conic. 

6 °. If the original conic he a 
circle, its centre will reciprocate 
into the directrix. 

308. If 0 he the centre of 
reciprocation ; ABC the tri¬ 
angle of reference for trilinear 
co-ordinates ; A'B' C' its reci¬ 
procal ; L the polar of any point 
jP ; A*, A 2 , X 3 perpendiculars from 
A', B ', C / on L ; and a u a 2 , a 3 the B 

trilinear co-ordinates of P; then (Sequel, Book III., Prop, xxvii.), 
if OA r , OB', OC ' he denoted by pl , p 2 , p 3 , we have 

a,= OP.—, &0. 

Pi 

Hence, if (a, b, c , /, g , h)(a u a 2 , a 3 ) 2 = 0 be the equation of any 
conic, the equation of its reciprocal with respect to the circle 
0 will be 

-> ^T=°- ( 879 ) 

\P 1 P2 P3 ) 

Again, if ( A , B , (7, P, G , 27) (A^ X 2 , X 3 ) 2 = 0 he the tangential 
equation of a conic, where A*, X 2 , X 3 . denote perpendiculars from 
the angles A', B r , C' of the triangle of reference on any tangent 
L to the conic; then, if x Y , x 2 , x 3 he the trilinear co-ordinates 
of 0 with respect to the reciprocal triangle ABC, we have 
x lPl = r 2 , where r is the radius of reciprocation. Hence, elimi¬ 
nating pi between this equation and 

OR. K 

ai --, 

Pi 

r 2 ai 

= OF'Xi’ 



we get 
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and similar values for A 2 , A a . Hence the transformed equa¬ 
tion is— 

M, B, C, F, e, 2?)g, («»<>) 

309. It is required to find the centre of reciprocal ion, ho that 
the polar reciprocal of a given triangle ABC may be similar to 
another given triangle A'B f C '. 

Solution. —On the sides of ABC describe triangles A* It (\ 
AB'C : ABC similar to A'B'C. The cmmnt circles of these 
triangles will have a common point D, which will be the 
required centre. 



Dem. Let P 2: E z be the circumcentres of tlio tHminde* 

thaf th AB f JOin ATJ; BD ' 0D ’ U “ <>iWy <;<> P«'V« 

that these lines produced pass respectively through A' IS' <<> 
Join E,E Z , E Z E X , E x E,. These lines arc respectively \>erpon* 

t&T'TL "r “• **!,„ L,„: 

plemenl of BEG, and the angle EA‘C is also the suppkuncut 
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of RD C ; therefore E z E X E 2 « BA' 0. Similarly, E X E 2 E, = AB ' (7, 
and MfE z E 1 = -4 O'i?. Hence the triangle EjEjE z is similar to 
A'B'C'. 

Again, the polars of the points A , .5, C, with respect to any 
circle whose centre is B, are perpendiculars to AD , (71), 

respectively, and therefore parallel to the sides of the triangle 
EjE 2 E 3 . Hence the reciprocal of the triangle AB C with respect 
to D is similar to A'B'C'. In like manner, if the triangles 
A'B C , AB' C , AB C r he described inwards, the point of inter¬ 
section B' of their circumcircles will be another centre of 
reciprocation. 

Def .—The triangle R X EJE Z formed by the circumcentres is 
called Lionnefs triangle , after M. Lionnet, who, in the Nouvelles 
Annales , 1869, p. 528, made use of a construction similar to the 
foregoing in solving Lhuilier's projection problem, § 278. 

Cor.—If E be the circumcentre of the triangle ABC , the points 
B, E are isogonal conjugates with respect to LionneVs triangle. 

For the radius BE X and the perpendicular from D on BC 
are isogonals with respect to the angle BBC. Hence the lines 
BE 1 and EE X are isogonals with respect to the angle E 3 E X E 2} 
whose sides are respectively perpendicular to those of BBC. 

310. If LionneVs triangle (last fig.) be moved parallel to itself 
until the point E coincides with B, it will in its new position be a 
polar reciprocal of ABC with respect to B. 

Dem.—Since E and B are isogonal conjugates with respect 
to the triangle E X E 2 E 3 , the distances of E from the sides are 
inversely proportional to the distances of B , and therefore 
inversely proportional to AB , BB , CB. Hence the proposition 
is proved. 

311. The barycentric co-ordinates of B with respect to the 
triangle ABC are 

l/(cot A + cot A'), l/(cot_B + cot-B'), l/(cot C + cot C ). 

/COIN 
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Dem.—'When Lionnet’s triangle is placed as in § .‘510, the 
sides of ABC will be the polars of the vertices of E, 

^with respect to D, and therefore the distances of 1) from 
the sides are proportional to 1/EEi, 1 /JSLS'-, 1/EE ;I . Itonoo 
the barycentric co-ordinates of JD with respect to A /> C are. 
1-ajRR, %b/EE,, hc/EE 3 . Now, if EE, intersect B0 in If, 
we have EAh = cot A ! , JEE — c cot A. Hence 

EE, = ia (cot A + cot A '); £ a)EE, = 1 /(cot A + cot A'). 

Hence the proposition is proved. 

Similarly, the barycentric co-ordinates of !>' arc— 

1 /(cot A - cot A’), l/(cot B - cot £'), l/(cot C -cot C). (HH2) 


EXERCISES. 

1. The equation of the circumcircle of the triangle of reforonoo in— 
sin A + sin JB sin C __ ^ 

a\ «2 «3 

Xgw it is easy to see that the angles A, B, C of the olcl triangle of roforonoo 
will be the supplements of the angles which the sides of the new triangle 
of reference subtend at the centre of reciprocation. Ilonco, denoting these 
angles by ip i, ipo, ip 3 , respectively, the result of reciprocation, gives the fol¬ 
lowing theorem :—Given a focus and a triangle circumscribed to it conic, Us 
tangential equation is — 

sin ^1 . ~ -f sin * “ + sin ip 3 • — = 0. (88,'J) 

Ai \2 A 3 


2. If a polygon of any number of sides be inscribed in a circle, and if 
the angles which the sides subtend at any point in the circumforouoo bo 
denoted by ip 2 , ip, 3 , &c., we have (§ 117), if a\ = 0, a* = 0, an s= 0, 

&e., be the standard equations of its sides, 2 —- 1 — = 0. Ilonco, recipro¬ 
cal 

eating with respect to any point in the circumference, wo get tho following 
theorem :—If a polygon of any number of sides circumscribe a parabola, and 
if ipt, ip3, 4' c ‘> be the angles subtended at its focus by the sides of the 
polygon, Ai, A 2 , A 3 , perpendiculars from the vertices on any tangent , 
Pis P 2 , p3 y §c., the distances of the angular points from the focus, then 


2 

Ai 


m) 
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3. In equation (339), if we put sin^, sini?, sin C for a, b, c, the tan¬ 
gential equation of the circumcircle of the triangle of reference may be 
written 

sin A \/\\ + sin B \/+ sin 0 A 3 = 0. 

Hence, by the foregoing substitutions, being -given a focus and three tan¬ 
gents, the equation of the conic is 



“i . 
-sm 

X\ 



+ sin \p 3 



0 . 


(885) 


4. If the focus be one of the Broeard points, viz. the point whose co¬ 
ordinates are— 

cal 
b 7 e 7 a 

then the angles if/ 1 , if/o, if/ 3 , which the sides subtend at that point, are the 
supplements of the angles C, A, B, respectively. Hence the equation 
of the Broeard ellipse, that is the inscribed ellipse whose foci are the 
Broeard points, is— 

5. If the angles of a polygon circumscribed to a circle be denoted by 
A, B, C , &c., and the perpendiculars from its angular points on any 
tangent to the circle by Ai, A2, &c., we have 



Hence, if a polygon of any number of sides be inscribed in a conic; and if 
X\, £ 2 , # 3 , &e., be the perpendiculars from one of its foci on the sides, and 
if/i, if/ 2 ? &c., the angles subtended at that focus by the sides, we have 


2 


( #itan J if/] 
ai 


) 


= 0. 


(887) 


Def. 1 .—If through any point be drawn three lines (l, m, n) parallel to 
the vectors AD, BI), CD of a quadrangle ABCD , and a, g, v parallel to 
BO, CA, AB, the pencil in involution {l\, mg., nv) is called the pencil 
of the quadrangle. 
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Def. ii. — Two quadrangles AT 01), A'JB'C'Dwhich are sueh that the 
normal co-ordinates of L with respect to ABC are inversely proportional to 
the vectors from 17 to the points A’, B’, Care said to be metapolar, and 
the points I), I)' their metapoles . 

6. If (l\, on/a, nv) be the pencil of a quadrangle ABCI), prove that 
(\l, fxm, vn) is the pencil of a metapolar quadrangle. 

7. If two quadrangles be metapolar, they can he placed so that corre¬ 
sponding triangles will he reciprocal in four different ways. 

8. If the points B, 17 he isogonal conjugates with respect to the triangle 
ABC, and if B 1 B 2 B 3 he the pedal triangle of B, the quadrangles BB\B*Dz, 
JD'ABC are metapolar. 

9. If ABC, A'BC he two triangles on the same base, and if the join of 
A, A ' meet the circumcircles of ABC, A'BC again in B, B', prove that the 
quadrangles B>ABC, I)A’BC are metapolar. 

10. Place two pencils hnn, \pv so that they shall be in involution. 

11. Being given two pencils {hnn), {Kpv), to construct the right angles 
which correspond in the pencils. 

12. Construct the rectangular rays of a pencil associated to a quadrangle. 
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RECENT GEOMETRY. 

Section I.— Oh a System of Three Figures Directly Similar. 

312. Let A, B, C .. . be a system of points belonging to 
a figure F x ; on the radii 
yectores drawn from a 
fixed centre 0, taking 
OA', OB' , 00' . . . sucb ~ 
that OA'jOA = 05'/OB 
= 0C'/00= .. .-klh;h,h 

being given lengths, the 
points A',B', O', &c., make 
a new figure F' x , which is 
homothetic to F 1 with re¬ 
spect to the point 0. Then, 
if F\ turn round the point 
0 through any given angle, 
denoting by A", B", C" the new positions of the points 
A', B' y O', and by F. z , the figure which they form, F 1 and F 2 
are two figures directly similar, having for double point or centre 
of similitude the point 0. 

The double operation by means of which F l is transformed 
into F 2 is called a rotation . It is said to be around the point 0, 
having for its measure the ratio OA : OA". 

313. Being given two polygons directly similar , it is required to 
find their double point . 
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Let AB, A'B’ be two homologous sides of the figures, 
C their point of intersection. 

Through the two triads of points 
AA'O , B'BC describe circles 
intersecting in 0 , 0 is the double 
point. 

For, evidently, the triangles 
OAB, OA'B' are directly similar. 

This construction fails when 
the homologous sides of the figures are two consecutive sides 
BA , AC of a triangle. In this case, upon the lines BA , AC 
describe two segments BOA , 

AOC , touching -4C, AB respec¬ 
tively at A. Then 0, their second 
intersection, is the double point, 
for it is evident that the triangles B 
BOA , AOC are directly similar. 

Cor. 1.— 0 is the focus of a 
parabola touching AB , AC at 
the points B, C. 

Cor. 2 .—The distances of the 
double point from any two homologous points or lines are in 
a given ratio. 

Cor. 3.—If AO be produced to meet the circumcircle of the 
triangle ABC again in B, AO equal OB. 

Cor. 4.—Either Brocard point is the double point of the given 
triangle, and of any of an infinite number of directly similar 
inscribed triangles. 

For, let O be a Brocard point. Take any point B in BC. 
Describe circles about the triangles BBi2 , QCB intersecting 
the sides BA, AC respectively in the points F, E. Then 
the triangle FBE is directly similar to ABC. 

For the angle BFQ is equal to BBQ = FAQ and FBQ = FBQ. 
Hence the triangle BQA is directly similar to BQF. Similarly, 
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the pairs of triangles FQF, AQC; EQ.D , CQB are directly 
similar. Kence the proposition is proved. 



314. Notation.— Let F ly F 2 , F z be three directly similar 
•figures, 4, l 2 , 4 three corresponding lengths, a x the angle of ro¬ 
tation of F 2 , F z , a 2 , a 3 the angles of rotation of F Zy F Y and 
F ly Fo respectively, S ly S 2y S z the double points of F 2 , F z , 
F z , F ly and of F u F 2 . We shall also denote by (0. AB) the 
distance from the point 0 to the line AB. The triangle S 1 S 2 S 3 
formed by the double points is called the triangle of similitude 
of the figures, and its circumcircle their circle of similitude. 

In every system of three figures directly similar the triangle 
formed by any three homologous lines is in perspective with the 
triangle of similitude , and the locus of the centre of perspective is 
the circle of similitude. (Taeey.) 

Dem.— Let a l9 a 2y a z be three homologous lines forming the 
triangle A X A 2 A Z . Then we have (§ 313, Cor . 2) 

( S\. a 2 ) _ l 2 . ($ 2 . # 3 ) _ I3 m ($3 • ^i) _ 4 
(Si . # 3 ) 4 (S 2 . #i) 4 ($ 3 • ^ 2 ) 4 
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Hence it follows that the lines Si-di, 

in a point L whose distances from the lines «„ 


S Z A Z cointcrscct 
a 2 , a 3 arc propor¬ 



tional to 1 1 , 4? 4* Again, the triangle A 1 A 2 A i being formed by 
three corresponding lines, its angles are supplements of a 1? a 2 , a ;v 
respectively. Hence the angles A x LAo, AJLA^ AJjA x arc 
given, that is, the angles SiLS 2 , & 2 ZS z , S z ZS x arc given, lienee 
the point L moves on three circles passing through S x and /Sh, 
$ 2 and # 3 , $ 3 and 8 X respectively, that is, it moves on the 
circumcircle of the triangle S 1 S 2 S 3 . 

31o. In every system of three similar figures there is an infinite 
number of triads of concurrent homologous lines; these turn round 
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it may be proved that the parallel through P 2 to S' 2 S 2 , and 
through jP 3 to S' 3 S 3 , pass through the point, whose barycentric 
co-ordinates with respect to are X 1? X 2 , A 3 . Hence the three 

parallels are concurrent, but these parallels are perpendicular to 
the sides of -El F 2 F 3 . Hence the proposition is proved. 

Cor. 1.—The figures F u F 2 , F 3 are protectively related to a 
fourth figure F. 

For when P 1 describes -Si, P will describe F\ which will be 
the projection of each of the figures F t , f 2 , f 3 . 

Cor. 2 .— The invariable triangle is the reciprocal of Lionnet’s 
triangle. 

Tor the perpendiculars from D on the sides of -Ei JE 2 E 3 are the 
halves of the lines SiJD, S 2 JD, S z D y respectively, and these are 
proportional to the reciprocals of DI ly DI 2 , DI Z , respectively. 

321. The triangle formed by any three corresponding points is 
similar to the pedal triangle of any of these points with respect to 
the corresponding Annex triangle. 

Bern.—Let the perpendicular co-ordinates of P 1 with respect 
to S\S 2 S Z be x 1} y 1} % * those of P 2 with respect to /S L S' 2 >S 3 , 
#2, y 2 , %, and of P 3 with respect to SAS'z be x 3) y 3) % 3 . How 
from similar triangles we have 


S'iSi : PiP :: (8\ . S 2 S Z ) : x u 

but S'.S, = 2 (-Si. F 2 F 3 ) Cor., § 319. 

Hence 2 (-Ei. F 2 F 3 ) : . S 2 S 3 ) ::P X P: x v 

Similarly, 2 (F 2 . EJBfi : ^ 8J : : P 2 P : y 2 ; 

but from similar triangles, 

(S' 3 .S 3 S l ):(S 2 .8 3 S' 1 )::y 2 : yi 

Hence (Euc. V. xxu.), 

2 (F,.itBt) : (&. ,S 3 S\) ::JP 2 P: Vl . 

But since the triangles F 3 F 2 F 3 , S\S 2 S 3 are similar, 

(Ft.F 2 F 3 ) : (S\. S 2 S 3 ) :: (F 2 .F 3 Ft) : (S 2 . S 3 S\). 

Hence i^P : a* : : P 2 p ; and simriarly as P 3 P : 2l , and the 
proposition is proved. 


% 
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three fixed points I ly L , J 3 of the circle of similitude , the locus 
of their point of concurrence is the circle of similitude. (Tarry.) 

Dem.—Let Z be the centre of perspective of the triangle 
SiSo&s, and A x AoA z formed by three homologous lines. 
Through L draw ZI l7 ZL, Zf parallel to the sides of A L AoA- 3 , 
respectively. These are homologous lines for 

(& • Xii)/(Si • Liz) = (Si. ^)/(Sx. a.) = 4/4, &c. 

Again, the point J 2 is fixed ; for the angle SiZf is equal to 
SiAiA 3 , which is given. Hence the arc Sil 2 is given, and I 2 is 
a given point. Similarly, 7 3 , f are given points. 

Def.—71, Z>, / 3 are called the invariable points , and I iff the 
invariable triangle. 

Cor. 1.—The invariable triangle is inversely similar to the 
triangle formed by three homologous lines. 

Por the angle IJ z f = I^ZIi = A 2 A 2 A l7 &c. 

Cor. 2 .—The invariable points form a system of three corre¬ 
sponding points. 

Por the angle I 2 SiI 3 = a u and Sf \ : : 4 * 4* 

Cor. 3.—The lines joining I u To, / 3 to any point of the circle 
of similitude are corresponding lines of 74, 74, 74. 

Por they pass through three homologous points, and make, 
with each other, angles equal to a u a 2 , a 3 , respectively. 

Cor. 4.—The triangle formed by any three corresponding 
points is in perspective with the invariable triangle and the 
locus of the centre of perspective is the circle of similitude. 

Por the joins of corresponding vertices are corresponding lines 
through the invariable points. 

Cor. 5.—The invariable triangle and the triangle of simili¬ 
tude are in perspective. Por we have 4 • 4 *• • $if : $if • : 

316. Modular Quadrangle. —If from a point Q ice draw three 
lines QQ U QQ», QQ 3 equal to 4, 4? 4? respectively, and parallel 
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to any three homologous lines of F i, F 2 , F z , the figure Q Q l Q 2 Q 3 is 
called the modular quadrangle. (Heuberg.) 

It is evident from the construction that the angles Q 2 QQ 3 , 
Q 3 QQ 1 , Q 1 QQ 2 are respectively equal to a u a 2 , a 3 . 

Cor. 1 .—The figure formed by the point L (fig., § 314) and 
Z L , Z 2 , Z 3 , the feet of perpendiculars from it on the sides of 
the triangle A V A 2 A 3 is similar to the modular quadrangle. 

Because the distances of L from the sides of the triangle 
A x AoA z are proportional to L, l 3 , and the angles LJLL Z , 
L 3 LL X , LfLL 2 are respectively equal to a l5 a 2 , a 3 . 

Cor. 2 .—The pedal triangle M X M 2 M 3 of L with respect to 
LfL 2 L 3 is easily seen to be inversely similar to #i# 2 $ 3 . Hence 
the pedal triangle of Q with respect to Q 1 Q 2 Q 3 is inversely similar 
to the triangle of similitude. 

Cor. 3 .—The antipedal triangle of Q with respect to Q X Q 2 Q Z 
is similar to the triangle formed by any three corresponding 
lines of F u F 2 , F 3 . 

For the antipedal of L with respect to LfL 2 L 3 is the triangle 
A X A 2 A 3 . 

317. If Pi, 1 2 , Pi be a triad of homologous points of F { , F 2 , F 3 ; 
fii, go, the areas of the triangles Q 2 QQ 3 ,Q 3 QQ U Q X QQ 2 of the 
modular quadrangle. The mean centre of P h P 2l P 2 for the system 
of multiples y h g 2 , /x 3 is a fixed point. (Heuberg.) 

Bern.—Let R u P 2 , R z he another triad of homologous points, 
divide P 2 P Z , R 2 R Z in the ratio /x 3 : p 2 in the points P 4 , P 4 ; 
draw Pi U 7 Pi V equal and parallel to P 2 R 2 and P 3 P Z , respec¬ 
tively. Join R 2 U ’ RfF. How we have R 2 U: R z V : : p 3 : g 2 :: 
R 2 Ri : R 3 Ri. Hence the line TJV passes through P 4 . Again, 
in the modular quadrangle we can suppose QQ U QQ 2 , QQ. 6 to he 
equal and parallel to P 1 R 1 , P 2 R 2 , P Z R Z , respectively. Hence 
the triangle P 4 UV is equal in every respect to Q Q 2 Q 3 . Hence, 
if we produce Q X Q to meet Q 2 Q 3 in Q if it follows that P 4 P 4 is 
equal and parallel to QQ X . Therefore P^ and PiRi are 
parallel, and the lines PiP i} R x Ri intersect in a point JD , such 
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that each is divided in I) in tlm ratio QQi -QQr Ilonc.o 1) is 



the, mean centre of tlie triads of points J.\, 1\ J \; R Xl li>, R,\ 
for fd 1 o multiples /*i, p», /%. 

I )i- w.—I) in catted the m khutor point. 

;U8. Let t>\ be the point of I<\ which corresponds to con¬ 
sidered as a point in hi and the point of hi, which cor¬ 
responds to K, in h\ and h\ ; and aS" : „ the point of h\ which 

corresponds to aS' ;i in h\ and hi. Then the lines aS^aS",, >S' ; ,aS 7 ;* 

w concurrent. 

In fact I) is the moan centre of aS",, aS',, A', for the multiples 
pnfhifkr Therefore J) is a. point on aS , ,A"i, which it divides in 
the ratio p. { : /<,. I /%. Similarly, it is a point on AVSA and 

Or thus • By hypothesis the? three points aS",, aS',, aS # , are homo¬ 
logous points. lienee the lines aS^A, A',/ v , aS',/ ;! joining them to 
the invariable points are concurrent. Hence, tin? points A" h /), aS', 
§ ;il*l)are collinrar. Similarly, aS" ; ., A, aS' ; . mv eolliuear, 
and aS" : „ />, aS' ; , are collinear. 

Dkj.'. . 77/o ;/o/V/7.v aS"„ Kl,, ,S" ;i are called the adjoint points j 
wad the irianylcs aSV s 'A> MiW* annkx Irianylcs. 







400 Recent Geometry . 

319. The annex triangles are directly similar to the modular 
triangles. (Hettberg.) 

Bern.—The points S' u S 2 , S 3 in F x correspond to S Xj S' 2 , S 3 
in id, and to S X} $>, S' s in F 3 . Hence the triangles S X S' 2 S 2 , 



S X S 3 S ; 3 are similar to QQ 2 Q 3 . Therefore the angle S X S 2 D is 
equal to S X S' 3 D, and the circumcircle of the triangle S X S 2 S' 3 
passes through JD. Similarly, the circumcircles of the triangles 
S'iS 2 S 3 , SiS'i&i passes through JD> Let E X) E 2 , E 3 he the cir~ 
cumcentres of the annex triangles. Then, as they form a triad 
of homologous points, the triangles S x E 2 E 3l S 2 E 3 E X} 8 3 E X E 2 are 
directly similar to the triangles QQ 2 Q 3 , QQ 3 Q Xi QQ X Q 2 , hut the 
lines S X D , S 2 I), S 3 J) are perpendicular to E 2 E 3 , E 3 E X) E X E 2 
at their middle points. Hence the triangles jDE 2 E 3 , DE 3 E Xl 
BE x E 2 are inversely similar to QQ 2 Q 3: QQ 3 Q, X , QQ X Q 2 . There¬ 
fore the triangle E X E 2 E 3 is inversely similar to S\S 2 S 3 . Hence 
S\S 2 S 3 is directly similar to Q X Q 2 Q 3 . 
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Cor. —The lines S x S f l7 S 2 S f 2 , $ 3 $' 3 are respectively the doubles 
of the altitudes of the triangle E X EJE Z . 

Tor I)S'i is bisected by the perpendicular from E x on it, and 
SiD is bisected by E Z E Z . 

Def.— We shall call the circumcircles of the annex triangles 
Annex Circles, and the triangle formed by their centres Lionnet’s 
Triangle. Compare § 309, Def., and the circumcircle of 
Zionnefs triangle Lionnet’s Circle. 

320. The triangle formed by any three homologous points P l7 
P 2 , P 3 is orthologique with Zionnefs triangle E X EJE Z . (ISTeuberg.) 

Dem.—Let the barycentric co-ordinates of Pi with respect 
to the triangle S\S 2 S Z be A*, X 2 , X 3 , then the barycentric co¬ 
ordinates of P 2 with respect to >S r 1 /S r/ 2 /S' 3 and of P 3 with respect to 



SAW, are \ l7 X 2 , X 3 . Again, join S\P l7 and produce to meet 
S 2 S 3 in U. Join US l7 and draw P X P parallel to 8' 1 S 1 meeting 
&&i in P. Then it is easy to see that the barycentric co¬ 
ordinates of P with respect to SiS 2 &3 are A x , X 2 , X 3 . Similarly, 
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it may be proved that the parallel through P 2 to S' 2 S 2j and 
through P 3 to S'sJSz, pass through the point, whose barycentric 
co-ordinates with respect to S x jS 2 S z are A 1? A 2 , X 3 . Hence the three 
parallels are concurrent, hut these parallels are perpendicular to 
the sides of E x F 2 Ez. Hence the proposition is proved. 

Cor. 1.—The figures Pi, pl>, P 3 are projectively related to a 
fourth figure P. 

Tor when Pi describes Pi, P will describe P, which will bo 
the projection of each of the figures P 1? P 2 , P 3 . 

Cor. 2 .—The invariable triangle is the reciprocal of Lionott’s 
triangle. 

Tor the perpendiculars from I) on the sides of E X E 2 F A aro the 
halves of the lines S X D, S 2 D, & 3 i), respectively, and these arc 
proportional to the reciprocals of J)I X) J)I 2l _Z)/ 3 , respectively. 

321. The triangle formed by any three corresponding joints is 
similar to the pedal triangle of any of these points zoith respect to 
the corresponding Annex triangle. 

Dem.—Let the perpendicular co-ordinates of P x with respect 
to S'M he # l7 y x , z x ; those of P 2 with respect to S x S f o$ 3 , 

y 8 , 82 , and of P 3 with respect to S X S 2 S' Z be x 3} y 3) How 
from similar triangles we have 


8'i&i • P\P :: (S\. S 2 S 3 ) : x 1} 

SWi = 2 (P x . P 2 _P 3 ) Cor., § 319. 
2(P 1 .P 2 P 3 ) : (S\ . S 2 S Z ) : : P X P : x x . 

2 (P 2 . P 3 Px) : (S % . $$) :: P 2 P : y 3 - 
but from similar triangles, 

($ 2 . S 3 S X ) : ( 3 ^. S^S^ij :: y z : y x 
Hence (Enc. Y. xxn.). 


but 

Hence 

Similarly, 


2 (P 2 . EA) : (P 2 . ,ys\) :: PJP ; 

But since the triangles E X EJE 3 , S\,S 2 S 3 are similar, 

(Ji . : (ri'h. : : (E\.E i E 1 ) : (S 2 . S Z S\). 

Hence P X P : x x :: P 2 P: y x , an d similarly as P 3 P : Zl) and the 
proposition is proved. 
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Cor.— The ratios l\ P : .r b PmP : P 3 P: % x aro given. For 

each is equal to tho ratio of any side of K x F 2 F n to half the 
homologous Hide of A\S»A :x . Tho proposition just proved affords 
immediate solution of a largo numher of propositions. Tho 
following are a. few instances:— 

1°. If three homologous points he collmear, their loci are the 
annex circles . 

For the feel of tho perpendiculars from eaeh on tho sides of 
its annex triangle are eollinear. 

2°. If the Jirocard angle of the triangle formed by three homolo¬ 
gous points he given, their loci are Suiioutm circles of the corre¬ 
sponding .Annex triangles. 

tl 0 . If the area of the triangle formed hg three homologous points 
he given, the locus of each is a circle. 

For tho area of the pedal triangle of each point with respect, 
to its annex triangle is given. 

The maximum triangle formed hg three homologous points is 
L ion n et 7 s triangle F x F» A r a . 

4 f) . If the angle I\l\P-.\ of the triangle formed by three homolo¬ 
gous points he given, the locus of J.\ is a circle passing through the 
points An. A a . 

f>‘\ If the sum of the squares of the sides of the triangle formed 
hg three homologous points he given, the locus of each is a circle . 

In each of the foregoing eases tho locus of tho point; P is an 
ellipse. 

0°. If I /«, 1\\ he homologous points, P\, .P' 2) their inverses 
with respect to the annex circles, the triangles I\l\l\, P\F»P f if 
are inversely similar. J) is their double point, and if 1\ P\ inter¬ 
sect its Annex circle in the points V y V 1 , l)V, DV f are their double 
lines. (M ‘(Jay.) 

For if /\, P 'i ho inverse points with respect to the annex 
circle A' x Au% their pedal triangles aro inversely similar. 
Hence l\PA\ x , P^F^F^ are inversely similar. 
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7 ; . The triangle I'J'.T, formed hj the inverses of the invariable 
points icith respect to the Annex circles is directly similar to the 
triangle formed by any three corresponding lines. {Ibid.) 

h z . The ant {complementary of I\TJ\ is a triangle {say ABC) 
formed by three corresponding lines , and the middle points of its 
'sides are homologous points of F z , F,, F 3 . The perpendiculars to 
tie sides of ABC at I\, J' 2) I's, or at their middle points are con¬ 
current homologous lines. Hence they pass through the invariable 
points, and intersect on the circle of similitude. Hence the ortho- 
centre of l'il'«I\ is a point on the circle of similitude. {Ibid.) 


EXEBCISES.* 

I Tie invariable triangle is orthologique with, that formed by any three 

e orre «pending lines. 

2. If corresponding circles of F\, JI, i'b be concentric with the annex 
circles, circles cutting them orthogonally form a coaxal system, of which 
tie director point is a limiting point. (M‘Cay.) 

0. If tie figures F h F?, be equal, the director point is the circum- 
centre of Lionnet’s triangle, and the orthocentre of the triangle of simili¬ 
tude. 

4. In tie same case, the annex triangles are the symetriques of the 
triangle of similitude with respect to its sides. 

5. It through any three corresponding points lines he drawn parallel to 
the sides of Lion net's triangle, they form a triangle of constant area. 

6-1 0 . If the director point be on the circumference of Lionnet’s circle, 
then— II The double points are coilinear. 2°. The invariable points are 
at infinity. SI The triangle I'iTA'z coincides with Lionnefs triangle. 
41 The adjoint points are the symetriques of D with respect to the tri¬ 
angle AFC, the anticomplementary of Lionnet’s triangle. 5°. If the line 
S 1 S 2 S 3 cut the sides of ABC in angles A\ B’, O', and R he the cireum- 
radius of ABC, the radii of the annex circles are 

R cos A\ R cos B ', R cos C'. 

* These Exercises have been selected chiefly from Nexjbehg ct Sur les 
projections et contra-projections. 5 ’ Eruxelles, 1890. 
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11-17. If tlm point.H A'i, A'**, A 3 miiitin fiwhile Mm <ji* point 
l) in at. Infinity in a p;ivcn direction limn I ’. Tlm linen thrum*h 
*S'i, A 2 , A*;i paral lot to 5 out tlm circle of niinililudo in tlm invariable points, 
2 fi i *1 /t-; | fi;\ ■ 0. «T. Kvory linn parallel to 15 mentn tlm »iden ol‘ tlm 

triangle of nimilifudo in three cormspoudin/ 1 ; point.'). d ‘. Tlm tnunylo 
formed by throe eormupomlinp; linen Im Himilur to tlm tiianylo of liimililudn. 



f>". It, in iimoribed in the triangle of iiiiniUlntln. (I". Tlm adjoint pniutn 
are t.lu) intorneetionn of tlm aide of A^AVAa with tlm parallel:) A'|/j» A'*/••, 
A';t/a. 7 M . Tlm annex trian^lea reduce to Hat Imiiip.ton A"jAV,A’t, A'iA"»A' tW 

*ViAVW 

18 2d. If from any point /' <d’ a lino d perpendicular.) ho dniwu to tlm 
uiden of a fixed trample tlmir foot mark three honmlopoini rown of 

point.-i whirl) may ho regarded an making part a of tliroo diivnlly nimibir 

lipjnr<*M /'*j , /A, A’;,, then 1“. The feet of porpondioulai'M from thoaumtmln 

of on tlm lino d are tlm doid>lo point:) A‘i, A'-*, A'; } of tlm nynlem. 

2'. r ri»o trample XifaKi m mmilar to laommtA) trianplo. The invariable 
points) uro at- infinity on tlm perpendicular.') of *1. The director 

point, /> i:i t.hn point common to perpendicular.-) from A't, A'-*, A';j on tlm r.iden 
of ZifaXw. f>°. If d interned. tlm cirrumeirele of in tlm points* 
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F, 7', the Simson’s lines of F, F' with respect to ZiZ^Z* pass through D. 



6°. If d be a diameter of the circumeircle of Z\Z%Zz t D will he on its 
nine-points circle. 

24. If Pi, P 2 he homologous points of directly similar figures Pi, P2, and 
if through any fixed point S a line Sp he drawn equal and parallel to PiPa, 
the locus of p is a figure similar to Pi, P2. 

25. If PiQiRu P 2 Q 2 R 2 he two triangles directly similar, and if through 
any point S, he drawn lines Sp, Sq , Sr, respectively equal, and parallel to 
P1P2, 0 i 02 , P1P2; the triangle pqr is similar to the given triangle. 

26. Being given Lionnet’s triangle of three similar figures, then any 
triangle P1P2P3 whose summits are three homologous points, is only altered 
in position by the change of position of the director point. 

27. If Pi, P 2 , P3 he a triad of homologous points of three similar rows, 
and if upon a fixed base a triangle similar to P 1 P 2 P 3 he described, the locus 
of the free summit is a circle. 

Section II.— Theory oe Harmonic Chords. 

322. If A'B 1 be a chord of given length inscribed in a circle Z, 
S a given point, then if the lines A'S, JB'S intersect the circle 
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again in AB, a point R {called the symmedian point) can he 
found, such that the ratio (R . AB)\AB is constant. 

Sol.—L et AB, A'B' produced meet in P, and intersect in 



0 ' O', the line joining /S to the centre 0. Through P draw 
PS', the polar of S, then R. ’ the harmonic conjugate of 0 with 
respect to 8, S', is the point required. 

Dem.—Since the pencils P (SCS'C'), P(SRS'O) are har¬ 
monic, 

2 188' = 1/8C+ 1 /SO' = 1 /SR + 1/80, 

(SR- SC)/(SR. SC) = (/SC" - 80)I(8C'. SO). 

Hence 

RC/SC:OC'/SC':: SR8: 0. 

Therefore 

(JT. -4i?)/(/S .AB):(0. A'B')I(S . ^'P'):: SZT: /SO. 

Eut 

(S . AB): (S . A'B'): : AB : 

Hence 

(JT. AB)/AB :(0. A'B')\A'B ':: SR: SO. 

Eut the three last terms of this proportion are given, therefore 
the first is given. 
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Cor. 1 . —If the points A, B be joined to S', and produced to 
meet Z again in A", B", these points are the symetriques of 
AB' with respect to SS f . 

Cor. 2.—If the chord A'B' take different positions in the 
circle, its extremities will divide the circle homographically. 
Hence the corresponding positions of A, B will be homographic. 
Hence we have the following theorem:— 

If the extremities of a chord of a circle divide it homographically, 
there is a fixed point in its plane such that its perpendicular dis¬ 
tance from the chord hears a constant ratio to its length. 

Dee. —The points S, S' are called the centres of inversion. 

323. Bbocaed Ellipse. —Since A'B' is a chord of constant 



length, its envelope is a circle concentric with Z. Hence the 
envelope of AB is an ellipse, called the Brocard Ellipse ; its foci 
are found as follows :— 

Let if be the symmedian point, 0 the centre of Z, upon OK 
as diameter describe a circle. (This is called the Brocard Circled) 
Draw OJ perpendicular to AB , cutting the Brocard Circle in 1. 
Join Al, Bl, cutting the Brocard Circle in O, O'; these are 
given points, and are the required foci. 
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Dem.—Since the ratio [K . AB)jAB is given, the ratio- 
IJ: AB , therefore the ratio IJ: JB is given. Hence the angles 
JIB, IBJ are given. Hence the angle OIQ, is given. Hence Ci 
is a given point. Prom £2 draw QJf perpendicular to AB, 
How, since the triangle &BM is given in species, and i? moves 
on a given circle, the point M describes a fixed circle. This 
will be the pedal circle of the conic, which is the envelope of 
AB. Hence O is a focus. Similarly, O' is a focus. 

Dee.—O, O' are called the Brocard points of the system , and 
either base angle of the isosceles triangle IAB its Brocard angle. 

Cor. 1.—If the angle which A'B' (fig., § 322) subtends at 
the centre' be denoted by 2a, the distance OK by S, and the 
Brocard angle by co, then 


tan 2 co . tan 2 a = 1 - S 2 /R 2 . (888) 

Dem.—Prom the proof of § 322, 

{K. AB)\AB :{0. A'B')IA'B f :: SK: SO. 

But 

(K.AB)IAB = i tan co, ( 0 . A'B')/A'B' = cot a. 
Hence 

tan co . tan a = SK/S 0. 

Again, since the points 0, K (fig,, § 322) are harmonic con¬ 
jugates with respect to S, S', and S, S' are inverse points with 
respect to Z , it is easy to see that 

SK 2 /S O 2 = 1 - S 2 /R 2 . Hence tan 2 co . tan 2 a = 1 - § 2 jR 2 . 

Cor. 2.— S 2 = R 2 (1 - tan 2 a . tan 2 o>). (889) 

Cor. 3.—Since the locus of M is the auxiliary circle of the 
Brocard ellipse, the radius of the auxiliary circle is R sin co, 
that is, the transverse axis of the ellipse is 2R sin co, also the 
distance OO' between the foci is equal to S sin 2co, that is, 


R*y - tan 2 a . tan 2 co) sin 2 2co. 
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Hence the equation of the Brocard ellipse referred to its axes is 
arsin 2 ct> + y~ cos 2 a = i2 2 sin 4 <i>. (890) 

Cor. 4. — If the lines (90, Oi2 f meet the circle IT in the points 
JH T\ the chord VV is equal to the major axis of the ellipse. 
324. If 0 be the circumcentre, S, Si the centres of inversion, 



Dem.— Since 8 , 8 X are the limiting points of the circles X, X, 
the radical axis bisects SS, in <3, but the radical axis is the 
zuTtrse oi X with respect to X. Hence OQ = 11-/8, and since 
15 3 Siting point QS\- = OQ-- Hence 

H - QS '* = Ri {Ri ~ S ' J)/S2 QS '~ = tan<o/8. 


=RU ^+ tan a tan «)/«, OS, =X (1 - tan a tan <o)/S. 
Therefore OS : OS ,:: cos («-«): cos (» + «). 

Tor. 1. The angle S.DS = 2 a. ( 8g2 ) 

St,’"*’" * *” ™ e * 018 ““ * •£• 

tana, tan < 0 / 8 = 0 Q tan a tan <o = QZ tana. 
Again, since the radical axis is the inverse of X with respect 
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to Z, we have OCl . OL - R 2 — OS . OSi. Hence tlie points 
S , L, Q, Si are coneyclic. Hence the angle S X QS = SiZS = 2a. 

Cor. 2. —If the lines SCI, SCI' meet the Brocard circle again 
in the points Y\ Y', the angle YOY' - 2a. 

Cor. 3.—The directrix of the Brocard ellipse passes through 
the point L. 

Cor. 4.—The major axis : minor :: OL : LS. 

Haemonic Polygons. 

325. If the chord A'B' (§ 322) he the side of a regular polygon 
of n sides, AB will he a side of a cyclic polygon of n sides, 
having a point K in its plane, such that its distances from 
the sides are proportional to the sides, such a polygon is, for 
reasons that will appear further on, called a harmonic polygon. 
Hence we have the following theorem :— If any point S in the 
plane of a circle be joined to the summits of an inscribed regular 
polygon, the joining lines will cut the circle again in the summits 
of a harmonic polygon . 

Prom §§ 322-324, it is seen that every harmonic polygon 
has a symmedian point, a Brocard circle, two Brocard points, 
a Brocard ellipse, a Brocard angle and two centres of inversion, 
vi z. the points S, S x , which are the limiting points of the cir- 
cumcircle and Brocard circle. 

326. If A Q , Ai . . . A n _i be the summits of a harmonic polygon 
•of n sides, the chords A x A n . x . A 2 A n _ 2 , 8gc., are concurrent. 

Dem.—Let K he the symmedian point. Join AJI, and pro¬ 
duce it to meet the circumcircle in A' 0 . Then, since the perpen¬ 
diculars from K on the chords A 0 A n „*, A 0 A 1 are proportional to 
the chords, the points A Q , A' 0 are harmonic conjugates with 
respect to A n _ x , A x . Hence the line AiA n . x passes through the 
pole of A 0 A' q , Similarly, A z A n _o passes through the pole of 
AqA'q, &e. Hence the proposition is proved. 

327. If a, /?, y, 8pc., be the equations of the sides of the harmonic 
polygon , a, b, c , Sfc., their lengths, then the polar line of K icith 
respect to the polygon is 5 aja - 0. 
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Bern .—Through K draw any line cutting the sides of the 



polygon in the points R 1} R 2 . . . and on it take a point R, such 
*nat iif KR = l/JTRi + ljKR 2 • * - The locus of R is required. 

Lc-t K be taken as origin, then if p, p', p" . . . be the perpen¬ 
diculars from Kona, and if KR make an angle 6 with 

the axis of x , we have 


l \KR 1 = eos (0 - a)/p, 1/I3j = cos {& - j3) jp', & e . 
^ow, denoting KR by p, we hare by hypothesis, 


\ P 


Hence 2 ( ^cos a + y sin a ^ 

v r 0 ’ 


that is 2 a/p = 0 ; 


^,T^! St mnr median P ° int ’ proportional 

~%aja = 0. 


( 893 ) 
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328. The polar of K with respect to the circumcircle is also the 
polar of K to ith respect to the harmonic polygon, 

Dem.—Let a "be the pole of the chord A 0 A' 0 with respect to 
the circle. Then a is a point on 2a ja = 0. For, join Ka, and 
if n be even, the sides may be distributed in pairs, such that 
K and a are harmonic conjugates with respect to the points in 
which each pair are cut by Kcl. Hence 1 /KR 1 +1 \KR n = 2\Ka ) 
l/KR 2 + 1/KR^ = 2/JTa, &c.; and if n be odd, the intercept 
made by one of the sides on Kcl is equal to Ka. Hence 
2 (1/KRi) = njKa. Hence a is a point on the line 2a ja = 0. 
Similarly, the pole with respect to the circle of the line joining 
the point K to each vertex of the polygon is a point on 
2a la = 0. Hence K is the pole of 2a /a = 0 with respect to the 
circle. 

Cor. 1.—The circle is the polar conic of K with respect to 
the polygon. 

Cor. 2.—If a radius vector through K cut the sides of the 
polygon as in § 327, and a point be taken on it, such that 

Jnt) =0) 

the locus of R contains the circumcircle as a factor. 

It may be proved, as in § 327, that the locus of R is 2#/a = 0. 
This, which is a curve of the (n- 1) degree, contains the circum¬ 
circle as a factor. (See § 117.) 

329. If through the symmedian point of a harmonic polygon a 
parallel le drawn to the tangent at any of its vertices , the intercept 
on it between the symmedian point and where it meets either side 
through the vertex is constant . 

Dem.—Let AB be a side of the polygon, ^^the tangent, 
JT^7the parallel, produce AK to meet the circle in A'. Join 
A'R, and draw KX perpendicular to AB. How, we have 
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JTXjKU = sin A UK = sin = sin .Xi'-S = AB/2R. Hence 

KKR = 2KX/AB = tan co; KU = tan o>. Hence iT?7 is 

constant. 



Cor.—If tlie polygon he one of sides, there will be 2n points 
corresponding to and these will be concyclic. 

330. If the mymmedian lines of a harmonic polygon be divided 
in a given ratio in the points A", JB ". .., and through these points 



parallel* le drawn to the tangents at the summits , each parallel 
meeting the two sides passing through the corresponding summit, 
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all the points of intersection are coney clicy and taken alternately 
form the summits of two polygons similar to the original. 

Dem.—Let the ratio be l : m. Join AO , OK. Draw A"0* 
parallel to A 0, and A " U' parallel to the tangent at A. Then 
we have 0'A''~lB/(l+m)y A" U'=mKUI(l+ m) =mR tan <o/(Z+ m) 
(§ 329 ). But 0'U' 2 = 0 r A'' 2 + A" IT- = R~(P + m z tan 2 co)/(Z + m) 2 . 
Hence O' XT is constant. 

Again, if B" V' be parallel to the tangent at By the triangle 
O'B" V' is in every respect equal to O'A" U'. Hence the angle 
XT O'V' is equal to A OB. Hence the points UV'. . . are the 
summits of a polygon similar to that formed by the points 

A y B . It is evident that, proceeding in the opposite 

direction from A , we get another harmonic polygon. Hence 
the proposition is proved. 

If the ratio l : m vary, the point 0' will move along OKy and 
to each position of it will correspond a circle intersecting the 
sides of the polygon ABC ... in points which form the sum¬ 
mits of two harmonic inscribed polygons. This system of circles 
is called the Tucker's Circles of the Polygon. 

Cor. 1.—If 6 be an angle determined by the relation l tan 0 
= tan co, the corresponding “ Tucker’s Circle” intersects the 
sides of the polygon at angles equal to (A - 6 ), (B - 0), ( C-0) 
.... respectively. 

Dor tan 6 = m tan o> /1 = A" U'j O'A" = tan A" 0' U'. Hence 
0 =zA"0'U'. Again, denoting the angles subtended by the 
sides ABy B C .... of the polygon at any point of its cireum- 
circle by A, B ...., and drawing O'B perpendicular to AB, we 
have the angle A" O'B = A"U'Ay which is evidently equal 
to A. Hence U'O'R = A - 0, and the circle whose centre is 
0' and radius 0' U' cuts AB at angle equal to A - 0. 

Cor. 2.—The perpendiculars from the centre of a u Tucker 
Circle” on the sides are proportional to cos (A - 0), cos 
&c. 7 and the intercepts they make on the sides to sin (A - 0), 
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/; In the special case, that the polygon reduce 

• trhmirk-, these results will he found important. 

( be changed to 90° +(9, the perpendiculars are 

• - ; rt;: rial to sin f A - 6), sin {B - 6 ) - 

f 4.— If denote the radius of £< Tucker’s Circle,” 

JR$ = It sin oj/sin (0 + w). (894) 

5.*—The centres of similitude of the original polygon 
ill ; the two inscribed polygons are the Brocard points of the 

L If from the circumcentre of a harmonic polygon perpen- 
/ ah ; le drawn to its sides , the intersections with the Brocard 
> "h- ire fht : ^variable points of similar figures described on its 

Bern. —let JLB, fig., § 323, be one of the sides, 0 the circum- 
-■*: v. 0/the perpendicular intersecting the Brocard circle in I> 

1 h - nc if the invariable points. Por the polygon and the 
Lev: i.ntel by the I points are doubly in perspective, the 
*:t : :f perspective being the Brocard points : and this is the 
;: ror*y of the invariable points. 

T - jT - r trough the vertices of a harmonic polygon lines be 
c tgual angles iciih the sides , and in the same direc - 

■ ’ • •• the centre of similitude of the original polygon and 

• y.n.ied by these lines is a Brocard point of each. 

:: &FE, fig., § 313, Cor. 4 (for simplicity we take 
the proof is general), be the original triangle, 
f lt : “ at f;,nned by lines equally inclined to the sides 
-- ^ the centre of similitude. ’ 

If/guns directly similar he described on the sides of a 
rrymc polygon, every system of homologous points lies on the 

■ r '- # psaal of a conic. 
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"Bern .— Let B C be one of the sides of the polygon, A! a point 
of the system which "belongs to the figure on B C, I the corre¬ 
sponding invariable point. Now, since the figure formed by the 
system of points corresponding to A', and that formed "by the 
invariable points, are in perspective, and have their centre of 
perspective on the Brocard circle of the polygon, if we joinLi', 
cutting the Brocard circle in B, all the lines corresponding to 
lA f pass through B. Join A’B, A r C , and draw IZ : BM perpen¬ 



dicular to A'B. Now, the quadrilateral IBA'C is one of a 
system of similar quadrilaterals. Hence the ratio of IL : IA f , 
and therefore the ratio of BM : BA r will be the same in all. 
Again, since BA' and its homologous lines are equally inclined 
to the sides of a harmonic polygon, they form the sides of 
another harmonic polygon. Hence they envelop a conic (the 
Brocard ellipse of the polygon they form). Therefore M and 
its homologous points lie on the pedal of an ellipse. Hence A' 
and its homologous points lie on the pedal of a similar ellipse. 

EXEBCISES. 

1. If JPi, Fo, F 3 he three similar polygons, each formed by homologous 
lines of a given harmonic polygon. Then, since Fi, F 2 , F 3 form a system of 
three similar figures, they have three invariable points, and since they are 
harmonic polygons, each has a symmedian point ; prove that the latter 
points coincide with the former. 
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2. Prove that the centres of similitude of figures directly similar described 

on the consecutive sides of a harmonic polygon, form the summits of ano¬ 
ther harmonic polygon. (Tabby.) 

3. If AA', BB\ CO ' he homologous segments of three similar figures, 
whose extremities A, B', B, O', C, A' are concyclic, prove that the Brianchon 
point of the hexagon formed by the tangents at these points is the sym- 
median point of the three chords. 

4. In the same case, the feet of the perpendiculars from the circumcentre 
on the Brianchon chords are the double points of the three similar figures. 

5. In every system of three similar figures, F \, Fo, Fz, there exists an 
infinite number of homologous segments, AA’ } BB', CC r 3 whose extremi¬ 
ties are concyclic, and the locus of the circumcentre of the extremities is 
the circle of similitude of Fi ,F 2 , F 3 . 

6. In the same case the envelopes of the segments AA\ BB r , CC' are 
parabolae, whose foci are collinear, and whose directrices are concurrent. 

7. In every system of three similar figures there exists an infinite number 
of triads of corresponding circles which have the same radical axis. 

8. Prove that the envelope of the radical axis (in Ex. 7) is a parabola 
whose focus is the point common to the directrices in Ex. 6, and whose 
directrix is the line of collinearity of the foci in Ex. 6. 

Section III.— The Teiangle. 

334. Triangles being particular cases of harmonic polygons, 
their geometry may be inferred from that of the polygon, but, 
on account of its great importance, we give a separate discussion. 

The parallels to the sides of a triangle through its symmedian- 
point meet the sides in six coney die points. (Lemoine.) 

Dem.—Let the parallels be EE\ EF ', FJD '; join EE', EF ', 
FE r . How, since AFKE' is a parallelogram, AATbisects FE'. 
Hence, FE' is antiparallel to B C ; similarly, JDF' is antiparallel 
to AC. Therefore the angles AFEBF'E are equal, and 
E'F- F'E . In like manner E'F f E'E. Again, .if 0 be the 
circumcentre, OA is perpendicular to E'F. Hence the perpen¬ 
dicular to FE ' at its middle point bisects OK.\ and it is easy to 
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see that the middle point of OK is equally distant from the six 
points, FKFD'DF'. Hence the proposition is proved. 



Def. —The circle through the points DF*.. .is called the Lemoine 
Circle, and the hexagon of which they are the summits , the 
Lemoine Hexagox of the triangle. 

Cor. 1.—If lines through the angles of a triangle ABC, 
and through a Brocard point, meet the circumcircle again in 
A 1 , B', C', the figure AB f CA'B C‘ is a Lemoine hexagon. 

Cor. 2 .—If a triangle A l B l C l he homothetic with ABC, the 
symmedian point of AB C being the homothetic centre , and if the 
sides of A X B i C ly produced if necessary, meet those of ABC in the 
points JD, F '; F, F r ; F, D r . These six points are coneyclic. 

From the hypothesis it is evident that the lines AK, BK y CK 
bisect FF f , JDF', FB r . Hence, as in § 334, the six points are 
con cyclic. 

Def. —The circles got , as in this Cor., when the triangle AfBxCi 
varies, are called the Tucxer’s Circles of the triangle ABC . 
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The Tb.oca.bd Ellipse. 

335 . To find the trilinear equation of the Brocard Ellipse. 



Let S be tbe centre of inversion, A'B'C' tbe equilateral 
triangle of whose summits the points A, B, C are the inverses, 
B' the middle point of A f C f . Join SB' intersecting AC in B. 
Then (§ 323) B m is the point of contact of AC with the Brocard 
Ellipse. How, in the triangle SA'C ', AC is antiparallel to 
A'C', and SB' is the median of SA'C'. Hence, SB is the 
symmedian of SAC AB : BC : : SA 2 : SC 2 . Again, from 
the pairs of similar triangles, SAB, SB'A', SCB , SB'C' we 
have SA : AB : : SB' : B'A r ; SC : CB : : SB' : B'C', but 
B'A' * B' C'. Hence SA : AB : : SC : CB. Therefore AB 2 : 
BC 2 :: ABl:BC. Hence (D . AB)jAB = (B . BC)jBC. 

Therefore, if a , /3 , y be the equations of the sides of the tri¬ 
angle ABC, and a, b , o their lengths, the equation of BB is 
y/c - aja = 0. Hence the equation of the Brocard ellipse is 

a ja + *s/ (3/b /yje = 0. 


( 895 ) 



Recent Geometry. 421 

Cor . 1.—The reciprocal of the Brocard ellipse with respect to 
the conic a 2 + ft 2 4-y 2 - 0 is l/oca. + 1/3/3 + 1/cy = 0, which we 
shall see is the Steiner ellipse. 

Cor . 2.—The directrices of the Brocard ellipse are 

sin B cos C . a + sin C cos A . /3 -t- sin A . cos B . y = 0, (896) 

cos B sin C. a 4- cos C. sin A . /3 4- cos A sin B . y = 0. (897) 

336. To find the equation of the Bucher's Circles. 

From the hypothesis, it is evident that the equations of the 
sides of the homothetic triangle (§ 334, Cor. 2) A x B l Ci are of 
the forms 

a — ha ~ 0, ft ~ hb ~ 0, y - he = 0. 

Hence a/3y - (a - ha) (/3 - $3) (y - he) = 0, 

or (afty + bya + ca/3) - h (aby + bca + ca/3) 4- h 2 abc = O (898) 

is the required equation. 

Cor.—The envelope of Bucher's Circle is the Brocard Ellipse. 

For the discriminant with respect to h of the equation (898) 
is an equation of which a/a + *//3jb + +/yfc =0 is the norm. 

337. Let figures directly similar jP 1} F 2 , F 2i be described on 
the sides BC , CA , AB of the triangle ABC, and Si be the 
double point of F 2} F z ; Si of F Zy F x ; and S z of F ly F 2 . Then, since 
ABC is a triangle formed by three corresponding lines, and 
SiS 2 S 3 the triangle of similitude, ABC and S X S 2 S Z are (§ 315) 
in perspective. The centre of perspective K is such that its 
distances from the sides of AB C are proportional to correspond¬ 
ing lines of F u F 2i F z , and therefore proportional to the sides 
of ABC. Hence it is the symmedian point, and from the 
demonstration of § 315 we see that the parallels to the sides of 
ABC , drawn through j?T, meet the circle of similitude S X S 2 S Z 
in the invariable points I ly I 2 , J 3 . 
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Observation.—The special ease of threo similar figures linv 
considered being that which was first studied, Hut ciivlr of 
similitude, the invariable triangle, and the triangle of mmilifurir 
are named, respectively, The Mroeard Circle, First Frucunl 
Triangle , and Second lira card Triangle , after M. II. IS mean!, 
who first investigated their properties. 



Cor. l.—Tho invariable IrimujU /, /., f, u triply in prnpr.iirt 
with ABC. 

For, ainco F„ F t , J<\ arc described <m the hI.I. m „f A lit', 
X, C, A aro homologous points of thorn, figure,, II,., me the 
lines M y , CL, Al, (§ 315) aro eoneurmii, an,] moot „u f,| u . 
circ o of similitude. .Similarly, (!/„ At ,„ lit, , h „ 

circle of similitude. Again, since the Lumoino cirri., :t;H) 
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and the Brocard circle aro concentric, and the line Kf inter¬ 
sects them, the intercept F'J^KR. Hence the lines AI U AK 
are isotomic conjurates with respect to BC. Similarly, BL, BK 
aro isotomic conjugates with respect to CA, and Cf, OK with 
respect to AH. 1 fence AI U ILL, 6V 3 aro concurrent. 

Cor, 2.~.The two iirst centres of perspective aro the Brocard 

points of A ftO* 

(■or. 8. -The harycentrie co-ordinates of the three centres of 
perspective aro 


1 1 TL 111 1_ 1 1 

If d* P 7 <P of P 7 a 2 ' 7 P 7 & 


(899) 


(•or, T—The centre of perspective of the triangle formed by 
any throe corresponding lines of I<\, id, I<\ and Brocard 5 s second 
triangle, is the symmedian point of the former. 


Suction IV. 

iMH. Besides the Brocard circle and ellipse, Lcmoine’s and 
Tucker's circles, &<•.., other circles and conics have come into 
prominence in connexion with recent Geometry. We shall in 
this section give some account of the most interesting of these. 

NkimiiWh Circles. 

(Ami the Pm BO of a triangle ABC and its Brocard angle , 
to ft ml the locus of the vertex. 

hot y, //', s' he the perpendiculars from the symmedian point 
on the sides. Then tan <o . 2 Aja « 2 y'jb = 2s' jc = 4 S/(ar + P + c% 
where S denotes the art‘.a of tin? triangle ; cot o>=(«■*+5 2 + r)/4/S. 
Now, let he the middle point of the hose, and taking A X C 
and 1 hc^ perpendicular through A x as axes, if %, y be the 
on onlinat.es of A, wo got d~ -l- Ir M- & = 2 x~ -I- 2y 2 + oP/2 and 
*1 A 2 ay, llenoo 

•[ if - ay cot to -1- 8« 2 /4 = 0 (900) 

is the locus required. It is called the Neulerg circle of the 
triangle, from the name of the distinguished Geometer who first 
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showed its importance. We shall denote* its centre by A„. In 
the same manner, taking Hut sides (hi, Ah, ns tin? common 
bases of eqni-Erocardian triangles, we get two ether Neuberg 
circles N h N a respectively. 





Cor. 1.—Tangents from Jl or C to the circle JV tt are equal 
to EC. 

Cor. 2.—The equation of N it in baryrentnV eo ordinates t-t 
dr (/3 -I- y)(a -f /S -h *y) — (d/iy I try a } raft) 0. (*»() 1) 

Tor in the general equation (/a-i mjl ( ny)(u i /I i y) id fly 
+ t> 2 ya + c 2 a/3) = 0, m, n are equal to the powers of tlm 
summits of the triangle with respect, to the circle. 

Cor. 3.—The angle which BO subtends at the point Ay is 
equal to 2<o. 

Eor the co-ordinates of JtT u are 0, Jtfe.otu, and AyC j a. 
Hence tan A } R" (l C = tan on 
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Cor . 4.—If meet the Brocard circle again in Athe tri¬ 

angles AB C, A'B C are median reciprocals^ or the sides of one are 
Proportional to the medians of the other. 

For, let the line AA 1 meet the circumcircle again in A 2f 
md make A X G = A 2 Ai. Join A 2 B y BG, GC, CA 2 . Then 
4JA 1 . AA 1 = 3^ 2 /4 = 3 BA 1 . A X C = SAA 1 . A^A 2 = SAA,. GA X . 
lence = 3 GA 1 ; G is the centroid of the triangle A'BC. 
^gain,' the angle ABC = GA 2 C = A 2 GB y and ACB = GA 2 B. 
-lenceABC is similar to A 2 GB, that is to a triangle whose 
ides are respectively two-thirds of the medians of A'BC . 
lence the proposition is proved. 

Cor. 5.—If 0 he the circnmcentre ON a j{^ a) = cot B + cot C. 
For ON a = A x N a - A x 0 , and ON a /(£ a) = cot co - cot A. 

Cor. 6.— ON a \a + ONJb + ON Jo = cot co. (902) 

Cor. 1 .— ON a . ON h . ON c = R\ (903) 

339. If the lines joining the highest and the lowest points J ai J' a 


J ce. 



of the JSfeuberg circle N a to either extremity C of the base cut the 
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circle again in the points T, T r , then the lines BT\ BT' joining 
these points to the other extremity are tangents. 

Dem .—We have J a G. CT= OB 2 ; J a G : OB :: OB : OT. 

Hence the triangles <T a CB, BCT are similar, but J a OB is 
isosceles ; BCT is isosceles- Hence BT is a tangent. 
Similarly, BT' is a tangent. 

BemarJc .—The angles of a triangle equi-Brocardian with AB C 
vary from TBC, which is a minimum, to T'BC , which is a 
maximum- The former is called the first Steiner angle , and the 
latter the second, Steiner angle of the triangle. We shall denote 
them by 2 F x , 2 V 2 respectively. To determine these angles we 
have BT s a , BJSf a = i a cosec a>. Hence sin BJST a T = 2 sin a>. 
Again, _&2V;r= + A 1 W a T= BN a A x + TBC = <o + 2Fi- 

Hence sin (co + 2 F a ) = 2 sin <o. Similarly, sin (co + 2 F 2 ) = 2 sin w. 
Therefore Fi, F> are the values of F in the equation 

sin (o + 2 V) = 2 sin co. (904) 

340. 7/* upon the sides of a triangle AB G be described three 
triangles directly similar 
BOA !, CAB X , ABC 1? 

-4-^!, 727?!, ar# paral¬ 
lel , £7# loci of Au Bif Ci are 
Neub erg's circles. 

Taking 7? (7 and a perpendi¬ 
cular to it at 7? as axes. Then, 
from the hypothesis, the angles 
CBA{, AOBi are equal, de¬ 
noting each by 6, and BA U 
OBj by p, p f respectively, the 
co-ordinates of A 1 are 

p cos 6 , p sin 6, 
and of 7?!, 

a-p'cos (£7-0), p'sin((7-0). 



c 
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Hence the equations of AA l9 RB l are, respectively, 

(p sin 6-c sin B) %-(pcos6-c cos B) y + pc sin {B - 0) = 0, 
p' sin (0 - 0) x - {a - p r cos ( C - 6 )} y = 0. 

Then, forming the condition of parallelism, putting p'~bp/a, 
and reducing, we get 

x 2 + y~ - ax — ay cot co + ar = 0 ; 

which, referred to the middle of B 0 as origin, is the Heuberg 
circle 

x 2 + y z - ay cot to + 3a 2 /4 = 0. 

Ctor. 1.—If G a) G b , Gr c be the centroids of the triangles BOA x , 
CAB l} ABCu these points are collinear, and the locus of each 
is a circle. 

* Tor if G be the centroid of ABC , it is evident that GG a 
is parallel to AA h GG b to BB i, and GG C to CC l \ but AA l: 
BB X , CCi are parallel; therefore the points G , G a , G b , <£ c are 
collinear. 

Again, taking the middle point of B C as origin, the co-ordi¬ 
nates of G a are respectively one-third of those of A x . Hence 
the locus of G a is 

x 2 + V 1 ~ i a c °t « • y + ar/12 - 0. (905) 

The circles which are the loci of the points G a , G h) G c are called 
M 1, Cay’s circles , after Mr. M £ Cay, f.t.c.d., who published, in 
the Transactio?is of the Eoyal Irish Academy, Yol. XXVIII., 
pp. 453-470, a full discussion of their properties. 

Cor. 2.—M £ Cay 7 s circles are special cases of the annex circles 
(§ 319), viz. when the figures F ly F 2 , F 2 are described on the 
sides of a triangle. 

Cor. 3.—The vertices of Brocard’s first triangle are respec¬ 
tively the polars of the sides of the triangle ABC. 

Cor . 4. —M £ Cay 7 s circle x 2 + y 2 - \ay cot co + a 2 / 12 = 0 is the 
inverse of the circle 2Y a with respect to the circle on BC as 
diameter. 
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Isogonal Transformation. 

341. It lias been seen (§ 47), that tbe points a(3y, a~ 1 /?" 1 y- 1 
are isogonal conjugates. How, if the former point describe any 
curve P , the latter will describe a curve Q, called the isogonal 
transformation of P. Thus the isogonal transformation of any 
line is a circumconic of the triangle of reference. Tor if the 
line be la + mfi + ny = 0, its transformation is l/a + mffi + njy = 0. 

Conversely. —The isogonal transformation of any circumconic 
of the triangle of reference is a right line. In particular, the 
transformation of the circumcirele is the line at infinity. 

342. The isogonal transformation of any line cutting the circum - 
circle of the triangle is a hyperbola whose asymptotic angle is equal 
to the angle of intersection of the line and circle. 

Bern.— Let ABC be the triangle of reference, and let the line 
cut the circle in the points D, E; join AD, AE, then the 
isogonal conjugates of D, E are the points at infinity on the 
symetriques of AD, AE with respect to the bisector of the 
angle BA C. Hence the curve is a hyperbola whose asymptotes 
are parallel to the symetriques of AD, AE; but the angle be¬ 
tween the symetriques of AD, AE is equal to DAE, and there¬ 
fore equal to the angle of intersection of DE with the circle. 

Cor. 1.—The transformation of any diameter of the circurn- 
circle is an equilateral hyperbola. Hence, to find the equation 
of an equilateral hyperbola circumscribing the triangle of refer¬ 
ence, and passing through any point P, we find the equation of 
the diameter of the circle which passes through the isogonal 
conjugate of P, and transform. Thus, the equilateral hyperbola 
which circumscribes the triangle of reference, and passes through 
its incentre is 

(cos B - cos C)/a +(eos C - cos A) 1/3 + (cos A - cos B)/y = 0. (906) 

The centre of this hyperbola is the point of contact of the nine- 
points circle with the incircle of the triangle. Corresponding 
properties hold for the hyperbola through the cxcentres. 
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Cor . 2.—The isogonal transformation of any tangent to the 
circumcircle is a parabola. 

Cor . 3.—The transformation of any line which does not meet 
the circumcircle in real points is an ellipse. 

Cor . 4. —The transformation of all lines equally distant from 
the centre are similar conics. 

Cor. 5.—If a conic and a line be isogonal conjugates, their 
poles, with respect to the triangle, are isogonal conjugates. 

Tor, let the conic and line be Z/3 y + mya + na/3 - 0, and 
la + mfi + ny = 0, their poles are Z, m, n, 1/Z, ljm, 1/n. 


ISTeuberg’s Hyperbolje. 

343. The isogonal transformation of the directrices of the 
Trocard Ellipse , § 335, Cor . 2, are 

cos B sin (7/a + cos C smA/ft + cos A sin Bjy~ 0, (907) 

sin B cos C/a+ sin C cos Ajfi + sin A cos2?/y = 0. (908) 

I have named these conics after M. ISFeuberg, who first studied 
their properties. I reproduce here his investigation from 
Mathesis , tome vi., pp. 5-7. 

“ If from a point F perpendiculars be drawn to the sides of a 
triangle ABC , and produced so that 

the perpendicular on a meets a in A u h in A 2 , c in A z , 

,, h meets b in B l0 c in B 27 in P 3 , 

,, c meets c in (7 X , a in <7 2 , b in C z . 

Then, T 2 , T z denoting the areas of the triangles AfBf 7 X , 
A 2 B 2 (7 2 , AfB z (7 3 , respectively. The loci of P, when the triangles 
T 2j T z vanish, are the hyperbolae” (907), (908). 









-UPJ T pK - Un ^ ° f the trian 8' Ies PA o PC A 

' * (PA PB, „ c + PP ,. PC, sill ^ + Pc ,. - » 

-i tfiysm e/(„ 0 a ,AH 7 .^ A/(tM mJ/) > 

= t By cos P R ,V /» + Sin j5/(cos -® c °s C) I 

\py cos .# sm C + y a cos C sin A 

+ *0 *>***!*£}/(Zoos A cm J* coa0 \ 

lence the locus of P when the points A P n 

he hyperbola 2 ’ ‘“ 2 ’ are collmear is 

. ^ C ° S ^ ^ C ' + ya cos <?<&* + «/3 cos ^ sin J? = o. 

imilarly, the locus of points for which A P r 

By Sin B cos C a. • „ 31 h C3 are collinear 

P7 sm A cos (7 + ya sm C cos A + *0 sinkcosP = 0 
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Y "be* there -would be a stronger for calling the 
> Simson Circle, and no one, I presume, would 
30. The name I have given has the merit of 
LtHematician who has done much to advance 

locus of points for which T 2 = T z is 

7) -b ya sin ( C- A) + a/3 sin (A - B) - 0. (909) 

s Hyperbola. 

+ T z in a constant ratio. 

poles with respect to the triangle of reference 
-perbohe, Kiepert’s hyperbola and circumcircle 
xcl their line of collinearity is parallel to 
<x cos A + /3 cos B + y cos (7=0. 

Fuhumaio-’s Circles. 

ABC be the fundamental triangle , jII the 
JV a j N b , N e the Nagel's points. The circles whose 
2ETJN, NN a , JTN b , HN C are called Fuhrmann's 
triangle. They will be denoted respectively by 

IST? NA 0 be drawn parallel to BC , meeting the 
:x*om A on B C in A 0 . Then, evidently, AA 0 = 2r, 
cos A. Hence ABC. AA 0 = 4 Rr cos A } or the 
Ltli respect to F is 4 Rr cos A . Hence the equa- 
LX*ycentric co-ordinates is 
- ■+ (3 + y) (a cos A + (3 cos B + y cos C) 

“ ( a */3y + b 2 ya 4- C 2 aj3) = 0. (910) 

equations of F a , F h F c are 

/3 + y) (/3 cos B + y cos C - a cos A) 

-( a 2 /3y + b 2 y a + c 2 a/3) — 0, (911) 

*4- J3 4 y) (y cos C + a cos A — (3 cos B) 

- (* a £y + b 2 y a + c 2 a/3) = 0, (912) 

Hh /3 + y) (a cos A + (3 cos B - y cos C) 

- (fl 2 /3y + b 2 y a + c 2 a/3) = 0. (913) 
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to BC, CA . The angle A o NB 0 is equal to BCA. Hence 
A 0 C 0 B 0 is equal to BCA. Hence, &c. 

Cor. 2. —If on AIT a) BH h , CH Cf we cut off: AA a = - 2r a , 
BB a = 2r a1 CC a = 2 r a) the triangle A a B a C a is inscribed in 
the circle F a , and is inversely similar to AB C. 

345. If An A 2 ; B x , B 2 ; C 1} C 2 he the pairs of points where 
the internal and, external bisectors of the angles A , B , C meet the 
circumcircle , and if A' 1} A' 2 be the symetriques of A 1} A 2 with 
respect to BC\ B\, B\ of B X) B 2 with respect to CA , and C / l) C' 2 
of Ci, C 2 with respect to AB, then the triangle A\B\ C\ is in¬ 
scribed in F, A'iB' 2 C' 2 in F a) A!JB\C' 2 in F h} and A l 2 B' 2 C\ in F c . 

Bern.—Let AB', C' be the middle points of the sides of 
ABC. Now, A 2 A\ ~A 2 A! - A'A'i = AN. Hence SA\ is 
parallel to AA 2 . Again, let 7 be the incentre of AB C, and since 
N is its bagels point it is the incentre of its anticomplemen¬ 
tary triangle. Hence AN is parallel to IA', and equal to 2IA'. 
Hence JSfA' = A'n, and by hypothesis A\A! = A!A X . Hence 
A\JSF is parallel to AA X , and it has been proved that JELA\ is 
parallel to AA 2 , but the angle A X AA 2 is right, therefore the 
angle NA\N is right, and the point A\ is on the circle 71 
Hence the proposition is proved. 

Cor. 1 .— The triangles A! X B\C\, A\B' 2 C' 2 , A! 2 B\C\ , 
A' 2 B , 2 C\ are each inversely similar to ABC. 

Cor. 2.—The triangles A 0 B Q C Q , A\B\C\ are in perspective. 

From 7 let fall a perpendicular 1/3 on AC. Then AI: 1(3 
:: BAi : A X A ', but 1(3 - r, and BA X = IA X . Hence AI: IA L 
: : 2 r : 2A X A' : : AA 0 : AiA\. Hence the triangles AA 0 I, 
A X A\I are similar, therefore the points A 0) 7, A\ are collinear. 
Similarly B 0 , 7, B\ are collinear, and C 0: 7, C\. Hence the 
triangles A 0 B 0 C 0) A f iB\ C\ are in perspective. 

It may be proved in like manner that A a B a C a and A\B' 2 C f 2 
are in perspective. 

Cor. 3.—7 is the incentre of the triangle A 0 B 0 C 0 , and the 
orthocentre of A\B\C\. Trom. the similar triangles AIA 0 , 

2 p 
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A X IA\ we have AD : IA 0 2 : : A/. 74 x : A 0 I. 74'j, that is, 
^4/ 2 : 74 0 2 :: power of 7 with respect to circumcircle of AB C 
: power of I with respect to F\ In. like manner BP : IB 4 1 : 
power of I with respect to circumcircle of ABC : power of 1 
with respect to 71 Hence it follows that AI : BI: Cl:: A 0 I: 
B 0 I: C 0 I. Hence, since I is the incentre of AB C , it is the 
incentre of the similar triangle A 0 B 0 C 0i and therefore the ortho¬ 
centre of A , 1 B' 1 C\. 

Cor. 4.— I is the double point of the inversely similar figures 
ABC , AM. 

Cor. 5.—Properties corresponding to those of Cors. 3, 4 hold 
for the excentres I a , I h , I c with respect to the triangles A a B a C a , 
A b B b C b , A c B c C c . 

346. If I' a) 7'j, I' € he the symetrigues of I a , I b , I c with respect 
to BC, CA, AB, respectively , the circumcircles of the triangles 
BCI’ a , CAT b , ABI' C , and the lines AI ' a , BI h , Cl c pass through 
a point R. 

Bern.—The circumcircles of the triangles B CI a , CAI bl ABI C 
pass through a common point I. Hence their symetriques the 
circumcircles of the triangles B CI' a , CAI\, ABB c pass through 
a common point R, the twin point of /with respect to the triangle 
AB C. 

Again, from the cyclic quadrilaterals ABRI C , B CRI' a it is 
easy to see that RA coincides in direction with RI' a . Hence 
AI' a passes through R. 

Cor. 1 .— The circumcentres of the triangles BCI' a , CAI\ 
ABI' C are the points A\, B\, C\. 

Cor. 2.—The sides of the triangle A\B\ C\ bisect perpendi¬ 
cularly AR, BR, CR. 

Cor. 3.— The middle point of IR is the point of contact of the 
nine-points circle of ABC %oith its incircle, and the common tangent 
at this point coincides with the axis of perspective of the triangles 
MB&, A\B\C\. 

Let U a , U b) TT C be the points of intersection of the correspond- 
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ing sides of the triangles. Then I being the orthocentre of the 
triangles AfB Y C x , A\B\ C' 1} B x C x bisects IA perpendicularly, and 
B'i C\ is perpendicular to IA 0 and to AR ( Cor. 2) at their middle 
points. Hence W a , their point of intersection, is the centre of 
the circle passing through the four points A , I, A 0) R, and is 
on the perpendicular to IR at its middle point Q. Similarly 
this perpendicular passes through U h and U c . Again, the figure 
AIAqR is a cyclic trapezium; therefore IR - AA 0 = 2r, IQ = r, 
and Q is a point on incircle. But since I and R are twin points, 
the equilateral hyperbola which a p asses through the points A, B , 
C , I also passes through R, and I and R are the extremities of a 
diameter. Hence the middle point Q of IR is the centre, and 
therefore is a point on the nine-points circle of ABC. Con¬ 
sequently, Q is the point of contact of the ninerpoints circle of 
ABC with its incircle, and the line U a TJ h U c is the common 
tangent. The equation of the hyperbola ABCIR is given, 
§ 342, Cor . 1. 

Cor. 4 .—The lines A Q A\, B 0 B\, C 0 C\ meet the sides BC, CA , 
AB of AB C in three points situated on the common tangent of in¬ 
circle and nine-points circle. 

Dem.—Let Q be the middle point of IR , and draw perpen¬ 
dicular to BC. How, in the cyclic quadrilateral RAIA 0 , since 
AR, IA 0 are parallel, the angle RIA 0 = AA 0 I = A 0 Ia. That 
is, if V a be the point of intersection of A 0 A\ with BC, the 
angle QIV a = aIV a , and QI = r = la. Hence V a QI = V a al 
= right angle. Therefore V a is on the tangent at Q to the 
incircle. 

EXERCISES. 

1. The radical axes of the circumcircle and the circles I, F a , Ft, F c form 
a standard quadrilateral. 

2. The equations of BCA'i, HB'i, JIC'\ in perpendicular co-ordinates are 

b cos B . $ + c cos C. y — {b + c) cos A . a <= 0, &c. (914) 

This is the radical axis of F and F a . 

3. The orthologique centre of the triangle AiJBiCi with respect to 
A'i&iC’i is a point S on the circumcircle of ABC, and the points 0, 2V", S 
are collinear. 


2 * 2 
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ejipue centre of AFCvri'X respect to AzB; r Cj is a point J 

I £ ?, f> ore parallel to toe sides of AcBqCq. 

mates cf > with respect to ALCzie b-c'r l . [c—a)’ l 9 [a—b]- 1 . 

: perspective cf -4I>0\ A:BC : is perpendicular to IZT. 
lines cf toe in verso I v similar figures ABC, AqBzCo meet AS, 
ts ' X 3 . .11, X-, ;i 4 , XI, X V, such that ^X a = BXh = £X 
j;x -- - rxi = Jd - 5, where 3 = radius of F. 
titled t: the centre cf the nine-points circle, and produced 
.1- AE in Z. then AZ - B. 

entric c:-ordinates cf Q with respect to A f I? C are a'/’b-e), 

: and the e.autLn cf T: Ti is a .5 - ft 2 - 3 >■-fl) 2 - yt> - d, 2 

i^DE L0XGCHA3CPS). 

The Oethgcexteqidax Circle. 


347. Die.— The circle whose diameter is the Join of the ortho - 



fmdrf JTflMf? centroid G of a triangle ABC is called its orthocen- 
iroidal circle. 
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Its equation is easily found. For, substituting the co-ordi¬ 
nates of G and JBl for ad’*/', a r, j3 Tr y ff in equation '!$!), we get 

a? sin 2A - f? sin 2£ - y sin 2 C 
- 'a3 sin C - 3y sin A ~ ya sin = 0 ? ,915) 

or, denoting the nine-t. tints circle of ARC by 37 and its clreum- 
cirele by *57 the equation of its orthocentroidal circle is 

_V- S = 0. '916) 

34$. The six points in *ch:eh the orthocentrc : dal circle meets the 
altitudes and the medians cf the triangle ABC form the summits of 
a harms?:he hsx.:y:n. 

Bern.—Let the points in which the symmedians of ARC meet 
its cirenincircle he A : , R : . C : ; and the points in which the 
orthocentroidal circle meets the altitudes and medians of AB C 
be the triads of points [a. h, c ); 'a*, hi, cd, respectively. Then 
taking any two summits of the hexagon which they form, such 
as a : , b r the angle a-Eh subtended by the chord af at the point 
Eh of the orthocentroidal circle is easily seen to be equal to 
the angle which the corresponding summits of the hexagon 
A : JBC l A.R l C subtends at A. Hence the hexagon afephp, 
AiRC l _^££ : C are similar, hut the latter hexagon is harmonic. 
Hence the former is harmonic, and since they have different 
orientations they are inversely similar. 

Cor . 1.—The triangles ale, ARC are inversely similar, and 
also the triangles aXc^, A : R\ Cq. 

Cor. 2.—The lines aa l3 cci are the symmedians of the 
triangles ale, 

349. If h a . h, h c le the intersections of corresponding sides of 
ARC, and its orihique triangle E a E b E c the lines Ea 1: Eh^ Ec : 
pass, respectively, through h a . Jr. k c . 

Bern..—Consider the cireumeirele of the triangle AdELJEL# 
the orthocentroidal circle X - S, and the nine-points circle 37 
Xow, since 3” - 5, X and S are coaxal, the radical axis of 
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2V T and S is the radical axis of JV r + S and JV. Therefore the 
radical axis of X + S and X is h a h b h c . Again, the radical axis 
of the circle AEfEL c1 and X ~ 8 is the line a x E 7 and the 
radical axis of AE b E c and X is the line JET h II c ; "but these three 
radical axes are concurrent, therefore a x R passes through ti a . 

Otherwise; The line h a E 7 the polar of A with respect to the 
circle is perpendicular to the diameter AA 1 . 

350. The points a l7 h u c x are the symetriques of A l B l C x with 
respect to the sides of the triangle AB C. 

Dem.— Join A!S h . Then, since BH h C is a right-angled tri¬ 
angle and B C is bisected in A\ A'B = A'H h . Hence the angle 
BJIbA' = A } BE h = JZAlT b . Therefore A ! H b is a tangent 
to the circle through the cyclic points JET^ZTiA- Hence 
AA r . a x A' = A'E b 2 = A' C z . Again, let AA r meet the cir- 
eumcircle in A". Join A x a l7 A^". Xow, AA f . A f A f! - A C 2 . 
Hence A f A fr = a X A'. Therefore the three lines A'a : , A'A : , 
A'A” are equal to one another. Hence the angle a x A x A” is 
right, and, since A x A' r is parallel to B 0 , aA x is perpendicular 
to B C, and is evidently bisected by it. 

Cor .—The Appolonian circle of the triangle which divides B C 
passes through ; for since AA ! . a,A f - A r 2P 7 the triangles 
AA'B 7 BA'a x are similar. Hence AB : aB : : AA' : A'B ; 
similarly, A C : a x C : : AA' : A S C ; v AB : AC :: a x B : a x C. 
And the proposition is proved. 

351. The symmedian points of the figures afic l abic 7 A : B C-.ABz C 
coincide , and form the double point of these figures. 

Dem. —Since a l A l is perpendicular to BC it is parallel to Aa. 
Hence AA ± and aa l7 which are corresponding lines, divide each 
other proportionally. Therefore their point of intersection is 
the double point of these figures. Similarly, the intersection 
of BBu bb-i ; and also the intersection of CC l7 cc x is the double 
point. Hence the three pairs of lines AA U aa x ; BB X , bb x ; 
CC l7 cc l have a common point of intersection, which is, there¬ 
fore, the symmedian point of each hexagon. 
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352. If 21, X be the extremities of He diameter KG of He 
circumcirele ABC, the double lines 8, o' of the inversely similar 
figures afi c-alc, A : BC l AB : C divide the altitudes of ike triangle 
ABC, in the ratio 3IX: HX, 2IX: 2£K respectively. 

Bern.—Since K is the double point, the angle AKa, BKb, 
CKc hare the same bisectors. These 206' are the double 
lines S, V. Let S, S’ be the points where they cut AH. Then 
we have, R being the eironnradias, AS : Sa:: AS’: aS r :: 2 R : 
GH 

Since Aa - f AK a . These proportions can be transformed 
into the following : 

AS: SH :: 2 R :R~ZGM :: 2IX: HX 
AS r : SK a ::2B:R-iGH:: 2IX: 2TH 
Cor. —The double lines 8, o’ are at right angles to each other. 

Bbocaed’s P aba mm. 

353. If tiro hogonal lines - by = 0, k t 3 - y = 0 meet the 
altitudes [fig.. § 347) BH, CH , in He points Q, R, the envelope 
of QR is a parabola. 

Bern.—The equation of QR is 

a cos A — k [3 cos C - y cos j B] - 
hr [j3 cos B-y cos C - a cos A ) = 0. (917) 

For this may be written in the form 

(jS - ley) (cos B-k cos C) - [a cos A - j3 cos B] [k 2 - 1 ', - 0 , 

showing that it passes through the intersection of j3 - by = 0, 
and a cos A - $ cos B - 0, and it may be written in the form 
(k/3 - 7 } [l: cos B - cos C . - [y cos C - a cos A] fir - 1) = 0 , 
showing that it passes through the intersection 

kfi -7 = 0 , and 7 cos C — a cos -4 = 0 , 
and its discriminant with respect to k is 

4a cos A [3 cos B ~r 7 cos C — a cos A ^ ^ cos C -f 7 cos Bfi = 0 . 

(918) 
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Cor. 1.—The points Q y R divide the lines BE hy CE c propor¬ 
tionally. For, evidently, the triangles ABQ, ACR are similar 
and 

BQ: CR:: AB: AC :: BE b : CE c . 

Hence BQ : BE h :: CR : CE c 

Cor. 2.—By giving special values to h we get special posi¬ 
tions of QR in each of which it will be a tangent. Thus, if 
!c = 0 we get a - 0 as the tangent, if Jc = oo , 

ft cos B + y cos C - a cos A = 0 , 

that is, the line E b E c is a tangent, and by making Jc = ± 1 , we 
see that the internal and external bisectors of the angle BA C 
are tangents. 

354. If F be the point which divides AE a in the same ratio 
as R divides CE c) the envelopes of the lines RP , PQ will be 
two other parabolae whose equations are obtained from (918) by 
interchange of letters, viz., 

4/3 cos B (y cos (74 a cos A - /3 cos B) = (y cos A 4 - a cos B) 2 . 

(919) 

4y cos C (a cos A + /3 cos B - y cos C) = (a cos B + J3 cos A) 2 . 

(920) 

‘We shall denote these three paraboiae by 7 r a , ir hi tt- c , respectively. 

355. The symmedian lines AE, BE, CE are the directrices of 
the three parabola i r a , ?r 6 , 7 r c , and the points a u b ly c x are their foci. 

, Dem.—If the ratio in which the points Q , R divide the lines 
BE by CH c be equal to the ratio MN: JUST, § 352, QR coincides 
with 8 , and with 8 ' if equal to the ratio ME : ME. Hence 8 , 8 / 
are tangents to the parabola 7 r a , and since they are at right 
angles to each other, their intersection, the point E y is on the 
directrix. And since the internal and external bisectors of the 
angle BA C are tangents (§ 353, Cor. 2 ), and are at right angles, 
the point A is on the directrix. Hence AK is the directrix of 
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Tr a . Similarly, BK, CK are the directrices of 7 r$, 7 r c , respec¬ 
tively. 

Again, since the point a x is common to the circumcircles of 
the triangles BSC, JB.fRS c , each of which is formed by three 
tangents to 7 r a9 a Y is its focus. Similarly, b l9 c x are the foci of 

Artzt’s Pasabol 2 e (Second Group). 

356. These touch the perpendicular bisectors of two sides of 
the triangle of reference, and the internal and external bisectors 
of the angle formed by these sides. Their equations are 
{(/? sin C+y sin B) cos A-a sin A) 2 = sin 3 A sin (B - C) (/3 2 ~y 2 ). 

(921) 

{(y sin A + a sin C) cos B-ft sin^} 2 = sin 3 i? sin (C-A) (y 2 - a 2 ). 

(922) 

{(asin^ + /? sin A) cos C-y sin C j 2 = sin 3 C sin (A-B) (a 2 -/3 2 ). 

(923) 

The subject matter of §§ 347-356, are chiefly taken from 
Brocard, Memoires of the Academy of Montpellier, 1886, and from 
ITeuberg, Mathesis, vol x., p. 166. The name orthocentroidal 
is due to Mr. Tucker. 

EXERCISES. 

1. The foci of the Brocard’s parabolae are the isogonal conjugates of the 
summits of BrocarcVs second triangle. 

The polars of orthocentre H are the radii OA, OB, OC of circumcircle. 

2. The foci of Artzt’s parabolae are the summits of Brocard’s second 
triangle. 

3. The equations of the lines aai, bb\, cc\ are 

2 a cos A sin (B - C) + j8 sin (A - B) + y sin [C - A) - 0, (924) 

a sin (A — B) 4- 2j 8 cos B sin (C — A) -f y sin (B — C) = 0, (925) 

a sin {B - C) + & sin (C~ A) + 2y cos 0 sin (A — B) = 0. (926) 

4. The points of contact of the parabolae 7r a , m, ir c with the sides of ABC 
are their points of intersection with the line 

a sec A + j8 sec B + y sec C= 0. (927) 
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5. The directrices of Artzt’s parabolas are the medians of ABC. 

6 . The side be of the triangle ale is a tangent to the parabola 7 r a . 

7. The co-ordinates of the point o\ are J tan A , sin C, sin B , (928) 

8 . The co-ordinates of the point a are sec (7, sec B. (929) 

9. The axis of perspective of the triangles ABC\ BQB (§ 354) is 

aj{cos A — 7c cos B cos (7) + £/(cos B -7c cos C cos A) 

-f 7 /(cos C - 7c cos A cos B) - 0 , (930) 

when 7c is variable. 

10 . The envelope of the axis of perspective is the parabola 

4 (a cos A + j3 cos B -I- y cos C) (a/cos A + j3/cos i? + 7 /cos (7) 

= {a (cos BjcosC+ cos (7/cos 2?) + £ (cos (7/cos-f cos-^/cos (7) 

+ 7 (cos^4/cos .5 + cos Blcos A)}~. (931) 

The form of the equation shows that it touches the orthique axis and its 
isogonal transverse. 

11-14. Prove that the conic (931) is a parabola; ( 2 °) that it is inscribed 
in the triangle ABC; (3°) that it touches the double lines 5, 3' (§ 352) ; 
(4°) that its directrix is the join of the orthocentre and symmedian point. 

15. Prove that the equations of the lines joining the summits of ABC with 
the points of contact of the parabola (931) are 

a sin 2 A sin (B — C) sin 2.2? sin {C- A) = 7 sin 2(7 sin ( A — B ). 

(932) 

16. The equation of the line Hai is 

)8 cos £ + 7 cos C — 2a cos A = 0 . (933) 

17. The axis of perspective of the triangles ale, ABC is 

a (cos B cos C— cos A cos tt/ 3) + £ (cos C cos A — cos B cos tt/3) 

+ 7 ( 003^4 cos B - cos C cos 7 r/ 3 ) = 0. (934) 

Kiepert’s Hyperbola. 

357. Upon the sides of a triangle ABC are described three 
triangles B GA r , CAB', AB C ' directly similar; it is required to 
investigate in what cases ABC, A'B'C' are in perspective. 
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Solution-. —Let a, P, y 
centre of perspective, 9 , O' 
tlie base angles of the 
similar triangles; then evi¬ 
dently 

a: p :: BC' sm(B -O') 

: A C' sin (A - 6 ) 

:: sin 9 . sin (B - 9') 

: sin 9'. sin (A - 9). 

Hence 


be the normal co-ordinates of the 
A 



a sin A cot 9 - ft sin B cot 9' - (a cos A - /3 cos B) = 0. (1) 

And eliminating 9 , O' from this and two similar equations, we get 
a sin A , ft sin B, a cos A - ft cos B , 
ft sin B, y sin C , /3 cos i? - y cos (7, = 0. 

ysin (7, a sin .A, y cos C -a cos A 

This determinant is reduced by substituting for the second 
column the difference between the first and second, and then 
adding the second and third rows to the first, and we get 


(a sin A + p sin B + y sin C) 

{ a P sin (A - B) + py sin (B - C) + ya sin ( C - A )} = 0; 

the first factor of which denotes the line at infinity, and the 
second Kiepert’s hyperbola (T). In the former case the lines AA', 
BB', CC are parallel, and the loci of the points A', B', C' are 
Neuberg’s circles N a , iVi, BF C . In the latter case, the triangles 
BCACAB', ABC ' are isosceles. Lor, adding equation (1) 
and two similar ones got by interchanging letters, we get cot 0 
- cot 9' and 0 - O'. In this case the lines AA', BB', CC', are 


a sin (A - 0) = P sin (B - 9) - y sin ( C - 9). 

Hence the co-ordinates of the centre of perspective of the triangle 
A'B'C' (called Kiepert’s triangle), and ABC are 1/sin {A - 9), 
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1 /sin (B - 6 ), 1 /sin ((7 - 0)» Since these are functions of 0, the 
point they denote is called the point 6 on the hyperbola (r), and 
their inverses, viz. the point sin (A - 6 ), sin (.B - 0), sin ( C- 0) 
is the point on the line OX which is the isogonal conjugate of T. 

Cor . 1 .— Every Kiepert’s triangle is orthologique with ARC. 
Eor, since the perpendiculars from A', B\ C f on the sides of 
ARC meet in a point, the perpendiculars from A , P, C on the 
sides of A'B'C' meet in a point the orthologique centre of 
A'B' C’ with respect to AB C . 

Cor. 2.—If the vertices of a Kiepert triangle A'B'C' be points 
on Heuberg’s circles RF a) K b , N c , the lines AA\ BB ', CC meet 
at infinity, and are therefore parallel to the asymptotes of V. 
Hence the lines AJ a , AJ' a (fig., § 338) are parallel to the 
asymptotes of V. 

Cor. 3.— JfAiBiCu A 2 B 2 C 2 be two Kieperfs triangles whose 
vertices A ly A 2 ; B ly B 2 ; C l9 C 2 are inverse points with respect to 
Neubergh circles JY a , JV b , JV C , respectively , then the corresponding 
points P 1? P 2 on V are the extremities of a diameter. 

Eor, since Ai, A 2 are inverse points with respect to JV a (see 
fig., § 338), the lines AJ a) AJ' a are the bisectors of the angle 
A x AA 2 , that is, of the angle B X AB 2 ; but AJ a , AJ' a are parallel 
to the asymptotes of T. Hence B X B 2 is a diameter.. As a parti¬ 
cular case, if Pi, P 2 be the points whose parametric angles are 
± -73-/3, B x B 2 is a diameter. 

358. Any two points on V whose parametric angles differ by a 
right angle are collinear loith the centre of the nine-points circle , 
and their tangents meet on OK. 

Bern. — Let the points be 0 and tt [2 + 6 ; then (§ 120 , Cor. 1) 
the equation of their join is 

a sin 2 (A - d) sin (P — C) + (3 sin 2 (P - 6 ) sin ( C - A) 

+ y sin 2 ( C - 6 ) sin {A - B) = 0 ; 
and this is satisfied by cos (P - C ), cos (C- A ), cos {A - P), 
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which are the co-ordinates of the centre of the nine-points 
circle. 

Again, the tangents to V at the points 0 , ir/2 + 0 are (§ 120, 
Cor. 1), 

a sin 2 (A - 0) sin {B - C) + /3 sin 2 (B - 6 ) sin ( C - A) 

+ y sin 2 (C - 6) sin (A - B) - 0, 
a cos 2 ( A - 6) sin (-5 - C) + ft cos 2 (i? - 0) sin ( C - A) 

+ y cos 2 ( C - 0) sin {A - JB) - 0, 
which, when added, give the equation of OK. 

Cor.—The pole of OK with respect to V is the centre of the 
nine-points circle. 

359. Kiepert’s hyperbola is the diametral conic of the triangle 
AJB C with respect to the line 

a cos A + ft cos JB + y cos C = 0. 

Dem.— Denoting the line by la + m/3 + ny = 0 ; then, if a 
transversal parallel to la + mfi + ny « 0 meet the sides of AJB C 
in Ri , R 27 Rz, and a point 0 be taken on it such 

1 j OR\ + 1 / OR 2 1 1 / OR% — 0, 

the locus of O is required. Let the co-ordinates of O be a', 
ft'i y' j then (§61) 

ORi - a r d/(m sin C - n sini?), 

OR 2 = ft'Cl jin sin A - l sin C), 

ORs = y f Clj(l sin JB - m sin A), 

where 

O = y/1 2 + m? + ri z - 2 mn cos A - 2 nl cos B - 2lm cos C. 

Hence, substituting, &c., we get the equation of V. 

Cor. —The diameter of the triangle corresponding to 

a cos A + /3 cos B + y cos C - 0 
is 

a/ sin (JB-C) + /?/ sin (C - A) + y/sin (A ~ B) = 0 , 
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and this is a diameter of T. Hence the transversal isogonal to 
OK is a diameter of Y. 

360. If any transversal meets Y in the points 0 2 , and OK 
in 0 3 , then $ 1 + 0 2 + 0 3 = mr. . (M £ Cat.) 

Dem.—The join of the points 0 l9 0 2 is (§ 120, Cor . 1) 

2a sin (A - Of) sin (A - Of) sin (2? - C) = 0, 
or 

2a {cos {2A - 0 L - Of) - cos (0 1 - 0 2 )} sin (P - (7) = 0. 

Hence substituting the co-ordinates of the third point, and 
omitting the terms containing cos (Ox - Of) which vanish, we 
get 

2 cos (2 A - 61 - Of) sin (A - Of) sin (.B - C), 
or 

2 sin (3 A - Ox + 0 2 + <9 3 ) sin (.B - (7) 

- 2 sin (A - Ox 4 0 2 - 0 3 ) sin (P - (7) = 0. 

And since 2 sin 3 A sin (P - C) = 0, 2 sin sin (B - C) - 0, 
2 cos A sin (P - C) = 0, this reduces to sin (Ox + 0 2 + Of) = 0. 
Hence 0 X + 0 2 + 0 3 = mr. (935.) 

The following are -the parametric angles of some special points 
of T and OK :— 

1 °. G, K; centroid on Y and symmedian point on OK , 0- 0. 

2°. JV, -2V 7 ; Tarry’s point on T, and infinity on OiT, 0 = irj 2 - o>. 
3°. J?!, P 2 ; isogonal centres on T, 0=±7r/3. 

4°. H, O; orthocentre on T, circnmcentre on OK, 0 = vj 2. 

Cbr. 1. If + 0 2 he constant, 0 3 is constant. Hence a chord 
BB' joining points on Y, the sum of whose parametric angles is 
constant, passes through a fixed point on OK. Hence it follows 
that pairs of points on Y, the sum of whose parametric angles is 
given, form a system in involution. 

Cor. 2. If 0 L + 6 2 — 0, 0 3 = O denotes the symmedian point. 
How if 0 X , 0 2 denote the points B, B f on T, and if Q, Q f be the 
corresponding points on OK, it is easy to see that BQ !, B'Q each 
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meet T in zero. Hence if any chord of V passes through, the 
symmedian point, the diagonals of the quadrilateral formed by 
the points P, P', and their correspondents Q, Q! on OJTintersect 
in the centroid of the triangle AB C. 

Cor. 3. The tangents at G and -ETto Y intersect at K. 

Cor. 4.—The diameter PiP 2 passes through 2T, and bisects GH. 
361. If AxBiCu A 2 B 2 C 2 le two Kieperfs triangles whose para- 
metric angles are complements , the orthologique centre of either 
and ABC is the centre of perspective of ABC and the other. 

(M'Cay.) 

Bern.—Let the parametric angles be $ u 0 2 , then the equations 



of AfB u CC 2 are 

a (sin C sin A - sin B sin 20f) + ft (sin B sin C -sin A sin 2 Of) 

- y sin (C-20f) = 0, 
a sin (A - Of) - ft sin (P - Of) = 0, 
or a cos (A + Of) - ft cos (P + Of) - 0. 

And these are perpendicular to each other. 
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Cor. —The Eaepert’s triangles A X B 1 C 1 , A 2 B 2 C 2 , and the tri¬ 
angle AB C , when 6 X + 0 2 - rr( 2, have a common axis of perspec¬ 
tive which is perpendicular to the line PiP 2 * 

From § 360, Cor. 1, it is seen that the centres of perspective 
of the triangles taken two by two are collinear points. Hence 
(Sequel, p. 77) they have a common axis of perspective. 

Again, let P x , P 2 be the centres of perspective of ABC with 
A x Bi C l and A 2 B 2 C 2 , respectively, and let A Z B Z C Z be the common 
axis of perspective; with A z , B z , C 1 as centres, and A Z A, B Z B, 
CjA as radii describe circles ; then the radical axis of the circles 
A z , C l is the perpendicular from A on the line B x C h and there¬ 
fore passes through P 2 (§ 348). Similarly, the radical axis of 
the circles B z , C 1 passes through P 2 . Hence P 2 is on the radical 
axis of the circles A z , B z . Similarly, P l is on the radical axis 
of A z , B z . Hence the proposition is proved. 

Cor. 2.—The circles A z , B z , C z are coaxal. 


Hypeebola T'. 

362. Bet A l B 1 C 1 be the triangle whose sides touch the circum- 
circle of the triangle of reference AB C at its summits. Then if 
A 2 B 2 C 2 be homothetic with ABC with respect to the circumcentre , 
AJB 2 C 2 is in perspective with AB C, and the locus of the centre of 
perspective is a hyperbola, the inverse of Euler's line of AB C. 

(Jerabek.) 

Dem.— A 2 , B 2 , C 2 divide the lines OA x , OB x , OC x in the 
same ratio. Let it be l : m. How it is easy to see that the per¬ 
pendiculars from A 2 on the lines A C, AB are (IR tan A sin B 
+ mR cos B)/(l + m) and (IR tan A sin C + mR cos C)/(l + m). 
Hence the equation of AA 2 is 

ft (l tan A sin C + m cos C) - y (l tan A sin B + m cos B) = 0, 
or 

l(/S sin CsinA-ysmA smB)-m(ycosA cos B-fi cos CcosA)=0 , 
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which, with two similar equations got, interchanging letters 
vanish identically. 



Again, eliminating l y m between any two of these equations, 
we get 

T' = (By sin 2 A . sin {JB - C) + ya sin 2 B sin (0 - A) 

+ a/3 sin 2 C sin {A - B) - 0, (936) 

which is the isogonal transformation of Euler’s line. 

EXEECISES. 

1. The most general equation of an equilateral hyperbola circumscribed to 
the triangle of reference is 

{&' cos G — y cos B) + ya (y' cos A — a cos C ) ■+• aj3 ( a' cos B - cos A) = 0. 

(937) 

This is the isogonal transformation of the diameter of the circumeircle 
passing through a', A, y, and includes, as particular cases, Kiepert’s, 
Jerabek’s, and other hyperbolas. Thus, if a&'y' denote the symmedian 
point, it is Kiepert’s hyperbola ; if afi'y' be the incentre, we get the hyper¬ 
bola of § 342, Cor. 1; and, if the orthocentre, Jerabek’s hyperbola, § 362. 
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2 . Prove that the co-ordinates of any point of the hyperbola (937) may be 

denoted by 1 / (a 4 k cos A), 1/(3' + k cos 25), lj(y 4 - k cos C) , when k is 
arbitrary. (938) 

3. Prove that the locus of the centre of the conic 

Va(a' 4 k cos A) 4 V/3(/3' 4 k cos 25) 4 ^ 7 ( 7 ' 4 k cos C) = 0 , 
when k varies is 

a, sin A , 3' sin 0 4 7 ' sin 25, I 

3 , sin 25, 7 ' sin A 4 a' sin C, = 0. (939) 

7 , sin C, a sin 25 4 3' sin A | 

4. "When k varies, prove that 

Va (a' 4 k cos A) 4 V 3 ( 3 ' + k cos JB) 4 ^7 ( 7 ' 4 k cos G) = 0 
touches the line 

a/( 3 ' cos C — y cos 25) 4 3 /( 7 ' cos yi - a' cos (7) 4 7/(a cos JB - 0 ' cos ^4) = 0 . 

(940) 

5. If afi'y' denote the symmedian point, the conic of Ex. 3, 4 may be 
written 

Vasin (A - 6) 4 V 3 sin(25-0) 4 V 7 sin ( 6 *- 0 ) = 0 . (941) 

<5. Prove that, w'hen 6 = ± 60°, one focus of (941) is a point on 
Kiepert’s hyperbola. 

7. If A 1 , 2?i, C\ be the points of contact of (921) with the sides of ABC, 
prove that the axis of perspective of ABC, A\B\G\ is parallel to 

a cos A 4 3 cos B 47 cos (7=0. 

8 . If Pbe any point in the line OK , and if AP, BP, CP meet BC, CA, 
AB respectively in A', 25', C', the equation of a conic touching the sides 
at A\ 25', C , respectively, is 

Va/sin (A — 6) 4 V 3 /sin (B — 6) 4 V 7 /sin {C — 6) = 0 , (942) 

when 0 is the parametric angle of the point. 

9. The locus of the centre of (942) in barycentric co-ordinates is 

sin (25 — C) sm(C-A) sin(A-B) 
a (3 4 7 — a) b (7 4 a — 3 ) c (a 4 3 — 7) 


( 943 ) 
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10. The axis of perspective of the triangles ABC, A'B'C' in Ex. 8 is 

a/sin (A — 0) 4- — 0) + 7 /sin(< 7 — 0) = 0, (944) 

and its envelope is 

Va sin (B — G) + V/3 sin (C — A) + Vy sin (A - B) = 0 . (945) 

11. The isogonal transformation of the diameter of the circumcircle which 
passes through Tarry’s point is 

j 8 y (sin 2 A - sin 2co) sin (B — C) + y<% (sin 2 B - sin 2&>) sin (0 - A) 

+ a# (sin2tf- sin 2w) sin (A — B) - 0 . (946) 

Steiner’s Ellipse. 

363. "We have already given the equation (852) of Steiner’s 
ellipse. Here we shall give some of its most important pro¬ 
perties, in particular its connexion with Kiepert’s hyperbola. 
Let ABC be the fundamental triangle ; G, 0, IT, K 
the centroid, circumeentre, orthocentre, symmedian point ; 
A'B'C', A"B''C" the complementary and anticomplementary 
triangles ; E, E' the circumscribed and inscribed ellipses, 
whose centres coincide with G ; GX , G Y their axes. E is 
called the Steiner ellipse of the triangle, and GX, GY its 
Steiner axes. Let A s , B s , C s be the symetriques of A, B , C 
with respect to G. These are points on E. How, if JEt be the 
fourth point common to E and the circumcircle, the chords AB, 
CR are antiparallel with respect to GX; but AB is parallel to 
A S B S . Hence the circumcircle of the triangle A S B S C passes 
through R; therefore R can be constructed, and hence the 
lines GX, GY 

Cor . 1 . —The circumcircles of the triangles ABC, A S B S C , 
A S BC S , AB S C S have R as a common point. 

Cor. 2.—The circles osculating E at the points A, B, C pass 
through R . 

Cor. 3.—If the same reasoning be applied to the ellipse E' 
it will be seen that the nine-points circles of the triangles 
ABC , GBC, GCA, GAB pass through Q, the complementary 
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of R ; and since these circles are the centres of equilateral 



hyperbolas circumscribed to the corresponding triangles, Q is 
the centre of the Kiepert’s hyperbola of AB C. 

Cor. 4 .—R is the centre of the Kiepert’s hyperbola of 
A"B"C". 

Cor. 5.—If HQ be produced to JSf until QN = HQ , the point 
iV, which evidently is on r, must also be on the circumcircle, 
since H is the centre of similitude of the nine-points circle of 
ABC , and the circumcircle, and Q is on the nine-points circle. 

Def. —N is called Taeky’s Point (§ 360, 2 °). 

Cor. 6 .—His diametrically opposite to R on the circumcircle. 

Cor. 7 . —Tarry’s point is the centre of perspective of the 
triangle formed by the centres of hTeuberg’s circles H a , iV c , 
and the triangle ABC. 

364. Steiner's axes cere parallel to the asymptotes of Kiepert’s 
hyperbola. 
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Dem. —The Appollonian hyperbola of any point in the plane 
of a conic passes through the feet of the normals from that 
point, and has its asymptotes parallel to the axes of the conic. 
Eut evidently the Appollonian hyperbola of the point PT with 
respect to Steiner’s ellipse is Kiepert’s hyperbola. Hence the 
proposition is proved. 

Cor. —If R! be the point where the fourth normal from H 
meets Steiner’s ellipse, RR l is a diameter of Steiner’s ellipse, 
and GR of T. 

365. If the line OK intersect the circumcircle in P, P', the 
Simson's lines of P, P' are the asymptotes of Rupert's hyperbola. 

Dem. —P, P' are the isogonal conjugates of the points at 
infinity on T. Hence if PQ , P'Q f be parallel to PC, the asymp¬ 
totes of T are parallel to AQ : A Q'. Now, if P a , P h be the pro¬ 
jections of P on PC', CAj it is easy to see that the Simson’s line 



P a P b is perpendicular to A Q. Hence the lines P a P h , P' a R'b are 
parallel to the asymptotes. And since PP'« = CP S , and AP b 
- CP' h they must be the asymptotes. 
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Cor . 1.—Steiner’s axes are parallel to the Simson’s lines of 
the points P , P'. 

Cor. 2.—Since M‘Cay’s circles are the loci of the centroids of 
equibroeardian triangles described on the sides of ABC (§ 340, 
Cor. 1), it follows that if through the centroid of ABC lines be 
drawn parallel to AJ a , AJ' a (fig., § 338), they will meet the 
perpendicular to BC at its middle point in the highest and 
lowest points of one of M £ Cay’s circles. Hence the lines from 
the centroid to the highest and the lowest point of one of 
M‘Cay’s circles are Steiner’s axes. 

366. Since, if a chord of a hyperbola be the diagonal of a 
parallelogram whose sides are parallel to the asymptotes, the 
other diagonal will pass through the centre. Hence, applying 
this to the chord GH of Y, we get the following proposition :— 



If the orthocentre H of a triangle ABC he projected on the axes of 
Steiner , the join of the projections passes through the points Q, Ji, 
Pi, P 2 . Conversely, if upon GH as diameter a circle he described , 
the lines joining G to its points of intersection with the join of K to 
the middle of GH are the axes of Steiner. 

367. If A X B X C x and N a N h N c be respectively the first Brocard 
triangle and that formed by Heuberg’s. centres, the parametric 
angles of these are complementary. Hence the corresponding 
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points R and X are eollinear with 0. N is the centre ortho- 
logique of A 1 B l C 1 with respect to ABC. Hence it follows that 
the lines AR , BR , CR are parallel to the sides of A 1 B 1 C 1 . 
lienee the homologous sides of the triangles ABC , AjB x Ci are 
antiparallel with respect to the axes of Steiner. Again, if JET^ 
H z he the orthocentres of the triangles NBC, XCA, NAB, 
the quadrangles ABCN\ are (fig., § 363) symetriques 

with respect to Q. Therefore GA, GII^ are supplemental 
chords of T, and hence are antiparallel with respect to GX ; 
therefore GA l passes through H x , and hence through the middle 
point of AR. 

368. The Foci of Steiner. 

Def. —The foci of Steiner of a triangle are the foci of an ellipse 


A 



which touches the sides of the triangle at their middle points . 
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Let ABC be the triangle, A'B'C' the ellipse touching the 
sides in the points A f , BC ; X. ' K the foci. The perpen¬ 
diculars from K, K' on the sides of ABC meet them in their 
points of intersection with the circle on the major axis of the 
ellipse. Let K x , X, _ZT 3 be the feet of the perpendiculars 
from K\ and let these perpendiculars meet the circle again in 
A u B l9 C x . 

Now, it is evident that taking K as the centre of reciproca¬ 
tion, and the power of K with respect to the circle as modulus, 
the ellipse will reciprocate into the circle, and the triangle 
ABC into AiBiCi. I say that K is the symnedian point of 
A 1 B 1 C 1 . 

Dem.—Draw tangents to the auxiliary at the points^, B x , C ly 
forming a triangle A 2 B 2 C 2 . Now, from the principles of reci¬ 
procation, these tangents are the polars of AB', C r . Hence 
the points A 2 , B 2 , C 2 are the poles of B'C, C'A', A.'B'. Again, 
since the lines BC, B'C are parallel, their poles A h A 2 , and 
the centre of reciprocation K are colhnear. Similarly, B h B 2 , 
K are collinear, and also C u C 2 , K. 

Hence K is the Gergonne point of A 2 B 2 C 2 , and therefore the 
symmedian point of A X B X C x . (Q. E. D.) 

Cor . 1 .— The joins of the summits of a triangle ABC to a 
Steiner focus are inversely proportioned to the sines of the 
angles subtended at the focus by the opposite sides. The quad¬ 
rangles KABC , KA X B X C X are metapolar. Hence ICA, KB , ICC 
are inversely proportional to the normal co-ordinates of IC with 
respect to the triangle A X B X C x ; but these are proportional to 
sin A x , sin B x , sin C x ; and the angles BKC , CICA, AICB are 
the supplements of A x , B x , C x . 

Cor. 2.—If G be the centroid of a triangle ABC, and if AG, 
BG , CG meet the circumcircle again in G x , G 2 , G z , G is a 
Steiner focus of G X G 2 G Z . 

Eor G X G, G 2 G,G z G&rQ inversely proportional to AG, BG, 
CG, and therefore to the sines of the angles BGC, VGA, AGB, 
that is, to the sines of G 2 GG Z , G Z GG X , G X GG 2 . 
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Cor. 3.—The Steiner foci K , K f of the triangle ABC are the 
symmedian points of their pedal triangles, and the pedal triangles 
are median reciprocals. 

For the triangles K X K 2 K Z and A X B X C X are median reciprocals, 
and K' x K r JF z is equal in every respect to A X B X C X . 

Cor . 4.—The symmedian point of a triangle is a Steiner focus 
of its antipedal triangle : for K is the symmedian point of 

Cor . 5.—The centroid G of the triangle A l B x C 1 is a Steiner 
focus of its pedal triangle G a G b G c . 

For, since G and K are isogonal conjugates with respect to 
A X B X C X , the lines GG a , GG b , GG C are inversely proportional to 
the normal co-ordinates of K with respect to A X B X C x , that is, to 
sin A x , sini?i, sin C x ; or to sin G b GG c , sin G c GG a , sin G a GG b . 

. Cor. 6.—If IT be the orthocentre of ABC, and on HA, JIB, 
SC lengths HA', SB', SC' be taken equal to the correspond¬ 
ing altitudes, 11 is a Steiner focus of the triangle A'B' C'. 

Cor. 7.—If Q be a Brocard point such that angle HAB 
- ClBC = O CA, and if lines ClI), Q.JE, QR be parallel to the 
sides BC, CA, AB, and terminated in B, JE, F by CA, AB, 
BC, respectively, Q is a Steiner focus of JDFF. Easily inferred 
from Cor. 1. 

Cor. 8.—The centroid of a triangle ABC is a Steiner focus 
of its second Brocard triangle A 2 B 2 C 2 . In fact G is the 
centroid of the first Brocard triangle A X B X C X , and A X B X C X , 
AoBvCr j are inscribed in the same circle, and have G as a 
centre of perspective. 

Cor. 9.—If through the points B , C (fig., § 355) lines be 
drawn parallel to AK, through C, A lines parallel to BK, and 
through A, B parallel to CK ' these six lines touch an ellipse 
of which K is a focus ; the ellipse is the reciprocal of Lemoine-s 
first circle. 
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Cor. 10.—If through, the points B, C parallels be drawn to 
the median of the triangle BKC, through C , A parallels to the 
median of CKA , and through A, B parallels to the median of 
AKB , these six parallels touch a circle which is the inverse of 
Lemoine’s second circle. 

Cor. 11. If K be the symmedian point of a triangle ABC, 
and 0, O a , O h , O c the eircumcentres of ABC, KBC, KCA, 
KAB , the points 0, AT are the Steiner foci of the triangle 
0 n 0 b 0 C , for the quadrangles KABC, 00 a 0 h 0 C arc metapolar, 
and 0, if are isogonal conjugates in O a O b O e . 

Cor. 12.—If K x , A' be the points of intersection of the 
symmedian AK with the circumcircles of A B C, KB C, K l is 
a Steiner focus of A'B C. 

The quadrangle K^A'BC is inversely similar to 00 a 0 b Q c 

EXERCISES. 

1. If m a , mb, in c denote the medians of the triangle ABC, A its area, prove 
that the parameters of the three parabolae which can be described each touch¬ 
ing two sides, and having the third as chord of contact (called Artzt’s first 
group of parabola)) are, respectively, 

2a 2 /m« 3 , 2A 2 /;>2& 3 , 2 a 3 /*» c 3 . (947) 

2. Prove that the envelopes of the sides of Kiepert’s triangles (§ 357) are 

{aa - {by + efi) cos A} 2 — sin 2 A ( b 2 — c l ) {fi 2 - y 2 ) = 0, &c. (948) 

This is called Artzt’s second group of parabolae (§ 356). 

The polars of the circumeentre 0 are the altitudes All, BIT , CM. 

3. Prove that the parameters of Artzt’s second group are, respectively, 

A {b 2 - c 2 )l{2m a i ), A ( e 2 - « 2 )/(2-rf), A [a 1 - A 3 )/(2w c ») ; (949) 

and that their foci are the summits of Brocard’s second triangle. 

4. Prove that the envelope of the axis of perspective of the triangle ABC 
and Kiepert’s triangle is Kiepert’s parabola 

V{b~ — c-)a + V(6* 2 - d~)& + V(« 2 - b 2 jy = 0, (950) 

and that the co-ordinates of its focus aro 

1/sin (B - C), 1/sin {C - A), 1/sin {A - B), (951) 


"* The subject-matter of Arts. 363-368 are chiefly taken from jSTeubeiu; 
et Gon, Sur los axes ct les foyers do Steiner (Congres de Paris). 




Recent Geometry . 


459 


5. If P, Q be any two isogonal conjugate points in the plane of a triangle 
ABC\ prove that the diameters through A, P, C of the cireumcircles of the 
triangles APQ , BPQ, CPQ, respectively, are concurrent. 

6. Prove that the Brocard angle (o>) satisfies the equation 

sin A cos (A + <f>) + sin B cos (P + cp) + sin Ceos (C + <f>) = 0. 

(Neuberg.) (952) 

7. Prove that the Steiner angles V\ t (§ 339) are the roots of the 
equation 

sin A sec (A + <p) + sin B sec (P + <f>) + sin C sec (C + (j>) = 0. 

(M‘Cay.) (953) 

8. If co be the Brocard angle, Fi, Fa the Steiner angles, prove 

a, + n 4 - r 3 = *72. ( 954 ) 

9-12. If F, F' be the Steiner foci of the triangle ABC, a, /3, y, a, y 
the points of intersection of AF, BF, OF, AF', BFCF' with the circum- 
circle, Ai, Pi, P l} A\, B\, C\ the points of intersection of the same lines, 
respectively, with cireumcircles of the triangles BFC, CFA , AFB, BFC, 
CF'A, AF’B , then 

1°. F is the centroid of afiy, F' that of a $y ; 

2°. a is the symmedian point of A\BC, /3 that of AB\C, &e ; 

3°. The Brocard angle of the triangles A\BC\ A\BC. . . is equal to the 
first Steiner angle of AB C ; 

4°. AF. AF f — -}AB . AC. (Neuberg and Gob.) 

13. The orthocentre of the triangle formed by the tangents to Kiepert’s 
hyperbola at the points A, P, C is the centre of the nine-points circle 
(Brocard), and the summits of that triangle arc points on Neuberg’s circles. 

14. If two planes be inclined at a given angle, the Brocard angle of the 
orthogonal projection of any equilateral triangle on one of them made on the 
other is constant. 

15. Being given the S 3 ^mmedians of a triangle, find the directions of its sides. 

1C. Being the second triangle of Brocard A 2 B 2 C 2 of ABC, construct ABG. 

17. Prove that the foci of the Lemoine ellipse 

Va/m a 2 -f ^&jwb 2 + V7 Imf = 0 
are the centroid and symmedian points. 

18. If TaT,/F c be the triangle formed by the tangents to Jerabek’s hyper¬ 
bola (§ 362) at the points A, B , C, the axis of perspective of T a TbT e and ABC 
is the inverse transversal of the Euler line 110 . 
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19. If N* be the fourth point of intersection of r' with the circumcircle, 
UN' is a diameter of r'. 

20 . If 0 be the circumcentre of the triangle ABC, prove that the triangle 

formed by the cireumcentres of OBC, OCA, OAB is in perspective with 
ABC, and that the centre of perspective is the isogonal conjugate of the 
centre of the nine-points circle. (Neubeug.) 

21. If the normals at A, B, G to a circumconic of the triangle ABC he 
concurrent, the locus of the centre is the cubic 

a (P~ — y 2 )/« + P ( 7 2 — a 2 )jb + y (a 2 - P 2 )jc = 0. 

Lemma.—I f the normals meet, and if 0 , <p, \p be the angles made by BC, 
CA, AB with the lines from centre to middle points, cot 6 + cot </> + cot if/ — 0. 

For, let a, p, y be the eccentric angles of A, B, C, then the equation 
of BC is 

x cos i (P + 7 ) /a 4 - y sin § (P + 7 ) /b = cos § (p - 7 ); 
and if 0 be the centre, and JD the middle point of BC, the equation of OB is 
x sin & (P + 7 )/« - y cos \ (P + y)jb = 0. 

Hence for the angle OBB, 

cot 0 = (a 2 - b 2 ) sin {P + y)l2ab. 

Similarly, 

cot <p — (or - b 2 ) sin (7 + a)/2a$, cot if/ =5 (a 2 - b 2 ) sin (a + P)j2nb. 

But since the normals are concurrent, 

sin(j3 + 7 ) + sin (7 + a) + sin (a + P) = 0. 

Hence cot 0 -f cot (f> + cot ip = 0 . 

Now, to apply this to the question. Let a', P', 7 ' be the co-ordinates of 
the centre of the circumconic ; and the co-ordinates of the middle point of 
BC are O, sin C, sin B. Hence the equation of the line joining the centre to 
the middle point is 

a ( P f sin B — y sin C ) — /3a' sin B + 7 a' sin C = 0, 
and the equation of BC is a - 0 . Hence 

cot 0 = {/3' sin B - y sin C + a sin ( B - C) } /2a' sin B sin C ; 
therefore 

2 cot 0 = p'ja sin C — yja sin B + cot C — cot B, 
which, added to two similar equations, gives, after omitting accents, 

a{p 2 - y 2 )/a + P(y 2 - a 2 ) lb + 7 (a 2 ~ p 2 )jc = 0. (955) 

This is called the seventeen-point cubic. It passes through the summits 
of the triangle of reference, the middle points of the sides, the middle points 
of the altitudes, the centres of the inscribed and escribed circles, the eircum- 
ccntre, orthocentre, centroid, and symmedian point. 
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22 . Prove that the isogonal transformation of the ]ine joining the circum- 
centre to the incentre passes through Nagel's point and through the Gergonne 
point. 

23. If the perpendiculars from the incentre on the sides of the triangle 
AJBQ meet any circle concentric with the incircle in a, y, the locus of the 
centre of perspective of the triangles ABC, afi 7 is the isogonal transforma¬ 
tion of the join of circumeentre and incentre. 

24. Artzt’s parabolae of first group cut each other in the centroids A', B', 
C' of the triangles BCG, CAG , ABG. Prove that the areas AB'C', CA'B 
BA'C’ bounded by the three parabolae == 17 A/81; that the areas AG'B, BA'C, 
OB'A hounded by a side and two parabolae = 5a/31. (de Longchamps.) 

25. If on the sides BA, GA of the triangle ABC we cut equal segments 
BB', CG', the envelope of the line B'G' is, in barycentric co-ordinates, the 
parabola 

V(b — c) a -f ^b$ + ^cy = 0 . 

This curve touches BO, GA, AB ; the focus is the middle point of the arc 
BAG oi circumcircle; the axis is the external bisector of the angle BAG; 
the parameter = 2 (b-c) cos 2 J -4/sin J A . (Mandart. ) 

26. On the sides BC, GA, AB of the triangle ABC are described three 
segments of circles containing the angles A + <p, B 4 - <j>, C+ <p, where q> is 
variable. The locus of the radical centre is Kiepert’s hyperbola. (Tesch.) 

27. Each line L contains two isogonal conjugate points Jf, 3f\ When 
the line L turns about a fixed point B, the points M, if' move upon a cubic 
passing through P. The seventeen-point cubic (Ex. 21) corresponds to the 
centroid taken for the fixed point P. 

28. In Ex. 21 find the locus of the intersection of the normals at A, B, 0. 

29. If the normals at the points of contact of the sides of the triangle 
ABG with any inconic be concurrent, find the locus of the centre, also of 
the point of intersection of the three normals. 

Ans. The cubics in Exs. 21 and 28. 

30. Let %iy\Z\, ocyjizi he two points Mi, M* of the line L =zfx-YgyA-hz—0 . 

If the join of the isogonal conjugate points of ifi, M 2 cut L in the point 
Mz (£32/323), prove that fx\x 2 xz + gyxy&Jz + hziz&z = 0 . (Neuberg). 

31. In Ex. 30, if the co-ordinates of the two fixed points of 1 he denoted 

by a$y, a fry , and the co-ordinates of Mi, M 2 , Mz by (a + &ia', ....), 
(a + hza, ....), (a + kza, prove the relation 

lYikihvhz + n (fa7cz + kzk\ + Jc\7c 2 ) + p (&i + ki T kz) 7 q — 0, 
where on, 01 , p and q are constant. (Neuberg.) 
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INVARIANT THEORY OF CONICS. 

Preliminary Propositions and Definitions. 

369. Def. i.—If ABC , A'B'C' be two triangles, the equa¬ 
tions of whose sides are 

a = 0, /3 = 0, y = 0; a' = 0, /3' = 0, y' = 0, 

respectively; then (§ 56), a, y can he expressed linearly in 
terms of a', /3', y', say 

a s A-ia' + /ijl/ 3' + Viy' ; /3 s A 2 a' + /a 2 /3' + v 2 y / ; 
y = A 3 a/ + ft*/?' + v 3 y'. 

Then, if by these substitutions the equation of any curve be 
transferred from AB C as triangle of reference to A'B' <7, the 
determinant (A Iy a 2 v 3 ) formed by the coefficients of substitution 
is called the determinant of transformation (Clebsch, p. 167). 

Def. h. —Any function of the coefficients of the equation of a 
curve is called an invariant, if when linearly transformed the 
same function of the new coefficients is equal to the old function 
multiplied by some power of the determinant of transformation. 

Def. iii.—A covariant is a function of both coefficients and 
variables, which remains unaltered by transformation, except a 
factor which is some power of the determinant of transformation. 

Def. iv. —If the equation to be transformed be in line co¬ 
ordinates, the functions which remain unaltered by transforma¬ 
tion are called eontravariants. 
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Def. y.— A function which contains both point and line co-ordi¬ 
nates is called a mixed concomitant (German Zwisehenformen.) 

Def. vi.—I f S l9 S 2 he two fixed conics, then the system 
Si + JcS 2 where h is variable is called a pencil of conics. A 
system l 1 S 1 + l 2 S 2 + l 3 S 3 consisting of three fixed conics which 
are not of the same pencil with variable multiples Z l3 l 2 , l 3 is 
called a net of conics. The corresponding systems in line co¬ 
ordinates, viz. Si + and li$i + l 2 % 2 + 4^ 3 are called, respec¬ 
tively, a TANGENTIAL PENCIL and a TANGENTIAL NET of COnicS. 

In this chapter the angles of the triangle of reference will be 
denoted by A u JL 2 , A 3 , respectively, and its sides by a l9 a 2) a 3 . 

370. If S l = af = 0, /So = bf = 0 be the equations of two 
conics, and if by linear transformation they become S u S 2) it 
is evident that the pencil Si + hS 2 = 0 will, by the same trans¬ 
formation, become S x 4- hS 2 = 0. Hence, if Jc be determined so 
as to make S 1 + hS 2 = 0 fulfil some special condition, such for 
instance as to represent an equilateral hyperbola, to touch a 
given line, &c., the same value of h will make S L + JcS 2 = 0 
fulfil the same condition. How, if in any function of the 
coefficients of Si representing a property of S 1 we substitute 
a n + hb u for a ll9 a 22 + Jcb 22 for a 2 2 , &c., the resulting equation 
in 7c will represent the same property for S l + 7c S 2 . And since 
the value of h remains unaltered by transformation, the new 
equation in 7c can differ from the old only by a factor. (This in 
all cases is some power of the determinant of transformation.) 
Hence the coefficients of the several powers of Ic tvill be invariants. 

371. Given 

Si ss a u x^ + a 22 x 2 -t- a 33 x 3 ~ = 0, S 2 s x? + x<? + x 3 2 = 0, 

it is required to find the polar reciprocal of S x with respect to S 2 , 
and of S 2 with respect to Si. 

Let x' l} x'n, x r 3 be the co-ordinates of the pole of a tangent to 
Si with respect to S 2 . Then the equation of the tangent must 
be 

xfi -f- x,x' 2 -f x 3 x' 3 — 0 ; 
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and if the point of contact be %" h #" 2 , it must also be 

O’ll'V \X\ + Cl 2 oX 0 X 0 4~ $ 33 # 3#3 =:: 0. 

Hence, comparing coefficients, 

#"l = #'l/$ll, #" 2 = #' 2 /$22, #" 3 = #' 3 /$33 J 

and since #"i, #" 2 , x'\ are the co-ordinates of a point on S h sub¬ 
stituting* their values, and omitting accents, we get 

$22$33#1~ 4* $33$11#2~ 4” $ 11 $ 22 # 3 ^ == 0, (956) 

which is the polar reciprocal of 8 1 with respect to S 2 . 

Similarly, the polar reciprocal of So with respect to is 

4” $ 22 ^# 2 ^ 4" $ 33 ~# 3 *" — 0. (9o7) 

Lamp’s Equation. 

372. Three conics of the pencil S x - lcS 2 - 0 represent line 
pairs. 

Dem.—Let S l s a 2 = 0 , S 2 = b 2 - 0 , then the discriminant 
of S 1 - JcS 2 is 

$n — hb\\y $12 — i^byiy $13 “ hby^ 

$21 “ hb 2 \) $oo — 7$ 22 , $23 — 7$ 2 3, = 0 J 

$31 “ ^^31> $32 ” hb 2 Oj $33 — Jcb 22 

°r, 

A x — ^0i 4* m 2 — 7r 3 A 2 = 0, 

where Aj, A 2 are the discriminants of a 2 , b 2 } respectively, 

®i = ® 3 = JB a \ 

Hence the condition that S x - kS 2 = 0 may denote a line is 
Ax - 7c©! + 7 c 2 ®2 - 7c 3 Aa = 0, (958) 

which, giving three values of 7;, proves the proposition. 
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The line pairs are the three pairs of opposite sides of the 
quadrangle whose summits are the points of intersection of S u 
S 2 . Their equation is formed by eliminating h between (958) 
and Si - 7cS 2 = 0. Thus we get 

Aj£ 2 3 - ® l S 2 *S 1 + QASS - A^ 3 = 0. (959) 

If £2 = 0 denote a line pair, A 2 vanishes, being the discrimi¬ 
nant, and equation (958) reduces to the quadratic 

A x - A©x + & 2 © 2 = 0, (960) 

showing that through the points of intersection of a conic S x 
and a line pair S 2 can be drawn two other line pairs, their 
equation is found, by eliminating Jc between (960) and S x - kS 2} 
to be 

Ax$ 2 2 - & l S 2 S 1 + © 2 ^x 2 = 0. (961) 

If S 2 = 0 be the square of a line, say (A x ) 5 , then not only does 
A 2 vanish identically, but also © a , and ©x becomes or Si ; 
then the equation (958) reduces to Ax - £2i = 0, and only one 
line pair can be drawn, viz., 

Ax(A x ) 2 -2xSx = 0, (962) 

which will evidently be the tangent pair to Si at the points 
where it meets A x . This will give the equation of the asymp¬ 
totes if A x = 0 be the line at infinity. 

The equation (958) is the fundamental one in the invariant 
theory of conics. It was first given by Lame, in his Examen 
des Differentes Methodes. See Fiedleb’s Translation of Salmon’s 
C onic Sections. I shall call it Lamp’s Equation. 

EXERCISES. 

1. Find the equation of the bisectors of the angles of the line pair 
ax 2 + 2 hxy 4- by 2 = 0 , 


the axeB being oblique. 
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The equation 

x 2 + y 1 + 2 xy cos <a - r 2 = 0 

represents a circle. Hence the quadratic in 7c, which is the discriminant of 
ax 2 + 2 hxy + by 2 — k (x 2 4- y % 4- 2 xy cos co - r 2 ) = 0 ; 

or, of 

(a — 7c) x 2 4- (b — 7c) y 2 + 2 {7i — k cos «) xy 4- kr 2 — 0, 

will give two line pairs which, from the property of the circle, will he such 
that each pair will consist of parallel lines, and also such that one pair will 
be perpendicular to the other. How, if we make r = 0 in the equation of 
the circle, each line pair will become a perfect square; but, if r = 0, the 
discriminant is 

(a — k)(b — Jc) — {h ~ 7c cos w) 2 = 0, 
and, eliminating k , we get the square of the pair of bisectors 

{(a cos cc - 7i)x 2 + (a — b)xy -f (7i - b cos w)y 2 } 2 = 0. (963) 

2. Find the locus of the intersection of normals to an ellipse at the 
extremities of a chord which passes through a given point aft. 

Let the ellipse be 

x 2 \d 2 + y 2 lb 2 —1=0; 

then, if the normals meet in x’y’, their feet are the points common to 

z*la- + y 3 /^ -1 = 0 
with the Apollonian hyperbola 

2 {c 2 xy 4- b*y'x — cfix'y) = 0 

of the point x’y’. Hence taking these conics for Si, 8%, respectively, we 
get 

Ai = - 1 l(a 2 b 2 ), ©i = 0, ©2 = - («V 2 + b 2 i/ 2 - c% A 2 = - 2 a 2 b 2 c 2 x’y’ ; 

and forming the equation of the three line pairs (959), substituting a, ft for 
xy, and removing accents, we get, after a slight reduction, 

4a 2 3 2 (a 2 ftx - b 2 ay — c 2 aft) 2 + c 2 xy(a~b 2 + a 2 ft 2 — a 2 b 2 ) 3 
+ {a 2 x 2 + b 2 y 2 - c 4 )( a 2 Bx - b 2 ay - c 2 aft)(a 2 b 2 -f- a 2 ft 2 - a 2 b 2 ) 2 = 0. (964) 

This denotes a curve of the third order; but if a = 0, or ft = 0, that is, if 
the point be on either axis, it is. a conic, the axis itself being in this case a part 
of the locus. The locus also reduces to a conic if the point aft be at infinity, 
that is, the locus of the intersection of normals at the extremities of parallel 
chords of a conic is a conicr-a proposition which may bo inferred from 
equation (547). 
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Calculation of Invaeiants. 


373. 1°. Calculate the invariants for the conics 

a n x^ 4 « 22 # 2 2 + &= 6) and x? 4 x 2 2 4 %% = 0. 


AnS . Aj = $il$22^33* ©1 — ^11^22 4 ^22^33 4 ^33^11* ®2 — &W 4 #22 4 #53 • 

A 2 = 1. Hence Lame’s equation is 

(jh — an )(.& — fl>22)(h — # 33 ) ” 0 . ( 965 ) 

2°. Form Lame’s equation for 

Si s a 2 = 0, >S 2 = ^! 2 4 x 2 2 4 # 3 2 =0. 

Ans. Aj — Jc^Aii 4 -^22 4 -4 33 ) 4 >& 2 (#n "l* #22 4 # 33 )— Jc 2 — 0. (966) 

3°. Form Lame’s equation for the ellipse 
x 2 /a 2 + y 2 /b 2 ~ 1 = 0, 

and the circle 


(x-x.y + (y~y'Y~i* = 0. 

Ans. x' 2 j(a 2 ~7c) + y 2 j{b 2 - h) + r 2 /k- 1 = 0. (967) 

Hence 

Ax = - 1 !(a 2 l% 0! = (iv /2 4 y' 2 -a 2 -1 2 - r 2 ) j{a 2 b% 

0 2 = # /2 /# 2 4 y' 2 /^ 2 “ 1 ~ r 2 {a 2 4 b 2 )/(a 2 b 2 ), A 3 = - r\ 

4°. Calculate the invariants for the parabola 
y 2 - 4ax = 0, 


and the circle 


(x-x') 2 + (y-y') 2 -r 2 ~0. 

Ans.— 


Ai = - 4a 2 , 0i=-4a(a + x') } ® 2 = y' 2 - 4ax'- r 2 , A 2 = - r 2 . 

5°. Calculate the invariants for two conics, respectively, 
inscribed and circumscribed to the triangle of reference. 

Let 


Si = b-fx-c 4 h 2 x 2 2 4 b 2 x 2 - 2b 2 l z XoX z - 2b z b i x z x 1 - 2b L b 2 x 1 x 2 - 0. 
So ^2 {a 2z x 2 x z 4 a zl x z Xi 4 a u XiX 2 ) = 0 ; 
then 

A* =— 4 b -^ b 2 b z '^ 0i = 4 J )\ bof) z (#23^14 #31^2 4 #12^3)7 
02 = (#23^1 4 #31^2 4 #12^3)**; A2 2fl5i2^33^31* 

OtrO 


( 968 ) 
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From these values it follows that the condition that two conics 
are so related that a triangle may he inscribed in one, and 
circumscribed to the other, is 

4A 1 ©2 = ®i 2 - (Cayley.) (969) 

In connexion with this may be stated the following theorem: 
—If two given conics he such that a variable triangle can be 
inscribed in one , and circumscribed to the other , there is given 
another conic to which the triangle is antipolar. 

For if _ _ __ 

= V bi%i + a/ b 2 x 2 + b z x 3 = 0, 

$2 = 2 (a 2i XoX z + <h\ X &\ + = 0 , 

then the conic 

w + w + w = 0 (970) 

#23 #31 #12 

reciprocates into $ 2 , and is therefore given. 

Or , more generally , the three special relations which a 
triangle can have with respect to a conic are to be inscribed , 
circumscribed\ or antipolar , then the theorem is true, that if a 
variable triangle be connected with given conics by any two of 
these relations, it is connected with a third conic given by the 
remaining relation. For example, the Brocard ellipse is 

a/ x l /a l -h \/ x 2 /a 2 + a/# 3 /# 3 = 0, 
and Kiepert’s hyperbola is 

x 2 x z sin [A 2 ~ A z ) + x z Xi sin ( A z - A{) + x Y x 2 sin ( A x - A 2 ) = 0, 
and the conic 


#i7(^ 2 - # 3 2 ) +# 2 2 /(#3 2 - (h 2 ) + Xz 2 Ka 2 - % 2 ) = 6 
is antipolar, and reciprocates one into the other. 

6°. Calculate the invariants for the Brocard ellipse, and the 
Brocard circle 

#i # 2 #3 [x^ + %z + x 3 2 ) - (a?z 2 x z + a 2 x z x l + a*XiX 2 ) = 0. 

Ans . A x = - 4/(#! 2 # 2 2 #3 2 )> ®i = - (#i 2 + a 2 2 + a^/a^a^ 

®2 = - i {#i 2 + a 2 + # 3 2 ) 2 - 6 (af 4- # 2 4 + aj )}, 

A 2 = *“ 4 (#^#a#3)(#i 6 4 a 2 + a j 6 —• 3 #i 2 # 2 2 # 3 2 )* ^971) 
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In terms of these, and of the circumradius, can he expressed 
several metrical relations in the recent Geometry of the triangle. 
Thus, if p, p' denote the radii of the Lemoine and Brocard 
circles, respectively, 

Zp 2 = £ 2 (©i^AiAo)/©! 3 , 

p 1 2 = ~A 1 Ao/0 1 3 . (972) 

Tact Lnvaiil-lnt op two Conics. 

374. If the four points common to two conics S i7 S 2 he 
A, B, (7, D, and X x , L, 7c z the roots of Lame’s equation; then 
the three line pairs 

Si — \S 2 , Si - k 2 S 2 , Si — k 2 S 2 

are AB . CD, B C. AD, CA . BD , respectively; but if any 
two of the points A , B , C , -D coincide, say -4, B , two of 
the line pairs will coincide, viz. BC.AD , and CA.BD , 
each of which will become -4 £. ^LZ). Hence if touch $ 2 there 
will be only two distinct line pairs. Hence Lame’s equation 
will have a pair of equal roots. Therefore the condition of 
contact of S x and S 2 called their Tact invariant is the vanishing 
of the discriminant of Lame’s equation, viz., 

4 (3A!©., - ©^(SAo^ -© 2 2 ) - (9 A x A 2 -©A) 2 = 0 ; 
or 

©x 2 © 2 2 + 9 A x A 2 (2©!©, - 3A!A 2 ) - 4 (Ai©, 3 + A 2 ©! 3 ) = 0. (973) 
Cor . 1 .— If ©i — 0 the tact invariant is 

27A 1 A 2 2 +4© 2 3 = 0. (974) 

Cor . 2. —If A 2 = 0, the tact invariant is 

©i 2 = 4Ai© 2 . (975) 

When A 2 =0 S 2 denotes a line pair, and the equation (975) 
is the condition that S x should touch one of these lines. 
We have met this equation, § 373, 4°, as the condition that a 
triangle can be described about S x , having its summits on S 2 , of 
which, it is easy to see, the present is a particular case. 
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EXERCISES. 

1. Find the tact invariant of the ellipse 

x 2 ja 2 + y 2 /b 2 — 1 = 0, 
and the Apollonian hyperbola 

2 (c 2 xy 4 b 2 y'x — a 2 x f y) = 0. 

Since the Apollonian hyperbola passes through the feet of normals from 
xy' to the ellipse, its contact with the ellipse denotes that two of the 
normals coincide, and therefore that x'y' is the corresponding centre of 
curvature. Hence, forming the tact invariant, and omitting accents, we 
have the e.volute of the ellipse, viz., 

(a 2 x 2 4 b 2 y 2 ~ * 4 ) 3 + 21a 2 bWy 2 = 0. (976) 

2. Find the tact invariant of 

3 2 /a 2 + y*/i 2 -l=0, 
and 

(x - x') 2 4 (y-y’) 2 - r 2 = 0. 

It is evident that the centre of the circle is at the distance r from the 
ellipse. Hence, if we form the tact invariant, and omit accents, we' get 
the parallel to the ellipse at the distance r, viz. 

27 a i b i r i 4 4 (a 2 b 2 4 b 2 r 2 4 r 2 a 2 — b 2 x 2 — a 2 y 2 ) z 
- 4=a 2 b 2 r 2 (x 2 + yt~a 2 — b 2 - r 2 ) 3 
4 18 $b 2 r 2 (x 2 + y 2 - ar — b 2 — r 2 ) 

( a 2 b 2 4 b 2 r 2 4 r 2 dr — b 2 x L — a 2 y 2 ) 

-^J r yZ- a 2 ~b 2 -r 2 ) 2 

(a 2 b 2 4 b 2 r 2 4 r 2 a 2 - b 2 x 2 - a 2 y 2 ) 2 = 0. (977) 

Cor .—In the preceding equation; arranged according to the powers of r 2 , 
the coefficient of the second term contains the factor 

(a 2 - 2b 2 ) x 2 4 (2a 2 - b 2 ) y 2 4 (a 2 4 b 2 ) c 2 . (978) 

Hence this equated to a constant is the locus of points, the sum of the 
squares of whose normal distances to the curve is given, which is therefore 
a conic. 

3. What is the tact invariant of the inscribed conic 

s/ b\X\ 4 </4 bzXz - 0, 
and the circumscribed 

#23#2#3 4 CliiXzXi 4 #12#]#2 = 0. 

(«23^l)^ 4- (tf31#2)^ 4 («12^3)^= 0. 


Ans . 
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Osculation- of two Conics. 

375. If the conics S 1 S 2 osculate, Lame’s equation will have 
three equal roots. Hence 

SA 1} ©!, ® 2 > 3A 2 are in GP ; 

therefore 

®! = 3 ( Ai 2 A 2 )^, ©2=3 (A 1 A 2 2 )^, 

3A 1 ©2 = ©i 2 , 3A 2 ©i = © 2 2 , 9A 1 A 2 = ©i© 3 . (979) 

EXERCISES. 

The centres of the six circles which can be described through any point to 
osculate a given conic lie on a conic. (Malet.) 

Taking the given point as origin, and the axes of co-ordinates parallel to 
those of the conic, the equations of the conic and circle may he written 
anx 1 + <*22y 2 + 2a\zx + 2a 2 zy + £33 = 0, 
a;2 + ^2 _ 2a;ia: - 2yiy = 0 . 

Hence 

Ai = «llfl22^33 — «n«23 2 — «22«31 2 , 

©1 = <322^33 «23 2 + #33^11 “* #31 2 + 2^22^31^1 + 2«ll«232/l, 

©2= “ («22^1 2 + «liyi 2 - 2^31^1 - 2(1201 - tf 33 ), 

A 2 = -(^i 2 + yi 2 ). 

These values substituted in 3Ai© 2 - ©i 2 = 0 give 

3 (&llff22<333 ~ ^11^23 2 — ^22^31 2 ) (# 22 # 1 2 + ^liyi 2 — 20 3 i#l — 2a 2 0\ — # 33 ) 

+ (2^22^31^1 + 2an«23yi + «22«33 — «23 2 + «33«11 “ #31 2 ) 2 = 0. (980) 

Cor . 1 .— If the centre be origin and the conic a rectangular hyperbola, 
«23 = 0, « 3 i = 0, and «n + # 22 = 0, and the conic (980) coincides with the 
given one. Hence the centres of the osculating circles of an equilateral 
hyperbola which pass through its centre lie on the hyperbola. (Ibid.) 

Cor. 2.—If either «n or a 22 vanish, that is, if the given conic be a parabola, 
the conic of centres will be a parabola. 

Invariant Angles of two Conics. . . 

376. The roots of Lame’s equation are connected with three 
angles in terms of which some of the invariants and covariants 
can be exposed. In order to show this, let the conics S 2 
be referred to their common antipolar triangle. Thus, let 

S 1 s tf n ;ri 2 + a 22 x 2 2 + = 0 , S 2 = x? -f x 2 2 4 - xf = 0 , 
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and let 0 2 , denote the angles (§ 45, Ex. 6) of the anharmonic 
ratios of the three quartets of points in -which the sides of the 
antipolar triangle are intersected by the two conics. Then to 
determine ©i we must find the anharmonic ratio of the points in 
which the side % is intersected by and $ 2 . Eor that purpose 
we have the pencil formed by the line pairs 

aooZo 2 + a zz cc z 2 = 0 , # 2 2 +# 3 2 = 0 . 

Thus we get 

sin 2 i 6i = - (%>& - 033 *) 2 / 4 %M 3 ^ 
cos 2 i- 0 X = (a 22 % + 

Hence 

sin 2 ^! = — (a 22 — ^33 ) 2 /4^22^33* 

How denoting the roots of Lame’s equation by^, Jc 2 , h Zr these 
are (§ 373, 1°) an, a 22 , a z3 , respectively. Hence, 

sin 2 ^! = - (L - hfl^hh, = - (h ~ 

sin 2 <9 3 = - (hi - hfjihh. 

Hence the discriminant of Lame’s equation is 

- 64A 1 2 (sin 2 0 1 . sin 2 0 2 . sin 2 0 3 )/A 2 2 = 0, 

or omitting the multiplier - 64A 1 2 /A 2 2 which is numerical, the 
discriminant is 

sin 2 #i. sin 2 * sin 2 # 3 = 0, 

and as each sin 2 0 is the product of two anharmonic ratios, we 
have the following theorem :— 

The tact invariant of two conics is the product of six anharmonic 
ratios , and the vanishing of some one of these ratios is a necessary 
condition of the contact of the conics. 

Cor . 1 . —Erom the values of the invariant angles we get 

e 1 ' 6 *- = h 2 jTc z , e 2id * = h/Jc^ e m * = hfk 2 . 

Hence 

4- 0 2 + # 3 s= mr. (981.) 

That is the sum of the three invariant angles of two conics is 
some multiple of it. 
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Cor. 2.—If S' be tbe reciprocal of S 2 with respect to S u and 
if we form tbe invariant angles for S 2 , S', we get 20 x , 2 0 2 , 2 0 Z . 
Similarly, if S" be tbe reciprocal of S 1 with respect to S' tbe 
invariant angles for S" and S 2 are 3 0 l9 3 0 2 , 30 3 , &c. Again, if 
S r denote tbe conic wbicb reciprocates S 1 into S 2 , tbe invariant 
angles of S r , S 2 are £ 0 l9 % 0 2 , £ 0 3i &c. 

Cor. 3.—Tbe envelope of tbe line X x = 0, cut harmonically by 
Si, S 2 , is 

(cos Oilkf )V + (cos 6 2 IJcJ)K* + (cos0 3 /M) V = 0. N (982) 
This is easily inferred from equation (862), page 371. 

Cor. 4.—Tbe locus of points whence tangents to S x , S 2 form 
a harmonic pencil is 

(Jcfi cos + (Jc 2 cos 6 2 )x 2 2 + (Jc 2 % cos 6 z )x 3 2 = 0. (983) 

377. To find the anharmonic ratio of the pencil of lines drawn 

from any point of the conic S x - lcS 2 = 0 to the four points common 
to Sly S 2 . (GrTJ^DELFINOEE.) 

Let tbe points be Ay B, C, D. If T u T 2 denote tbe tangents 
to Siy S 2 at one of these points, say Ay then T x - JcT 2 = 0 will 
be tbe tangent to Si - hS 2 = 0 at Ay and /q, k 2 , lc z being tbe 
roots of Lame’s equation, 

T x - hT 2 = 0, T x - Jc 2 T 2 = 0, Ti- Jc 2 T z = 0 

will be the equations of tbe lines AJB, A C, AJD, respectively. 
Hence tbe anharmonic ratio of tbe pencil drawn from a point 
consecutive to A on Si - IcS 2 to tbe four points A, B, C, JD, is 

(i ~ h)(lc 2 - h) : (h - k 2 )(h - h), (984) 

and therefore this will be tbe anharmonic ratio of tbe pencil from 
any point of Si - JcS 2 to tbe four common points. 

Gundelfinger’s solution is given in Liedler’s translation of 
Salmon’s Conic Sections , vol. ii., p. 668. 

378. Find the locus of the centres of all the conics of the pencil 
Si - 7cS z = 0. 
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Let a?'i, y 2 , #' 3 be the centre; then the line at infinity will he 
the polar of x\zW z . Hence we get, if A. be some constant, 

(an - k)x\ = A sin A^ (#22 - h)x f 2 = A. smA 2 , 

(#23 — /£) X 3 — A SUL Al 3 . 

Hence, eliminating h and A, and omitting accents, we get, after 
replacing # ll5 #33 by the roots of Lame’s equation 

(^2 — &j) sin A\ * (fz — ^ 1 ) sin. A 2 t (fi ^ 2 ) sin -4 3 _^ 

- -j— -— + - = u. 

Xi X 2 #3 

Or, in terms of the invariant angles of § 376, 

sin-4i. sin Si sin A 2 . sin S 2 sin A z . sin S 3 _ 
hi -. Xi h% ^ • x 2 Jc 3 2 . x 3 

(985) 

Ito.—The anharmonie ratio of four conics of a pencil is the 
anharmonic ratio of the tangents at a common point. 

Cor. 1 .—The anharmonic ratio of any four conics 
Si - h ' S 2 = 0, S l - Jc " S 2 = 0, &c., 
is (£' - k")(Jc"' - k iv )l(L J - X* /// )(F - k h ). (986) : 

It is equal to the anharmonic ratio of the corresponding 
points on the conic (985). 

Cor. 2 .—The reciprocal of (985) with respect to (983) is 
y/sin Ai. sin 2 6 X . x x + -v/sin A 2 . sin 20 2 - 
+ y/sin A z . sin 2S 3 . x 3 - 0 , (987) 

and its reciprocal with respect to (982). is 

V^sin-ij tan $ 1 .x 1 + \/’sin A 2 tan S 2 . x 2 + sin A z tan S 3 . x 3 - 0. 

(988) 

Cor. '3.—The fourth common tangent of the conics (987), 
(988) is 

sin^x tan S l .x 1 sin A 2 tan 0 2 .x 2 sin A s tan S z . x 3 
cos 2S 2 - cos 203 cos 20 3 - cos 2$x ‘ cos 2S X - cos 2S 2 
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Conics Harmonically Inscribed and Circumscribed. 

379. Def. — JL conic is said to he harmonically inscribed in or 
circumscribed to another when it is inscribed or circumscribed to 
a triangle antipolar with respect to the other . (See Smith, Pro¬ 
ceedings of the London Mathematical Society , vol. ii., p. 87.) 

380. If the invariant ® x vanish , the conic S 2 is harmonically 
circumscribed to S Xy and Si is harmonically inscribed in S 2 . 

Bern.—Let S x = af =0, S 2 = bf - 0 ; 

then 

= jLg — (a 22 a 22 — a 2 f) bn + (# 33^11 *— # 31 “) b 22 + {011022 ~ b 33 

+ 2 (#31^12 — ^11^3) ^23 + 2 (&23&31 — # 33 #ll) b 3 \ + 2 (#12^23 ~ ^22^31) ^12* 

Hence ®i vanishes, if a 23 , a 3Xy a x2y 5 n , b 22 , b 33 each separately 
vanish; that is, if the equations of S ly S 2 he of the forms 

a xl x x 2 + a 22 x 2 2 + a 3z x 3 2 = 0, 2(b z3 x 2 x 3 4- b 31 x 3 x L + b 12 x x x 2 ) = 0; 

or, when S 2 is harmonically circumscribed to Si* 

Again, ® x vanishes, if 

#22#33 “ ^23“j &33 a ll ~~ #31*> #11^22 “* a i3) ^23) ^31> ^12 

each separately vanish, which will happen, if S Xy S 2 can be 
written in the forms 

a/ a n x x + V 022 X 2 + </■ ^ 33^3 - 0) 
bl\Xl“ + b 22 X 2 + b 33 X 3 — 0 y 

and in this case S x is harmonically inscribed in S 2 . 

Cor. 1.—If a conic S 2 harmonically circumscribe S x , then S x 
is harmonically inscribed in S 2 . 

Cor. 2.—If each of two conics, S 1} S 2 be harmonically circum¬ 
scribed to a third conic S y every conic of the pencil’ S x - JcS 2 is 
harmonically circumscribed to S. 

Cor. 3.—If each of three conics 8 X , S 2 , S 3 be harmonically 
circumscribed to S y every conic of the net l x S x + l 2 S 2 4- l 3 S 3 is 
harmonically circumscribed to S. 
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Cor, 4. — If 2 s aX 2 = 0, S = af - 0 be ko conics in point 
and line co-ordinates, respectively, then, if S be harmonically 
inscribed in $, <r a 2 = 0. For, the coefficients a 22 a zz -a 2 z^ &c., 
in ©i are the coefficients of the tangential equation of S\. 

Cor. 5.—If S u S 2 , S z be three conics given by their trilinear 
equations, and 2 i} 2 3 conics in tangential equations; and 

if each of the latter be harmonically inscribed in each of the 
former, then each conic of the tangential net 

Pl^tl 4* P2^2 "i" ^3-^3 ~ 6 

is harmonically inscribed in each conic of the trilinear net 

hs, + ls 2 + l z S z = 0 . 

EXERCISES. 

1. Find the condition that the circle [x - x') 2 + {y- y’f — r 2 — 0 may be 
harmonically circumscribed to the conic 

ax 2 4- by 2 4- 2 hxy 4- 2 gx 4- 2fy 4- c = 0. 

The invariant 0i = 0 gives 

A + B + G{x’ 2 4- y ' 2 - r 2 ) - 2Gx’ - 2iy = 0 . 

In this result, if we remove accents, we get 

C{x 2 + y'-)~2Gx-27y+A+B- Cr 2 = 0, (989) 

which becomes the orthoptic circle when r vanishes. 

Cor .—A circle circumscribed harmonically to a conic cuts its orthoptic 
circle at right angles. 

2. Find the condition that (x - x') 2 4- (y - y') 2 — r 2 = 0 may be inscribed 
harmonically in 

ax 2 4- by 2 4 - 2 hxy 4- 2gz 4- 2fy 4 - c = 0. 

The tangential equation of the circle is 

{x A 4- y p. 4-1) 2 — r 2 (A 2 4- px) = 0. 

Hence, forming the invariant, we find the required condition 

£0 - (a 4 - b)r 2 = 0 , 

where So is the power of the point xy with respect to the conic. Hence, if 
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the radius of the circle be given, the locus of its centre is a conic concentric, 
and homothetic with the given conic. 

3. Find the locus of points whence tangents to the conics a»~ — 0, bj = 0 
form a harmonic pencil. (Compare § 286..) 

The tangent pair from a point 2 / 12 / 22/3 to the conic bj = 0 is, equation (400), 

2(J?33^2 2 — 2B 2i y 2 yz + B 22 yz 2 ) X\ 2 

4 - 25 (.# 312 / 12/2 4- -# 122 / 32/1 — -#232/i 2 — .# 112 / 22 / 3 ) # 2^3 = 0. 

Now, by the conditions of the question, these form a line pair harmonically 
circumscribed to a x 2 . Hence the invariant ©1 of a x 2 = 0 , and this line pair 
must vanish. Hence, forming the invariant, and writing x x , # 2 , £3 for y x 
2 / 2 ? 2 / 3 ? we get the required locus, viz., 

2(^22-#33 + -^33-#22 ~ 2A 22 B 2 3) #1 2 

4- 25(^4i2-#3i 4- AziBn — -4iij#23 — A 2 3JBn)x 2 X3 = 0. (990) 

This equation was first given by Staudt, in the Niirnberger Programm 
for 1834. Its importance as a covariant was first pointed out by Salmon in 
the Cambridge and Dublin Mathematical Journal, vol. ix., p. 30. He denoted 
itF. 

4c. Form the covariant F for Brocard’s ellipse and Kiepert’s hyperbola. 
Ans. {sin (A 2 — A^Jai 4- sin (A3 — Aij/a* + sin (Ai - ^ 2 )^ 3 } 

{ sin (A x — A2) x x x 2 4 - sin (A 2 — A3) x 2 %3 4 - sin (A3 - Ai) x 3 X 1 } 

- sin (A 1 - A 2 ) sin (A 2 — A3) sin (A3 - A\) 

(_£ll_+__+_ 0* _Uo. 

(«isin (A% - A 3 ) « 2 sin (A 3 — Ai) a 3 sin(Ai-A 2 )) 

5. If four equilateral homothetic hyperbolas have a common point, and be 
harmonically circumscribed to the same conic, the points of intersection of 
any pair, and those of the remaining pair lie on an equilateral hyperbola. 

(Professor Curtis, S.J.) 

For, taking the common point as origin of co-ordinates, and the four 
hyperbolae as Si, S 2 , # 3 , # 4 , where 

Si & ai (x 2 - y 2 ) + 2h\xy 4- 2g x x + 2f x y = 0, 

#2 = a 2 (x 2 — y 2 ) 4- &c., 

we have, from the given conditions, four equations of the form 
#1 (A — JB) + 2h x 2J +• 2g x Q 4- 2/ijP= 0. 
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Therefore 


a h hi, 9h fh 

a 2, /s, 

#3} ^3, ffZi fz» 

^ 4 , ^4 , ffij f<L 



Hence, multiplying the first column hy x 2 — y 2 , the second by 2xy, the 
third by 2%, the fourth by 2 y, and adding the second, third, and fourth 
columns to the first, we get 


£i, hi, g\, f\, 

$2, ho, fz, 

S3, hz, gz, fa, 

Si, h± f gi, fi 



Or, as it may be written, 

l\S\ — I 2 S 2 4- Z 3 S 3 — kSi = 0. 


Hence the equilateral hyperbola hSi — hSz = 0 passing through the inter¬ 
section of Si, S 2 is identical with I 3 S 2 — k$i passing through the intersection 
of S 3 and £ 4 . 

6 . If two conics Si, S 2 be homothetic, and harmonically circumscribed to 
a given conic S', their common chord passes through the centre of S'. 

(Professor Curtis, S.J.) 
From the hypothesis we have ^ 

aija 2 — hijho = hjh, 

and 

ciiA* 4~ 2K\F£' 4~ biB' + 2f\F’ + 2yi6r' 4* c\C r = 0, 
dzA’ -f 27i2jB[' 4- ^ 2 B 4- ^fzF’ 4- 2goGr t 4- C 2 C ~ 0. 

Therefore 

2(/i«2 — facti)F’JC' 4- 2(yi<32 — ff 2 &i)G'JC' 4 - c\az — c%ai — 0. 

But G'/C', F’jC' are the co-ordinates of the centre of S’. Hence the pro¬ 
position is proved. 

7. If a variable conic be harmonically inscribed in four conics, the locus 
of its centre is a right line. 

From the hypothesis we have four relations of the form 

Act\JC 4* jBbijC 4 - 2JE[h\]C 4- 2 FfiJ 0 4- 2Gg\/ C c\ — 0 j 

and, eliminating A/C, B/Q, B\G, we get a linear relation between GjO and 
F/O. This includes Newton's theorem as a particular case that the centre of 
a conic inscribed in a given quadrilateral moves.on a right line. 
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. Other Properties of Harmonic Conics. 

381. If a conic S 2 = bi 2 %i %2 + b 2z x 2 x z + b zl x z x x = 0, circumscribe 
harmonically the conic S x ^ a? — 0, the centre of perspective of 
any conic inscribed in S 2 , and its polar reciprocal with respect to 
8i is a point on S 2 . (Salmon.) 

Taking the triangle of reference as the one inscribed in S 2 , 
the sides of its polar reciprocal with respect to 8 U are, re¬ 
spectively, 

+ a X2 x 2 + a xz x z — 0, a 2 \X\ + # 22*^2 + ot 2Z x z — 0, 

a zx x x + 0^0X2 + a zz x z — 0 ‘ 

and the co-ordinates of the centre of perspective of the triangle 
of reference, and that formed by these lines are l/A 2Zi l/A Z u 
1 /An ; and these substituted in S 2 satisfy it in virtue of the 
relation 

®i = Ayf)\ 2 + A 2Z b 2Z + A zx b zx = 0. 

Again, if the tangential equation of S x be 

A 2 Z X 2 \ Z + A zx X. z Xi + - 4 12^-1 A> = 0 , 

and 

S 2 s b~ — 0, 

then the axis of perspective of the triangle of reference and its 
polar reciprocal with respect to S 2 is 

*^ 1/^33 *^ 2/^31 + oc z fb X2 = 0 j 

and the condition that this should touch $1 is 

A 2Z b 2Z + A Z ib Z i + Ai 2 b X2 = 0, or ®i = 0. 

Hence the envelope of the axis of perspective of any triangle cir¬ 
cumscribed to Si, and its polar reciprocal with respect to S 2 , is the 
conic S\. 

Cor. —Prom the foregoing demonstration we infer that if two 
triangles be polar reciprocals with respect to a conic , and if one of 
them be the triangle of reference , the co-ordinates of the axis of 
perspective are the inverses of the coefficients of the rectangles x 2 x Zy 
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x z x u x x x 2 in the equation of the conic , and the co-ordinates of the 
centre of perspective are the coefficients of the rectangles A 2 A 3 , A 3 A ly 
AiA 2 in its tangential equation. 

382. If ®i- 0, the covariant F of S x and S 2 is the polar reci¬ 
procal of Si with respect to S 2 . 

Dem.—Let 

S 1 s Oii^i 2 + a 22 xl + a zz x z 2 =0, S 2 s xf + x 2 + x z 2 = 0 ; 
then ®1 = ^ 1 X ^22 4 ^ 22^33 4 ^ 33 ^ 11 ) 

F — (^ 11^22 4* ^ 11 ^ 33 ) 4 (^22^33 4* ^ 22 ^ 1 l) X 2 

+ (# 33^11 4* a zz a 22 }x z =0. 

But the polar reciprocal of S x with respect to S 2 is (§371) 
ay 2 .a zz X\ 4- a zz anX 2 4 a\\a 22 x z =0. 

Hence in general the polar reciprocal of 81 with respect to S 2 is 

®iS 2 -F= 0, (991) 

which reduces to F = 0, when ® x = 0. 

Cor .—If ®x = 0, any tangent to Si is cut harmonically by S 2 
and F. 

383. If® 2 = 0j the harmonic envelope <E> of Si and S 2 (see § 286) 
is the reciprocal polar of S 2 with respect to Si. 

The tangential equation of <£ is (eq. 862) 

(^22 4* ^3) Ax" 4- ($33 + # 21 ) A 2 2 4- (#11 4- $ 22 ) A 3 2 = 0. 

Hence its trilinear equation is 

(#33 4- $11)(#11 4- a 22 )xi 2 4 - (#11 4 #22X^22 4 a zz )x 2 2 
4 (#22 4 #33)(#33 4- #11) X z = 0. 

How, the polar reciprocal of S 2 with respect to Si is 

a n 2 Xi 2 4 a 22 2 x 2 2 4 - a zz 2 x z 2 = 0, or <£ - 4 - a 22 4 - a^) S x = 0. 
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Hence in general tlie polar reciprocal of S 2 with respect to S x is 
<£> - ©^ = 0, (992) 

which reduces to <£ = 0, when © 2 vanishes. 

Cor. If © 2 = 0, the pencil of tangents is harmonic, which can 
be drawn from any point of S 2 to Si and <£. 

EXERCISES. 

1. Prove that the Brocard ellipse is harmonically inscribed in the Jerabek 
hyperbola. 

2 . Prove that the conic 

V#! sin (Ai — 0 ) + V #2 sin (Az — 0 ) + Vx$ sin (A 3 - 9) = 0 
is harmonically inscribed in Kiepert’s hyperbola. 

3. Construct a conic cr passing through three given points A , B, C, and 

harmonically circumscribed to two given conics Su # 2 - (Smith.) 

Construction. —Let Xi, X 2 be the centres of perspective of the triangle 
ABC ’ and its reciprocals with respect to Si, £>2 ; then cr passes through the 
five points A, B, C, Xi, X 2 . 

4. Find the discriminants of F and 4». 

Ans AiA 2 (©i© 2 - AiA 2 ) and 0 i0 2 ~AiA 2 . (993) 

5. Determine a conic <r passing through two points, and harmonically 

circumscribed to three given conics. (Smith.) 

6. Deter min e a conic <r passing through a given point, and harmonically 

circumscribed to four given conics. (Ibid.) 

7. Determine a conic harmonically circumscribed to five given conics. 

(Ibid.) 

8. Determine a conic which divides five given segments harmonically. 

(JONQUiERES.) 

9. Prove that the F of the Brocard ellipse, and the conic 

xi 2 l(az 2 — «3 2 ) + # 2 2 / (<*3 2 — tfi 2 ) + X 3 2 j(ai 2 — a 2 2 ) = 0 
is Kiepert’s hyperbola. 
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Conics foe which ©x and © 3 vanish. 

384. If we form Lame’s equation for the conics 

Si = a n X I 2 + 2a 2z X 2 X Z =0, S 2 = hoXo 2 + 2b zl X z X x = 0, 
we get 

^11^23** — Z^5o2^31^ == 0. 

Hence, for these conics, © x = 0, © 2 = 0. Conversely, if two 
conics be connected by the relations © 2 = 0, © 2 = 0, their 
equations can be written in the forms 

Si = a n x x 2 + 2a 2z x 2 x z = 0, S 2 = b 22 x 2 2 + 2b Z iX z x l = 0. 

Hence we have the following theorem:—If a conic S x touch 
two sides AB , A C of a triangle AJB C at the points B, C, and 
a conic S 2 touch the sides BC, BA at the points C, A , then— 
1°. An infinite number of triangles can be inscribed in either and 
circumscribed to the other (equation 969). 2°. An infinite number 

of triangles can be inscribed or circumscribed to either that will be 
antipolar with respect to the other . 3°. The reciprocal of S x with 

respect to $ 2 , the reciprocal of S 2 with respect to S lf the conic 
which reciprocates S x into S 2 , and the covariants F and <E> are all 
identical . 

385. The three conics 

a n xi 2 + 2a 2z x 2 x z = 0, b 22 x 2 2 + 2b zi x z x 1 = 0, c zz x z 2 + 2 c i2 XiX 2 = 0 

are such that any of them is the polar reciprocal of another with 
respect to the third, if 

ai\b 22 c zz = a 2Z b Z \Ci 2 . (994). 

This is easily verified. 

Def .—A system of conics satisfying the relation (994) is called 
a harmonic system , and the invariant (994) their harmonic in¬ 
variant. 

Cor .—Any two conics S u S 2 , whose invariants ©x, © 2 vanish, 
form with their covariant F a harmonic system. 
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386. The invariants ©i, © 3 for the Brocard ellipse 
Xil<h + a/ x 2 /a 2 + y/ x z /a z = 0 , 

V 

and the Jerabek hyperbola 

sin 2 sin (A 2 - A z )x 2 x z + sin 2 A 2 sin (A z - -^ 1 )^ 3 ^ 

4- sin 2 A Z si n(A 1 - A 2 )x 1 x 2 = 0 
are all to a factor 
cos sin (A 2 - A z ) + cos -^ 2 sin (-4 3 - A x ) + cos -4 3 sin - ^ 4 2 ) 
and its square, each of which is equal to zero. Hence the 

V 

Brocard ellipse, the Jerabek hyperbola, and their covariant F 
form a harmonic system. 

The covariant F is 

_ — _+_ A _+_,?L_= 0 

{a} - a z 2 ) sin 2 A l (a z 2 - a x 2 ) sin 2 A 2 (a? - a 2 2 ) sin 2^ 3 

(995) 

EXERCISES. 

1 . Find the conic which forms a harmonic system with any two of Axtzt’s 
parabolae, whose equations in barycentric co-ordinates are 

x\ 2 — 4x 2 x 2 , x 2 2 = 4 Z 3 Z 1 , Xz 2 = 4x\x 2 ; 

and prove that it is a hyperbola. 

2. The conic 

Va?i sin (. A\ — 0) + V x 2 sin (A 2 -6) + Va* sin (A z - 0) = 0, 

Kiepert’s hyperbola, and 

x \ 2 sin (Ai — 6 ) sin (^2 - -4s) 4- # 2 2 sin (^sts - 0) sin (^3 — Ai) 

4- xr sin (Az - 6) sin (Ai — -^ 2 ) = 0 
form a harmonic system. 

3. The incircle, the hyperbola, which is the isogonal transformation of 
the right line passing through the incentre and circumcentre, and the 
parabola 

aixi 2 j(a 2 — a z ) 4- a 2 x 2 2 J («3 — a{) 4- «3^3“/(«i — ^ 2 ) = 0 
form a harmonic system. 


OrO 
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4. If Sit $ 2 , $3 form a harmonic system of conics, and if aifaci be a 
triangle inscribed in & whose sides touch S% in the points a 2 , # 2 , c 2} the 
sides of the triangle a 2 fac 2 touch S$ in a z , fa, cz , and the sides of azfac z 
touch S\ in ai, fa, c \; then the lines 

a 2 a%, fa fa, c%o% are concurrent, and meet on Si; 

«3«1, fafa, C3C1 jj >> ^2 J 

fa fa) C\C2 ,, ,, ,, Sz. 

(Koehler’s Exercises.) 

Pomcelet’s Theorem. 

387. To find the condition that a triangle may he inscribed in 
S 2 , whose sides touch the conics Si - 1 - Xx# 2 , Si + LS 2 , S x 4 - X 3 $ 2 . 
Let 

Si s Xi 2 + x 2 + x 2 ~ 2x 2 x z - 2x 3 xi - 2x L x 2 - 21cia 23 x 2 x z 

2]c 2 ciziXzXi — 27c 3 cti 2 XiX 2 ~ 0 , 

So = 2a 2Z x 2 x z 4 - 2aziX 3 x L 4 - 2a l2 XiX 2 = 0. 

Then it is evident the line Xi - 0 is touched by the conic 
Si + kS 2 = 0 ; 

for, if we put x L = 0 in S 1 4- 7ciS 2 = 0, we get a perfect square. 
Similarly, x 2 = 0 is touched by #1 + 7c 2 S 2 = 0, and ar 3 by 

Si + 7c z S 2 = 0. 

How, forming the invariants for S L 4- JcS 2 = 0, we get 
Aj = — (2 + X]tf 2 3 + X’ 2^31 + X 3 rt 12 ) 2 — 27cJc 2 7c z a 2 ztt Z iCCi 2} 

©X = 2 (<$23 + ^31 4" ^ 12 )(2 + 7c 1^23 + 7cn(lzi 4- X 3 <$xo) 

+ 2^23^31^12 + X' 2 X*3 4 X‘ 3 ^ 1 )) 

©2 = — (^'23 + ^31 + ^ls) 2 ~ 2 (Xj 4 X 2 4 X 3 ) ^23^31^12? 

A 2 = 2^23^3x^12. 

Hence the required condition is 

| ©j — (Jc 2 7c 3 4 7c z 7ci 4 XxX 2 ) A 2 j 2 
= 4 {Ax 4 X 1 X 2 X 3 A 2 ) (© 2 4 - (Xi 4- X 2 4 * X 3 ) A 2 ). (996) 
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Cor. 1.—If a variable triangle be inscribed in a given conic $ 3 , 
and two of its sides be toncbed by two conics of the pencil 8 X + hS 2 , 
then the envelope of the third side may be either of two c.onics 
of the pencil. Tor, if Z l7 Z 3 in equation (996) be given, we have 
a quadratic to determine Z 3 . 

Cor. 2. —If Zq = 0, Z 3 = 0, and Z 3 - Z, we get, from (996) the 
condition that a triangle inscribed in S 2 , two of whose sides 
touch S u may have its third side tangential to Si + Z$ 2 , viz., 

©i 2 - 4A!® 2 = 4ZAiA 2 . 

Hence, eliminating Z, the envelope of the third side is 

4A x A 2 Sj + (©i 2 - 4A 1 ® 2 ) S 2 = 0. (997) 

388. The condition that a variable triangle may be circum¬ 
scribed to a conic S 2 , and have its three summits on the conics 

+ ZiS 2 , Si + Z 3 S 2 , Si + Z 3 S 2 

is found, as in § 387, to be 

{ 0\ — 8 2 (Z 1 Z 2 + hh + Z 3 Zj)j 2 
= 4 + hJcJc z S 2 } (@2 4~ (Zi + Z 2 -f Z 3 ) 3 2 j, (998) 

where 8 X , 0 U 0 2 , S 2 are the coefficients of Lame’s equations for 
the tangential pencil Si + ZS 2 = 0. 

Cor. 1.—If Jc L = 0, Z 2 = 0, Z 3 = Z, we have the condition that 
a triangle circumscribed to S 2 , and having two su mmi ts on Si, 
may have its third summit on Si + ZS 2 = 0, viz., 

6>! 2 - 48A = 4ZS 1 3 2 . (999) 

Cor. 2. —If S x , S 2 be the trilinear equations of Si, S 2 , we get 
easily 

@i — Ai® 2 , 8i = A-f, 0 2 = A 2 ©i, §2 = Ao 2 - 

Hence, from (999), we get 

® 2 2 - 4A 2 ®! = 4ZA 2 2 ; 
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and, eliminating h between tbis and the trilinear equation of 
Si + h2i2t "viz., 

AiS l + IF + Jc 2 A 2 S 2 , 

we get 

16A 2 8 A 1 ^ 1 -1- 4A 2 (® 2 2 - 4A 2 @ x ) F+ (0a a - 4A2©!) 3 S 2 = 0, 

(1000) 

which is the locus of the third snmmit of a triangle circum¬ 
scribed to $ 2 , two of whose summits move on Si. 

Equations of Common Elements. 

389. Dee.—I f A^ ± X 2 x 2 ± X z x z = 0 he the equations of the four 
sides of a standard quadrilateral , the sum of the squares of these 
sides equated to %ero is the equation of a conic called the fourteen - 
point conic of the quadrilateral. Wq shall denote it by Z. 

Let hcb'c' be the quadrilateral, AB 0 its diagonal triangle is 
the triangle of reference; 
then if its sides 

— XoX 2 — A3#3 =0, 

X 2 x 2 — X 2 x z — A.]#} = 0, 

— XiXi — X 2 X 2 — 0, 

X&i *+■ X 2 x 2 + Aj5?3 = 0 
be for shortness denoted by 
a > A y> S, respectively, we 
have a + /? + y + S = 0. Hence a 2 + fi 2 + y 2 + S 2 = 0 may be 
written in the form 

a/? + /?y + ya + a§ -f- /3S + yS = 0, 
since we can subtract (a + ft + y + $) 2 = 0 ; or, in the form 
fly -h a8 + (j3 + y)(a + 8) = 0. 

Or, since a + 8 = - (j3 + y), in the form 

(fir + aS ) - (fi + y) 2 = °- 

Hence Z has double contact with j3y + a8 = 0, the chord of 
contact being fi + y = 0; that is, has double contact with a 
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conic passing through the extremities b, V , c , c r of two diagonals 
of the quadrilateral, the third diagonal being the chord of con¬ 
tact ; hut a conic passing through two pairs of opposite summits 
of a complete quadrilateral has the third pair as harmonic con¬ 
jugates. Hence we infer that each pair of opposite summits of 
the quadrilateral are harmonic conjugates with respect to Z. 

Again, forming the sums of the squares of 


we get 


± Ao#2 ± = 0, 

\ 2 x 2 + Ao 2 # 2 2 + X 3 x 3 2 = 0. 


Hence the triangle ABC is antipolar with respect to Z, and 
therefore each side is cut harmonically. Hence we have the 
following theorem :—The fourteen-point conic cuts the diagonals 
of the quadrilateral in the double points of the three involutions 
oat, BC ; W, CA ; cct, AB. 

390. If we eliminate 8 from a 2 + ft 2 + y 2 + 8 2 = 0 hy means of 
a + /3 + y + S = 0, the equation of Z becomes 


a 2 + ft 2 + y 2 + aft + fty + ya = 0. 

Hence Z meets y where it meets 

a 2 + ft 2 + aft = 0. 

Again, the product of the three lines c'a> cc\ c'b is aft (a + ft), 
say </>(a, ft) = 0 ; and, forming the Hessian of this (see Salmon’s 
Algebra , 4th edition, p. 183), that is, 


we get 


d 2 <j> d 2 <j> d 2 cf> 
~da? ’ dft 2 dlTdft’ 


a 2 + ft 2 + aft. 


Hence, if Z, M be the points in which Z meets the side y of 
the quadrilateral, the anharmonic ratios ( b'afcL ), (b’a'cM) are 
the imaginary cube roots of unity, and similar properties hold 
for each of the remaining sides of the quadrilateral. Hence we 
see that Z passes through fourteen remarkable points , namely, 
two on each side, and two on each diagonal. 
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391. It is required to find the equation of the four common 
tangents of the conics 

S 1 - $* 2 = 0, S 2 s If = 0. 

Let %, be the tangential equations of S Y , S 2 ; then two 
conies of the pencil Si 4- can he described to pass through 
any giYen point. For, if A l5 A 2 be the discriminants of af. If, 
the trilinear equation of % 4 - £2 3 is 

Ai af + JcF + k 2 &J>f = 0. 

Since this is a quadratic in h, we see that two conics of the 
pencil Si + can be described to pass through any given 
point; but if the given point be on any of the four common 
tangents of Si and S 2 , these conics will coincide. Hence the 
quadratic in h will be a perfect square. Hence the equation 
of the four common tangents is 

F 3 - 4A X A 2 afbf = 0. (1001) 

Cor .—Since the equation (1001) is of the form R 2 - LM = 0, 
it represents a locus touching the conics af - 0, hf = 0 in the 
points where they meet F. Hence F passes through the eight 
points of contact of the conics with their common tangents. 

392. If the conics S u S 2 of § 391 be referred to their common 
antipolar triangle, their equations will be of the forms 

51 s ciiixf 4 - a 22 xf 4 - a 3Z xf - 0, 

5 2 = xf + xf + xf = 0, 

and then 

F — ct \ 1 (# 22 4 * $33) Xi ~ -f* $22($33 4* $n) x 2 4 - $33 ($11 4 * $32 )xf = 0 . 

These substituted in equation (1001), the equations of the four 
common tangents of Si and S 2 will be found to be the product of 
the four lines 


Xi v/$11 ($22 ~ $33) - v/ #22 ($33 ~ $11) i #3 $33 ($11 — $22) := 0. 

Hence the quadrilateral formed by the four tangents is a standard 
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quadrilateral, and the equation of its fourteen-point conic, which 
we shall call the fourteen-point conic of the two given conics, 
$ 1 , $ 2 ? is 

#11 (#22 ~ #33 ) + #22 (#33 “ #ll) 4" #33 (#11 # 22 ) # 3 “ ” 0. 

( 1002 ) 

Cor. 1 .—The fourteen-point conic of two given conics is har¬ 
monically circumscribed to each. 

Cor. 2 .—If the conics S 1} S 2 be given in the forms 

#11#1 2 + #22#2 2 + #33#3 2 = 0, h n CCi 2 + b 2 o%2 2 + h&Z = 0 ? 

their fourteen-point conic will he 

-S#ii^n (# 22^33 — # 33 ^ 22 ) — 0. (1003) 

Cor. 3.—The fourteen-point conic of Si, S 2 in terms of Si, S 2r 
and F\ is 

2A 3 (©i 2, — 3Ai©o) $1 4* 2Ai (® 2 2 — 3A 2 ©i) S 2 4- (9AjA 2 —* ©i® 2 ) F= 0. 

(1004) 

393. To find the tangential equation of the four points common 
to the conics 

S\ * #* 2 = 0, S 2 ^ h 2 = 0. 

The condition that the line X x = 0 shall touch a 2 = 0 , is 

#11} #12} #13} ^1, 

#21} #22} #23} ‘^'2; 

#31} #32} #33} X 2 , 

A,i, X 2 , X 2 , 0 

If in this we substitute a n + Jch u , a l2 + kb l2 , &c., for a n> 
# 13 } &c., we get the condition that X x shall touch Si 4- kS 2 - 0 , 
viz., 

ISi 4” k& 4- k“'% 2 = 0, 

where Si, 1 § 2 > and <£ are, respectively, the tangential equations 
of Si, S 2 , and the envelope of the line which cuts them harmo¬ 
nically. Now, since this equation is a quadratic in h, two conics 




490 


Invariant Theory of Conics. 


of the pencil S 1 + hS, = 0, can be described to touch X* = 0 ; 
but if A, passes through one of the four points common to £) 
and So, it is evident that these two conics will coincide. Hence 
the equation of the four common points is the discriminant of 

2 ^ + h ~%2 

equated to zero, viz., , 

H $=-42^ = 0. (1005) 

394. If 

Si S dii%i *r #22 ^ 2 + a ZZ X Z = $2 S X l + X 2 + X Z = 

we have 

5i s flr 2 2 « 33 ^ 1 2 + # 33 #llX 2 2 + ^11^22^3 2 = $> ^2 s X x 2 + Xo 2 + X 3 2 = 0, 

< 3 ? = (tf 22 4- # 33 ) V + (#33 + #n) X 2 2 + (#11 + #22) X3 2 = 0 ; 

and, substituting in equation (1005), we find the four common 
tangents to he 

Xp </&22 “ #33 - X 2 * s /#33 ~ #n ± X3 =0. 

(1006) 

If we form the sum of the squares of these equations, we get 


(#22 ~ #33) X] 2 4 * (# 33 — #n) Xo~ + (#11 ~ #22) X 3 " — 0. 


Or, in point co-ordinates, 


(1007) 


(#11 — #22)(#11 — #33) X \ (#22 #33)(#22 ' #ll) X, Z 

+ (#33 “ #ll)(#33 ~ #22) X % — 0. 

(1008) 

This is the fourteen-line conic of the given conics. 

Cor. 1.—The eight tangents to two conics at their points of 
intersection envelope another conic 3>. See equation (1005). 

Cor. 2.—The fourteen-line conic of two conics is harmonically 
inscribed in each. 

Cor. 3.—The fourteen-line conic of two conics $ 1 , So in terms 
of £ 1 , S 2 , and F is 

©A 4 - © 1 S 2 -3F=0. 

(Guotelfinger.) (1009) 
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EXERCISES. 

1 . Find the equation of the fourth common tangent to the conics 

V#i sin Ai + V#a sin Az 4 \!xz sin As = 0, 

V#i cos A\ 4 V #2 cos ^2 4 V# 3 cos Az — 0. 

Am. «i/sin (Az-A 3 ) + x 2 lsm (^ 3 — Ai) 4 # 3 /sin {Ai — Az) — 0. (1010) 

2 . The covariant F of the two conics of Exercise 1 is the nine-point 
circle. 

3. The contravariant <£ of the same conics is 

A 1 2 sin 2 (A 2 - ^ 3 ) 4 A2 2 sin 2 (A 3 - Ai) 4 A3 2 sin 2 (A\ — Az) 

4 2 A 2 A 3 sin Az sin As 4 2 A 3 A 1 sin As sin A\ 4 2 A 1 A 2 sin Ai sin Az = 0. 

( 1011 ) 

4. Find the equation of the four tangents to Si, where Sz intersects it. 

Let the points of intersection he A } JB, C, D, and let S '2 he the polar reci¬ 
procal of Sz with respect to Si; then the tangents to Si at A, JB, C , D will 
he common tangents to £1 and S f 2 . Thus we find, if 

Si 3 <Zll#l 2 4 # 22 # 2 2 4 #33#3 2 = 0, Sz = # 1 2 4 # 2 2 4 #3 2 := 0, 
the four common tangents to he 

an V(#22 - #33) #1 ± #22 V(#33 — #ll) #2 ± #33 V(#11 — # 22 ) ^3 = 0. 

( 1012 ) 

The product of the four tangents in terms of Si, Sz, and Fis 

(0i/$i — A 1 /S 2) 2 — 4Ai$i (02&i “ F) = 0 . (1013) 

5. State the special lines which the fourteen-line conic of a quadrangle 
touches. 


Antipolar Triangle. 

395. Let Si, S 2 be two conics given by their general eguations. 
It is required to reduce them to the forms 

a n Xi 2 4 a 22 X} 4 * 33 - 2 ? = 0 , -X? 4 X 2 2 4 X 3 2 - 0, 

respectively . 

Solution. —Since 

Si = duX 2 4 azzX 2 4 <^33X3" = 0, S 2 = Xi~ 4 X 2 “ 4 X 3 ~ = 0 , 
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tlie discriminant of Si - hS 2 is equal to the discriminant of 
anXf + a 2 2 X 3 2 + ^3bX 3 2 - X'(Xf + X 3 3 + X 3 2 ) 

= (#11 - h )( a 2Z - £)(# 33 - h ). 

Hence #n, # 23 , #33 are the roots of Lame’s equation, and are 
therefore given. Again, since 

S 1 - #nXx 2 + # 22 X 2 2 + #33 X 3 2 , S 2 - Xx 2 + X 3 2 + X 3 2 , 

the covariant F oi Si and S 2 

- #11 (#22 + # 33 ) Xx 2 + # 32 (#33 + #n) X 3 2 4“ #33 (#11 + # 22 ) X*. 

Hence we have the three equations 

#11 Xx 2 4 ” #22 X 2 2 4“ #33 X 3 2 = Sly 

Xx 2 + Xo 3 + X 3 2 = s 2 , 

#11 (#22 + #33) Xx- 4 - #22 (#33 + #11) X 3 ~ 4 ' #33 (#11 4 " #22) X ^ 2 — F . 

Hence (#11 “ #22) (#11 — #33) X.\~ — cinSi + a 22 ct 23 S 2 Fy (1014) 

(#22 “ #33 )(#22 — #11) X 2 2 — # 22^1 4 " # 33 #ll $2 — Fy (1015) 

(#33 — #ll)(#33 — #22) X3- s #33^1 4* #11#22$2 ~ F . (1016) 

Hence the squares of the sides of the anfcipolar triangle of Si , S 2 
are covariants. 

Cor .—Ey adding the equation 1014-1016, we get the equation 
of the fourteen-line conic of 


Si, S 2 m ® 2 ^x 4- ®x^2 - SF= 0. 

396. Since the sides of the antipolar triangle are expressed in 
terms of Si, S 2 , and F, it follows that all the covariants of Si, 
So can be so expressed, but all cannot be expressed rationally in 
terms of these. For example, the conics (985), (987), (988). 
Again, the conic which reciprocates Si into S 2 may be any one 
of the four 

#11 # 1 2 ± a 22 X 2 2 ± •f # 33 ^ 3 2 = 0 , 

either of which cannot be expressed rationally in terms of Si, 
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$ 2 , F; but from equation 1014-1016, we see that their product 
can, viz., this is 

0, #33 #22> OfuSi + #22^33 $2 ~ F t 

#33, 0, flu, th t S 1 + Oaa 11 S z - F> 

= 0 . 

# 22 , #'H, 0, #33&i + #ii# 22 & 2 ~_F, 

#11^1"!“ #22^33^2 — Fj #22^1 "f" #33#11^2—^33^1 #11#22^2 9 

(1017) 


Mutual Power of two Conics. 

397. If - Z x = 0, $1 - Z 2 = 0 (where $ = x? 4- x 2 2 + # 3 2 = 0, 
and Z x , Z 2 are lines) be two conics having double contact with 
the same conic, or, for shortness, say inscribed in $; then 

/S^-Zj+ /;(££-Z 2 ) = 0 

denotes a conic passing through the two points in which the 
common chord Z 1 - Z 2 = 0 meets them, and forming the discri¬ 
minant of 

Z 1 + 7c (S% - Z 2 ) = 0 

after clearing of radicals, we get 

(1 - # a ) £2 + 2(1- F 12 ) £ + 1 - #! = 0, (1018) 

where $ x , $ 2 denote the powers of the poles of Z x , Z 2 with 
respect to $, and Z 12 the power of the pole of Z 1 with respect 
to Z 2 . How, since the equation (1018) is of the second degree 
in Jo, two line pairs can be drawn through the intersection of the 
conics 

S - Z x 2 = 0, 8 - Z 2 2 = 0 

with their common chord Z 1 - Z 2 = 0, each having double con¬ 
tact with S. It is evident these line pairs will coincide, if 
Z x - Z 3 meet S - Z x 3 in consecutive points; in other words, if 
8-1* = 0 touch £-Z 2 2 = 0. Hence the condition of contact 
of S - Z x 2 and 8 - Z 2 3 is the discriminant of (1018) with 
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respect to k. Therefore the tact invariant of S - L x 2 = 0, 
S - Z 2 2 = 0 is 

(1 _ jt u y - (1 - S x ) (1 - S 2 ) = 0. (1019) 

We should have got the same result if we had worked with 
the equations 

8i + Z 1 + k(Si+Z 3 ) = 0; 
but with either of the forms 

Z x + k (S* ± Z 2 ) = 0, 

the result would be 

(1 + H X2 f - (1 - Si) (1 - S 2 ) = 0. (1020) 

Hence there are two tact invariants for two conics inscribed in 
the same conic. 

398. If we put 

1 — Zi 2 = \f (1 — Si)(l — S 2 ) . COS l[/ u 
and denote the roots of equation (1018) by k x , lc 2 , we get 

e* 1 = hjh. ( 1021 ) 

Similarly, if we form the discriminant of 

A + *(S*±Z»)-0, 

denote the roots of the resulting equation in k by k z , k i} and put 
l + -Bm = v / (i--S 1 )(i--S 3 ) cos lj/ 2 , 

we get 

«**• = i 3 /^. (1022) 

How, if ^ =tt/ 2 7 we have, from (1021), 7^/4 = - 1, and the 
chords of contact with S of the two line pairs which can be 
drawn to touch S through the intersection of Z x - Z 2 = 0 with 
S-Z 2 form a harmonic pencil with Z x and Z 2 . Similarly, if 
fa = ?r/2, the chords of contact with £ of the line pairs through 
the intersection of Z x + Z 3 with S-Z x ~ touching 8 form a 
harmonic pencil with Z x and Z 3 . Hence it appears that what 
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corresponds in the geometry of two conics inscribed in the same 
conic to two circles cutting orthogonally are two conics whose 
angle \fr, which we shall call their anharmonic angle, is right, 
and by an extension of the term we shall say that the conics 
cut orthogonally. 

399. Deb. — TPe shall call 1 the mutual power of the conics 
Sl±L x = 0 and ££ ± Z 2 = 0, 

where the signs are either loth plus or loth minus , and 1 + J£ 12 the 
mut ual power of 

S% + L x = 0 and S* ± Z 2 = 0, 
where the signs are different . 

The mutual power of two conics inscribed in the same conic 
may also be called their orthogonal invariant , since its vanishing 
is the condition of their cutting each other orthogonally. 


FnoBExnrs’s Theobem. 


400. If C x , 62 ... 0 6 ; C\, C' 2 . .. C' 5 be any two systems 
of five conics inscribed in the same conic S, and if the mutual 
power of any two C m , C' u be denoted by mn\ then 


11', 12', 13', 14', 15', 

ft ft ff f} 

31 ') ft 7 7 ff 7 7 

41*} 77 7 7 77 77 

51*, 77 7 7 77 77 


(1023) 


This is an extension to conies inscribed in the same conic of 
the fundamental theorem in a Memoir by Herr Gr. Erobenius, 
“ Anwendungen auf die Greometrie des Maasses ”—Crellds Jour¬ 
nal , Band 79, pp. 185-247. 
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Dem.—Let 

Ss4?i* + 03 * + «3* = o, ft a S - (a*)*, C 2 = S-(b x y, &c.; 
C\ = S-(a' x y, C' 2 = S-(b' x y~, &c.; 
then, multiplying the determinants 


0 

1 

ai 

a 2 

*3 


0 

1 

— &i 

- (to 

-«z 

0 

1 

h 

to 

h 


0 

1 

-h 

-h 

-h 

0 

1 

Ci 

c 2 

Cz 


0 

1 

~ c i 

-c 3 


0 

1 

di 

do 

dz 


0 

1 

-d. 

— d 2 

— do, 

0 

1 

e i 

C 2 

e z 


0 

1 

-«i 

-*2 

^3 


the proposition is evident. 

The foregoing proof is adapted to the case where the mutual 
power is of the form 1 - T u ; hut if it should be of the form 
1 4- i2 i2 , the necessary alteration is obvious. 

401. If the anharmonic angle of the conics C m , (7 tt be denoted 
by mn\ it follows from the equations 

1 “ ~ V (1 — $i)(l ~ So) cos lj/i, 


1 + Iii2 = V^(l — $i)(l — S 2 ) COS^ 2 y 


that the determinant (1023) can be transformed into the follow¬ 
ing :— 


cos 11', cos 12', cos 13', 
cos 21', „ „ 

cos 31', „ „ 

cos 41', „ „ 

cos 51', „ 


cos 14', cos 15', 

5 ) >> 

5J J? 

>> 7J 



( 1024 ) 
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402. If the second system of conics coincide with the first, 
we have for any five conics inscribed in the same conic 


1, 

cos 12, 

cos 13, 

cos 14, 

cos 15, 

cos 21, 

1, 

cos 23, 

cos 24, 

cos 25, 

cos 31, 

cos 32, 

1, 

cos 34, 

cos 35, 

cos 41, 

cos 42, 

cos 43, 

1, 

cos 45, 

cos 51, 

cos 52, 

cos 53, 

cos 54, 

1 


(1025) 

Cor. 1.—The condition that four conics should cut a fifth 
orthogonally is 


1, 

cos 12, 

cos 13, 

cos 14, 

cos 21, 

h 

cos 23, 

cos 24, 

cos 31, 

cos 32, 

i, 

cos 34, 

cos 41, 

cos 42, 

cos 43, 

i, 



(1026) 

Cor. 2.—If the conic C 5 touch the other four, the last row 
and the last column of the determinant (1025) become units. 
Hence, by subtracting each of the first four columns from the 
fifth, we get a determinant which is equivalent to the follow- 


o, 

sin 2 !-(12), 

sin 2 -J- (13), 

sin 2 4 (14), 

sin- -1- (21), 

o, 

sin 2 $ (23), 

sin 2 4 (24), 

sin 2 -1(31), 

sin 2 i- (32), 

0, 

sin 2 4 (34), 

sin 2 -1-(41), 

sin 2 J (42), 

sin 2 -1- (43), 

0 



(1027) 


or the product of the four factors 

sin-I-(14) sin 4(23) ± sin 4 (24) sin-J(31) ± sin4(34) sin-J-(12) = 0, 

(1028) 

which is the condition that four conics should be tangential to a 
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fifth. If we substitute for sin i (14), &c. (§ 401), this equation 
becomes, after clearing of fractions, 

vVV / v'(l--8*)(l-«a)-(l--Ba) 
± two similar terms got by interchange of suffixes = 0. 

(1029) 

403. To find the equation of a conic inscribed in a given conic 8, 
and touching three given conics Ci, C 2 , also inscribed in 8. 

Let the equations of C h C 2 , C z be Sh- a x , 8i~b x , 8h = e x , 
respectively, and TP be the required conic. Take any point 
x\, x' 2 , x' z on TP, and let C± denote the tangents from x\, x' 2 , x\ 
to S. Then 

^ m + x 2 x' 2 + x z x r z A 

= O 2 - ■ - - ~~r~ — U 

V X‘ i - 4 X 2 + X 3 

denotes a conic having double contact with 8 and touching TP. 
Hence the equation (1029) holds for the four conics C l9 C 2 , C z , 
64 ; and it is easy to see that & 4 = 1 , and * 

^ a x x\ + a 2 x r 2 4 ct z x z 

114 */ x 'i + 

Hence, making these substitutions in (1029), and omitting 
accents, &c., the equation of TP is 

± V~Cz {v / 0^ r ^i)(l - s t ) - (1 - £,,)} = 0 . 

(1030) 

This equation was first obtained by me in 1866 by considera¬ 
tions of Spherical Geometry. An independent proof, founded on 
the properties of quartic curves having two double points, was 
given in my Bicircular Quartics, read before the Eoyal Irish 
Academy in 1867. The foregoing, by the method of mutual 
power is, perhaps, the simplest that has been yet given. 
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The allied but different problem of describing a conic having 
double contact with a given conic S, and touching three other 
conics each having double contact with 8, was previously solved 
by Professor Cayley, Crelle, vol. xxxix. 


Orthogonal Conics. 


404. The result of the operation 


d d d 

a l *7 - H a 2 ~ 7 - 1* a 3 "7 — 

(lx I UXn d'X 3 


performed on the conic Si - a x = 0 is a conic orthogonal to Si - a x . 

For, performing the operation and clearing of fractions, we 
get a a Si - cl x - 0 , and the orthogonal invariant (§ 399) of this 
and Si - a x - 0 vanishes,, which proves the proposition. 

405. If Sh ±a x - 0, Si ± h x = 0, Si ± c s - 0 be three conics 
inscribed in 8, it is required' to find the equation of a conic J 
cutting them orthogonally. 

Let a b a 2 , a 3 be the co-ordinates of the pole of J with respect 
to S ; then denoting for shortness the given conics by JFi, W 2 , 
W 3 , respectively, we must have (§ 404) 


dJV, dW ; dJF, 

ai ^f + a2 ^ + a3 "^ = 0 ’ 


a i 


dW\ 
dx j 


+ Oio 


dW 3 

dx. 


4 - 0-z 


dW 3 
dx 3 


= 0 . 


Hence, eliminating a b a 2 , a 3 , the required conic is 


aw _; 

dW l 

dW\ 

dx 1 7 

dx. 

dx 3 

dW : ^ 

dW 2 

dW,\ 

dx i 7 

dx, 7 

dx 3 : 

dWz 

dW, 

dW z 

dxi 7 

dx 2 7 

dx 3 


= 0 . 


(1031) 
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Substituting for TF ly W 2 , W z their values, and taking into 
account the various combinations arising from the double signs 
in 


Si±a x = 0, Si±b x =0, Sh±c x = 0, 


we get four conics orthogonal to the conics 


8 - (a.)* = 0, S- (b x f = 0, S- ( c r f = 0. 


We shall denote them by f J ly *7^, respectively. If in 
'1031) we put S% - a xi - b x , - c x for TF l9 W 2 , W z we 
easily get 


Si, 

# 1 , 

%2, 


1 , 

a li 

a 2 , 

a 3 , 

1, 

K 

K 

hi 

1 , 

c li 

Co , 



(1032) 


J lf J 2} J z are, respectively, obtained from this by changing 
the signs of the a ?s in the second row, of the V s in the third, 
and of the c’s in the fourth row. 

406. If the minors of the determinant [a Y b 2 c z ) be denoted by 
:he corresponding capital letters, we see that the co-ordinates of 
;he pole of the chord of contact of J and S are 

A\ + -Z?i 4- C\ f A 2 + jB 2 4* C 2 , A Z 4* JB Z 4" Czj 


)r SAi, %A 2y 2,A Zi respectively; but these are evidently the 
10 -ordinates of the point of concurrence of the common chords 
z x - b x , b x - c„ c x - a x of the three conics 

S-(a x )> = 0, S-(b x y = 0 , S - (c x ) 2 = 0 . 

ffence we have the following theorem :—The poles of the chords 
f contact of f J ly J 2 , J z with S are the four radical centres of the 
ionics 


s - ( a x y = 0, s - ( b x y = 0, s - ( c x y = o. 
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407. The polar of the point S-4i, S-^ 2 , S-4 s with respect to 
£ - (tf*) 2 is easily found to he the determinant 



a t , 

x ly 

x 2 , 

«3, 

1, 

a lJ 

Ct 2 , 

03, 

1, 

K 

b 2 j 

h 3 , 

1, 

C h 

C 2 j 

03 


(1033) 


and this is evidently the common chord of J and 8 - (a*)*- 
Hence we have the following construction for the conics I, J ly 
t7o, J z exactly analogous to the method of describing a circle 
cutting three circles orthogonally, viz.: From any radical centre 
draw tangents to the conics 

8 - (a x )\ 8-(b x )\ S-W; 


then the six points of contact lie on the corresponding ortho¬ 
gonal conic. 

408. To find the locus of the double points of the net 

MS* - a x ) + A* (Si - b x ) + X z (8h - c x ) = 0. 

If 

XfSh - a x ) + A*(Si - b x ) + -c x ) = 0 

has a double point it must consist of a tangent pair to 8 . 
Hence it must be of the form 


A-i + A , 2 -+• Aj 


Therefore, putting 


\ (8^ *— X ’ lXl + = 0 
\ ’ *y % r \ + % + x 'z i 

It = xf 1 + x'l + x f z 2 , we have 


Ka x + X 2 b x + X z c x - (X l + A.o + X z )(x\xi + xl 2 x 2 + x' z x z )IR. 


Hence, comparing coefficients, we get 


A x (a x R - x\) + A 2 (hilt - x\) + \ z (c x R - x\) = 0, 

A x (a 2 R - x' 2 ) + Ao ( b 2 R - x ' 2 ) + A. 3 (c 2 R - x r 2 ) = 0 , 

Ax (u z R — x 3 ) + A 2 (b z R — x 3 ) 4 - A 3 ( c z R x 3 ) = 0. 


! 
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And eliminating X u X 2 , A 3 , we get 


~ x\, 


C\R> ~~ x ij 

a 2 R - x r 2 , 

h 2 R ~ x oj 

c 2 R - #' 2 , 

a z R - 2 / 3 , 

b z R — x 3, 

c z R # 3, 



If we subtract the second column from the first, the third from 
the second, we get a determinant which may be written 


% — ^ij 

3l ~ <? 1} 

jS? — X 1 , 

03 - ^2j 

3o “ ^ 2 , 

c 2 R - x' 2l 

03 “ ^3? 


c z R — x 3 


Hence, dividing by R 2 y expanding, and putting Si for R, and 
omitting accents, we get 

($1 ^2^3) 8 ^ 2 ($2^3) (03^1) (01^2) ~ 0 , 

which is evidently the conic J. Hence the locus of the double 
points of 

X l (Si - *,) + X 2 (Si - b x ) + A 3 (Si - c x ) = 0 
is a conic cutting Si - 0 *, Si ~ 5*, Si - ^ orthogonally. 


Jacobians. 

409. three conics, S x , S 2 , S 3 , it is required to find the 

locus of a point lohose polars with respect to these conics are 
concurrent. 

If we denote the differentials of S r with respect to x h x 2} # a , 
respectively, by 8f\ S r (2 ?, S/ a) , it is evident wo shall have to 
eliminate x\, x' 2 , x 3 between three equations representing the 
polars of the point. 

Thus wc get the determinant 

SA 
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If any three ternary functions fi, fa, fz be given, the determinant formed 
with their first differentials was much employed by Jacobi, and called by 
him their functional determinant. This name has been altered by Sylvester 
to that of Jacobian , in honour of that great Mathematician. 

410. The Jacobian of three conics is the locus of the double points 
on lines cutting the conics in involution. 

Bern.—Let A be any point of the Jacobian of S u S 2 , S 3 , or 
say J(Si, So, S 3 ) ; then, by definition, the polars of A are con¬ 
current. Let them meet in B : then the polars of B meet in A . 
Hence B is a point on the Jacobian ; and since A, B are conju¬ 
gate points mth respect to each conic, the line joining these 
points is cut in involution by the conics, and A, B are the 
double points of the involution. 

The following is another geometrical definition oiJ(Si, S 2 , S 3 ), 
viz. :—It is the locus of the double points of all the conics of the net 

XiSi + XoSo + A.383 = 0. 

For the co-ordinates of the double points must satisfy the 
three equations 

ktSiM + X 2 Sf) + X 3 S 3 ™ « 0, + X0S0W + X 3 S 3 ™ = 0, 

XiSi 2) + XoS 2 W + x,SiW = 0; 

and, eliminating X l3 X 2 , X 3 , we get J(S l3 S 2i S 3 ) = 0. 

411. If 

0, So s b x 2 = 0, S 3 = cf = 0, 

then 

J(Si, /So, S 3 ) = (aibocf)a x . b x . c x = 0, (1 035) 

where (ctihcf) is an abbreviation for a determinant. 

Hence J(Si , S 2 , S 3 ) is a curve of the third order. It sometimes 
breaks up into a line and a conic, and sometimes into three 
lines, viz.—1°. If S 1} So, S 3 have two points common, say II, 
N, then the polar of any point B, on UN, with respect to each 
of the conics S x , So, S 3 passes through the harmonic conjugate 
of P with respect to M, JI; therefore the line UN is a part of 
the Jacobian, which must therefore break up into a line and a 
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conic. This explains wliy the Jacobian of three circles is a 
circle, viz., the three circles have the cyclic points common, 
and the Jacobian is their orthogonal circle. 

2°. If one of the conics, say $ 3 , be the square of a line L\ 
then /($i, So, I?) contains L as a factor. Hence /(/Si, /Si, Z~) 
breaks up into a line and a conic. 

In this case , if L he the line at infinity , /(/Si, /Si, Z 2 ) consists of 
the line at infinity , emrZ of the locus of the centres of all the conics 
of the 'pencil Si 4- IS 2 - 0. 

For, if x' h x'nj be the co-ordinates of the centre of S x + IS U> 
x 1 (Sf) + W } ) + -I- wo + a?8(&V 8) + wo = 0 

(where, after differentiations, xf, x' 2) x r 2 are substituted for x l} 
x 2 , a? 3 ) must represent the line at infinity; that is, 

Xi sin Ai -i- x 2 sin A 2 -I- .r a sin A :l ~ 0. 

Hence, if X denote some constant, 

S ! (1) + W J = X Bin A h /SV 2 ) + = X sin H 2 , 

/SV a) + W> 

Hence, eliminating X* and X, we get 


-sv 0 - 

sin Hi, 



se\ 

sp, sr\ 

sin A 2i 

sin A :t 

= 0, 

(1036) 


which proves the proposition. 

As a particular case, if /Si he any circle whose centre is at a 
point hi, and Z the line at infinity, then /(/Si, /Si, Z) is tin* 
Apollonian hyperbola of the point hi . 

3°. If /$i, /S 2 , /S r 3 have these ]>oints common, /(/Si, /Si, # 3 ) con¬ 
sists of the three lines joining these points. 

4 °. If /Si, /S 2 , /S 3 have a common autopolar triangle, /(/Si, /Si, /S 3 ) 
denotes the three sides of the triangle. This will he evident by 
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forming the Jacobian of three such conics- Thus the Jacobian 
of Si, So, and their covariant F consists of the three sides of the 
autopolar triangle of S x , S 2 - If 

Si s a n Xi + ttooXo 2 + =5 0, So = x 2 + Z 2 2 + # 3 2 j 

then J = (a n - a 22 ) (%> - a 33 ) (a 33 - a n ) x x x 2 x z . (1037) 

Hence (§ 395), 

1“ + ($ll$l 4* #22^33^2 ““ F) (flooS i + # 33 #il$2 — F ) (^ 33 $i 

4- a n aooSo — F) = 0, 

or J* == F 3 - F~ 4- ©A) + F(&&iS? + Ai© 2 & 2 ) 

4 - (©A - 3A a A 2 ) SiS z - A 2 A 2 { A 2 /Si 3 4- AiS 2 3 } 

4- S X S 2 { Ao(2A 1 ©2 - ©i 2 ) S L 4- AiCSAo©! - ©o 2 ) £ 2 j . 

(1038) 

412. To find, the envelope of a line cutting three conics S x , S 2 , S 3 
in involution. 

Solution.-— Let S l = a 2 = 0, S 2 m h x 2 = 0, S 3 = cf = 0 be 
the conics; through Si, S 2 draw any conic l 1 S 1 + loS 2 cutting 
S z in the point pairs M,] N\ M', N'. Join MN, M'N', and 
produce. How, since MN is a line cutting three conics S x , S 2j 



I 1 S 1 4- I 0 S 0 of a pencil, it is cut in involution by them. Hence 
MN is cut in involution by S x , S 2 , S 3 ; and similarly for M'N'. 
Let the equations of MN, M'N 1 be X x , X' x . 
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How, since the line pair X x . X' a pass through the intersection 
of the conics 4$i 4 l 2 S 2 = 0 and S 2 - 0, we must have for some 
value of 4 

Wi ++ 
that is, we must have 


4^*" "1" ifx 4 4^ar~ — (fl^l + X 2 Xo 4 A. 3 # 3 ) (A/^i 4 X' 0X2 4 A/ 3 # 3 ). 


Hence, comparing coefficients, we have six equations of the 
type 


4$n 4 lob 11 + 4^ii — Xf.\ — 0. 


Prom which, eliminating 4, 4 5 4, A/ 1} V 2 , 'V 3 , we get the deter¬ 
minant 


# 11 , 

^115 

011) 

A-i, 

0, 

0, 

^ 22 ? 

^ 22 ) 

022) 

0, 

K 

0, 

^ 33 ) 

^333 

033) 

0, 

0, 

A-3 

2 « :3 , 

2 ^ 23 ) 

2 C 22 . 

0, 

x 3 , 

a* 

2 * 31 , 

2 ^ 31 ) 

2^31, 

A-3, 

0, 

K 

2 * 12 , 

<M 

2012) 

V, 

V, 

0 


(1039) 


This is called the Hekmite envelope of the net 4$i + 4$* 4 4 S 3 . 
It is evident the same equation is the envelope of the line ITJS Tr ; 
but MR. M'R\ or X x . X' x denotes a line pair of the net 4Si 4 l 2 S 2 
4 4S 3 . Hence the Hermite curve is the envelope of all the line 
pairs of 4Si 4 4S 2 4 4S 3 = 0. 

Cor . 1.—If the points Jf, R coincide, J/iVVillbe a tangent to /$ 3 , 
and the point of contact will be a double point of the involution. 
Hence it is a point on J(S U S 2 , $ 3 ). Therefore the points of inter¬ 
section of J with 8 Z are the points of contact of the conics of the 
pencil l 1 S l 4 l 2 S 2 which touch S 3 ; but t/being of the third degree, 
and S 3 of the second, there will be six points of intersection. 
Hence six conics of the pencil 4Si 4 l 2 S 2 touch $ 3 . 
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Cor. 2 .—The locus of a point whence tangents to the conics 
/Si, S 2 > ft form a pencil in involution, is 


.All, 

-ftb 

fti, 

Xij 

o, 

o, 

a 32 , 

-ft 2, 

ft 2 , 

o, 

#2, 

0 , 

A 33 , 


ft 3) 

o, 

0 , 

^3; 

2 A 23, 

2 -ft 3 , 

2 ft 3 , 

o, 


Xo, 

2 A 31 , 

2*31, 

2fti, 


0, 

Xi, 

2 A 12 , 

2 ^ 12 , 

2ft 2 , 

x 2 , 

«>1, 

0 


= 0. (1040) 


Cor. 3.—The Hermite curve of ft, ft, ft in Aronhold’s nota¬ 
tion is the product of the three determinants 


ct\ b i A>i 


bi Ci Xi 


Cl <h ft 

&2 Xo 

X 

bo Co Xo 

X 

Co do Xo 

CO 

*3 


b 3 c 3 X 3 


c 3 a 3 ft 


(1041) 


413. In the same manner as we have the Jacobian and the 
Hermite curve of three conics in point co-ordinates, so we can 
have a Jacobian and a Hermite curve of three conics in line co¬ 
ordinates. Thus the Jacobian is either the envelope of lines 
whose poles with respect to the three conics are collinear, or 
the envelope of the double lines of pencils in involution formed 
by pairs of tangents drawn to the conics; and the Hermite curve 
is either the locus of points whence tangents to the conics form 
a pencil in involution, or the locus of all the double points of 
the tangential net formed by the three conics. 

414. "We have seen (§ 380, Cor. 5), that if Si, ft, ft he the 
tangential equations of any three conics, each harmonically in¬ 
scribed in each of the conics ft, ft, ft, then every conic of the 
tangential net ^Si + 4ft + 4ft is harmonically inscribed in every 
conic of the trilinear net p 1 S 1 +p 2 S 2 4 p 2 S 3 . How, suppose 

_£?ift 4 p2$2 4" jPz ^2 = 0 

to break up into a line pair X x . X' x intersecting in T, then each 
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of the conics Si, 2a, S 3 will be harmonically inscribed in X x . X' x . 
Hence A.*, A* are harmonic conjugates to the pairs of tangents 
from P to tlie three conics Si, 2 3 > S 3 . Hence the tangents from 
P to Si, So, Ss form a pencil in involution, and X x , X' x are the 
double lines. Hence the locus of Pis the Jacobian of S u S 2 , S 3 , 
and also the Hermite curve of Si, Sa, 23- Also the envelope of 
A„ X'x is the Hermite curve of S lt S 2 , S 3 , and the Jacobian of 
2i, S 2 , 2 3 ; or, as they may be stated, 


J{SM) « JEC( Si2 2 2 3 ), 


J (SiS 2 2 3 ) - I(W 3 ). 


(1042) 


CoNTBAVAllIANTS. 

415. The equation A x 2 + A 2 2 - 0 is the product of the two 
imaginary factors A x + iX 2 = 0, A x — iX 2 - 0. Hence the factors 
being each satisfied by the co-ordinates 0 , o, are the equations 
of the cyclic points (§§ 62, 72). In other words, X * 2 -+■ A 2 2 = 0 
is the condition that the line X x x + X 2 y + A 3 = 0 should pass 
through these points. How, if S, 2' be the tangential equa¬ 
tion of two conics, the discriminant of 3 + X*S' is 

Ai 2 + MA + 7^2®! + ¥ A 2 2 , 

and the discriminant of 2 + Jc (A x 2 + A 2 2 ) is 

Af -j- hA\ (<?ii + ^22) 4 * h 2 ((^11^22 — <^i2~) 5 

but if S = 0 be the tangential equation of a conic in Cartesian 
co-ordinates, a n + a 22 = 0 is the condition that it represents an 
equilateral hyperbola, and - a 12 2 = 0 the condition that it 
represents a parabola. Hence, if in any tangential system of co¬ 
ordinates we find the invariants of a conic, and the cyclic points, 
® 2 = 0 is the condition of the conic being an equilateral hyper¬ 
bola, and ®i = 0 for a parabola. Then, since 

Q = A] 2 + A 2 2 + A 3 " — 2A 2 A 3 cos ul-L — 2A 3 Ai cos —• 2 AiA 2 cos = 0 
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is (§ 62) the equation of the cyclic points in trimetric co-ordi¬ 
nates, if we form Lame’s equation for 2 + /cQ, we get the con¬ 
dition for an equilateral hyperbola 

an + a 22 + a 3 3 - cos A Y - 2 a 31 cos A 2 - 2 a n cos A z - 0. 

(1043) 

For a parabola, 

An sin 2 ^! + A 22 sin 2 A 2 + A 33 sm 2 A 3 + 2A 23 sin A 2 sin A z 

+ 2A 3l sin A z sin A l + 2 A n sin A l sin A 2j or (A sln ff = 0. 

(1044) 


EXERCISES. 

1 . The condition that a n %i 2 + #22#2 2 + ci 33 x£ = 0 should be an equilateral 
hyperbola is ,«n + #22 + ^33 = 0 . But this is the condition that the co¬ 
ordinates of the incentre and excentres should be on the curve. Hence 
the locus of the incentres and excentres of all autopolar triangles of an 
equilateral hyperbola is the hyperbola itself. 

2 . The condition that a23X2X3 + «3i#3#i + #12X1X2 = 0 should be an equi¬ 
lateral hyperbola shows that an equilateral hyperbola which passes through 
the summits of a triangle passes through its orthocentre. 

3 . If /Si, S 2 be equilateral hyperbolae, every curve of the pencil Si + kS% 
is an equilateral hyperbola. 

4 . The conic x\ 2 !{a 2 2 — # 3 2 ) + x 2 2 l{a 3 2 — #i 2 ) + #3 2 /(^i 2 - «2 2 ) — 0 which 
reciprocates the Brocard ellipse into Kiepert’s hyperbola is a parabola. 

416. The covariant F of any conic , and the cyclic points is the 
orthoptic circle of the conic. 

For F= 0 is the locus of points whence tangents to the conic 
form a harmonic pencil with lines to the cyclic points. Hence 
the tangents must be at right angles, and therefore F-0 is the 
orthoptic circle. Its equation is got by substituting for 2? u , 
JB 2 2: &c., in equation (990) the coefficients of Af, A 2 2 , &c., in 
the equation 

H — A] 2 -f* A 2 * "b A 3 “ — 2A 2 A 3 cos A-i — 2A 3 Aj cos A. 2 2A^A 2 cos A. 3 = 0, 


■A 
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which denotes the cyclic points. Thus we get the orthoptic 
circle of a* = 0 to he 

^ (-^22 + -^33 + 2-^23 C0S^ti)^?i 2 

+ 2%(A n cos A 1 -A 12 cos A 2 -Am cos A z - A 23 ) %2%z — 0. 

(1045) 

To show that this equation represents a circle, it may he 
written in the form 

sin A l sin A* sin A z . x & - nA \x } (A 22 + 

+ 2A 2Z cosAi)l&inA 1 + . ..} 

= (A s[nA ) 2 . (x 2 x 2 sin A l + x 3 Xi sin A s + x x x 2 sin A z ). 

(1046) 

If a 2 = 0 he a parabola, (A sinA ) 2 = 0 , and the locus reduces to 
2a?! (^83+ ^33 + ^23 cos-^)/sin-4,. = 0, (1047) 

thus giving the equation of the directrix. 

EXEECISES. 

1. The orthoptic circle of a x 2 + kb x 2 = 0 is the net 

C a + fy + &Cb = 0, (1048) 

when tj/ = 0 is the orthoptic circle of the conic which is the envelope of lines 
.cutting a x - and b x 2 harmonically. 

2. Prove that the directrix of 

xrl{a 2 2 - ar) + x 2 2 !{n 3 2 - «! 2 ) + ^ 3 -/(«i 2 - «2 2 ) = 0 
is the diameter of Procard. 

3. Prove that the directrix of 

— # 3 ) 4- (i 2 x 2 2 J{a 3 — ft}) 4- a 3 x-jr/(ai — a 2 ) — 0 
is the hne joining the incentre and circumcentre. 

4. If Si, S 2 , S 3 he the differentials of the conic S with respect to x\, 
X 2 , % 3 ) prove that its orthoptic circle is 

® 2 S= S1 2 -f S‘2 2 4 * $ 3 2 4 - 2S2S3 COS-^1 + 2S3S1 COsA 2 + 2S1S2 COS A3. 

(Cathcaiit.) 
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Foci. 

417. The discriminant of Si + &S 2 = 0 is 

Ap + 7cAS 2 + Z; 2 A 3 0! + 7c 3 A 3 2 . 

This equated to zero furnishes three values of Jc which, when 
substituted in Si + &S 2 = 0, gives the equations of the three 
pairs of opposite summits of the complete quadrilateral formed 
by the common tangents of Si, S 2 - If S 2 = 0 denote a point 
pair, say I] J, A 2 vanishes, and we have a quadratic. This 
gives two values of Jc which, when substituted in Si + X'S 2 = 0, 
gives the two pairs of opposite summits of the quadrilateral 
formed by the tangents from I, J to S. Hence, if I, J be the 
cyclic points, these summits will be the foci, one value of 7c 
corresponding to the real foci, and the other to the imaginary 
or antifoci. 

418. When S 2 ~ 0 denotes the cyclic points, Si ASa ~ 0 is the 
tangential equation of a conic confocal with Si. Hence, form¬ 
ing the corresponding equation in point co-ordinates, we get the 
general equation of a conic confocal with S lm Thus we get 

Ai#! + 7c V + 7c 2 ®i = 0, 

where V denotes the orthoptic "circle of S 1? and ® L the condition 
that Si should be a parabola. Hence, forming the discriminant 
with respect to 7c, the equation of the foci is 

F 2 - 4Ai@ 1 iS 1 = 0. (1049) 

If Si be given in Cartesian co-ordinates, the equation of the 
foci is 

f -^33 (+ r) - %A 2l x - 2A 2Z y + A u + A 22 } 2 = 4A 1 £ 1 . 

(1050) 

This is obtained by putting Xr 4 - fj? for S 2 . 

419. If Si = 0 be a parabola, and S 2 = 0 the cyclic points, 
vanishes, and Lame’s eqiiation reduces to Ai + /j® 3 =0. Then 
eliminating 7c between this and Si + &S 2 , we get 

® 3 Si - A1S2 = 0 . 


(1051) 
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Hence, for Cartesian co-ordinates, the equation of the foci is 
($11 -f $22) -^22^-2 2 "I" 2.A23X0X3 + 2.A31X3X1 4 * 2 - 4 12X1X3) 

- A^Xp 5 4- X 2 2 ) = 0, 

which must resolve into two factors, one of which denotes the 
focus at infinity, and the other the finite one. One factor must 
obviously be A Z1 \ X + - 4 23 X 2 = 0 , and the other, which represents 
the finite focus, is 

Xi { ($11 + $22) -4ll ^1 j /-431 Aj ( ($11 + $22) -4 22 ~~ A* } /-4 23 

+ 2X3 ($11 + $22) = 0. 

Hence the co-ordinates are 

($n “t $22) - 4 11 — Ai ($11 -f - $22)-422 A x 
($11 + $22) - 4 si ($11 "t $22) -423 

(1052) 

Tor trimetric co-ordinates, since the co-ordinates of the focus 
at infinity are the differentials of ® x or (A slnA ) 2 with respect to 
wsin^u sin A 2 , sin A 3 , say ®! (1) , ®i (2) , we get 

(® 2 ^ 11 -Ai)/® 1 ( 1 >, (© 0 ^ 33 -Ai)/®^), (© 3 ^ 33 -AO/®!^. 

(1053) 

Thus the co-ordinates of the focus of the parabola 

'V\ l ($2^ - $3 2 ) + $VV($3 2 - $1 2 ) + ^3 2 /(«l 2 “ $2 2 ) = 0 
are 

$1 sin 2 (. 4 2 - A z ), tf 2 sin 2 (A 3 - - 4 i), $ 3 sin 2 (Ai - A 2 ) 

(1054) 

And the co-ordinates of the focus of 

$l^l 2 /($2 " $ 3 ) + $2^2 2 /($3 “ $l) + $3^3 2 /(^l ~ *s) = 0 

are 

sin 2 -1- (Ao - - 4 3 ), sin 2 £ (_ 4 3 - - 40 , sin 2 -l (A } - - 4 2 ). 

(1055) 

These are the co-ordinates of the centre of the hyperbola 
which is the isogonal transformation of the line joining* the 
incentre and circumcentre of the triangle of reference. 
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Double Contact. 

420. If two conics S l9 S 2 have double contact , their covariant F 
is a conic of the pencil l 1 S l + l 2 S 2 = 0. 

Bern.—Let the triangle formed by the common tangents and 
the chord of contact be the triangle of reference; then the 
equations of 8 X , S 2 may be written 

^a\ 2 X\X 2 4 * a 22 x 2 = 0 , 2 $ 12 ^ 1^2 b 22 x 2 ~ = 0 , 

and the covariant F will be 

(^12^33 4 * ^12^33) 0 /iX 2 -j- ^33^33^3" = 0, 

which is of the desired form. The same thing may be seen 
geometrically, since F intersects JS 1} S 2 , where they are touched 
by their common tangents, that is, where they meet their com¬ 
mon chord, it jesses through the points common to $ l3 S 2} and 
belongs to the pencil l x Si + 4 $2 = 0* 

421. If S i9 S 2 have double contact , the Jacobian of Si, S 2 , and F 
vanishes identically. 


Y01 JiSuS^F)* 

8^, 

s.w, 

FM, 


S^\ 

8f\ 

F&\ 


8f\ 

Sf\ 

RW 


And since (§ 420) F = l 1 S l + 4$2? if we multiply the first 
column of this determinant by l h the second by l 2 , and subtract 
their sum from the third, the remainders vanish. Hence the 
proposition is proved. 

Second Identical Relation .—If the conics S x , S 2 have double 
contact, Lame’s equation has two equal roots, and the double 
root substituted in S x + IcS 2 = 0 gives the square of the chord of 
contact. Therefore, for that value of Ic the reciprocal of S x + IcS 2 

2 L 
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vanishes identically. Also the differentials of Lame’s with 
respect to 7c vanish. Hence we have 


Sa + 7c<J> + = 0, 

©i + 27c®, + 3/;”-A, = 0, 
+ 27;©! + 7c 2 ®, = 0. 
Hence, eliminating 7c, we get 


Sx, 


Soj 


2©a, 

3Ao 3 

3A X , 

2©„ 

© 2 


(1057) 


Third, and, Fourth Identical Relations .—If two conics have 
double contact, their reciprocals have double contact. Hence 
if we employ -^2 instead of S u S 2) we get the two following 
identities:— 



S 2 (I) , 







S 0. 

(1058) 


2 3 (3) , 

$(3) 




A 

St, 1 



®a. 

2 A.©!, 

3A : , 

— 0. 

(1059) 

3A 1; 

2A 1 © 2 , 

©! 




Conics Conjugate with respect to a Quadrilateral. 


422. Def. —A conic is said to be conjugate with respect to a 
quadrilateral token the gpolar of any summit passes through the 
opposite summit. 

A 


Let the pairs of opposite summits 
be A , AIt, ItC, C'-, and a* = 0, 
the conic referred to the triangle 
ABC, then the polar of the point 
A is 



a\\X\ 4 " ^ 12*^2 4 * ^ 13^3 •— 0 . 


1 


c 
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And since this must pass through A\ A' is the intersection of 
a n %i -1- ai 2 x 2 + ^ 13^3 = 0 and x x = 0 , 
and therefore the intersection of 

a X2 x o + a l3 x 3 = 0 and x 1 - 0. 

Hence A f is the intersection of 

x 2 /a 3l + x 2 /a l2 and x x . 

Therefore the line 

x 1/^3 + x 2 ja 3l + ^ 3/^12 = 0 

passes through A'. Similarly, it passes through B f and C'. 
Hence the equation of A'B’C' is 

Xilfl 23 + x 2 \a 2l + x 3 /a l2 = 0. 

A'B'C' is the axis of perspective of the triangle ABC and its 
polar reciprocal. 

423. The equation of the conic can he expressed symmetrically 
in terms of the equations of the four sides of the quadrilateral. 

Bern.—Put Xi = + x 2 /a zl + x 2 ja l2 . Then ve have 

2 >c^i 2 , ov ^i 2 , ^ ^ 

xc = 2 —- + 2 ^-= 2 —- +-. zai^e-yc 2 . 

a 22 a 23 • ^31 a 22 ~ a X i • a 22 • #31 

Hence the equation of the conic may he written 
^a n x x 2 + a X2 . a 23 . a 21 ^x x 2 - 3 = 0 , 

or m x x x + m 2 x 3 2 + m 2 x 2 + m±x£ = 0. (1060) 

Beciprocally, any conic whose equation is of the form 
m x x x 2 4 m 2 x o 2 + wa ^ 2 + = 0 

is conjugate with respect to the quadrilateral. 

For the polar of the point y is 

m l x l y l + m 2 x 2 y 2 + m 2 x 3 y 3 + m x x x y x = 0 . 

Hence the polar of the point A {y 2 = 0, y 2 - 0) passes through 
A’ (x x = 0, x 2 - 0). 


2 l 2 


516 


Invariant Theory of Conics . 


Cor. 1.—If a conic divide two diagonals of a complete quadri¬ 
lateral harmonically, it divides the third diagonal harmonically. 

(IIesse.) 

Cor. 2.—If the coefficients m ly m 2 , m 3 , m 4 of equation (1060) 
be all equal, the conic 

4 m 2 x 2 2 4 m 3 x 3 2 4 m.ycj = 0 
is the fourteen-point conic of the quadrilateral. 

For the equations of the sides, expressed in terms of the sides 
of the diagonal triangle, are of the forms 
l x a ± l 2 /3 ± 4 7 = 0; 

and when these are substituted for % u x 2l x 3 , x 4 in equation 
(1060) if m 1 = m 2 = m 3 = m. iy it will be seen that the diagonal 
triangle is autopolar with respect to the conic. 

Cor. 3.—The discriminant of the conic (1060) is 5 ~ = 0. 

424. -Any three conics are conjugates with respect to an infinite 
number of quadrilaterals . 

Dem.—It is possible in an infinite number of ways to choose 
the equations of four lines x l} x 2} x 3 , 'x. h so that any three conics 
S ly S 2 , S 3 can be expressed in the forms 

4 m 2 x 2 2 4 m 3 xj 4 m±xf = 0, ?i i x ] 2 4 n 2 xj + n 3 x 3 4 npcj = 0, 
Pixj + lh$f f lh x i + = 0. 

For each of these equations contains explicitly three indepen¬ 
dent constants, and each of the lines x lt x 2 , x 3 , x± implicitly two 
independent constants. We have thus seventeen constants at 
our disposal, while the conics S x , S 2 , S 3 contain only fifteen 
independent constants. Hence the proposition is proved. 

Cor .—If a quadrilateral be conjugate with respect to three 
conics, its six summits are points on the Jacobian of the conics. 

425. Since the four lines x ly x 2y x 3 , x. t are connected by an 
equation of the form X x - x. h and we may suppose the constants 
Xi, X 2 , X 3 included in x ly x 2y x 3y so that the relation may be written 
Xi 4 x 2 4 x 3 4 Xi = 0. Then, if we solve for xj y xj y xj y xf from 
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the equations of the conics, and denote the determinants 
(m 2 n 3 p±), (ff* a fitfi), (mynip 2 ), hy A lt A 2 , A % , A i9 re¬ 

spectively, we get #! 2 , # 2 2 , # 3 2 , a? 4 2 proportional to A u A 2 , -4 3 , »4 4 . 
Hence, substituting in + a 3 4 * # 3 + x 4 - 0, we have the con¬ 
dition that the conics Si, S 2 , $3 have a common point, viz. 

-/ A\ + 's/ A 2 + \/ -id 3 + v' -4 4 = 
or, cleared of radicals, 

(2-^i 2 - 22^M 2 ) 2 - 64A 1 A 2 A z A i . (1061) 
The right-hand side of this equated to zero is an invariant 
whose vanishing denotes that the conics have an autopolar tri¬ 
angle. Tor if A X A 2 A Z A 4 = 0, some one of its factors must he 
zero, say A 4 ; then the conics can he expressed in terms of 
a?i 2 , x 2 , # 3 2 . In this case it is easy to see also that it is possible 
to determine l x , I 2l l z , so that l x Si + I 2 S 2 + Z z S z may be a perfect 
square. 


Numbers oe independent Invariants, etc., oe two Conics. 

426. It has been proved by Gordon (see Clebsch, p. 291 ; 
French translation, Eenoist, p. 362) that two conics Si, S 2 
given by their trilinear equations have, including themselves, 
twenty concomitants. These are—1°. Four invariants, namely, 
the coefficients A x , ® x , ® 2 , A 2 of Lame’s equation. 2°. Four 
covariants, namely, Si, JS 2 , F, and the covariant J, which repre¬ 
sents the three sides of the autopolar triangle of Si, S 2 . 
3°. Four contravariants Si, S,, and the Jacobian of Si, ^ 2J d>, 
which represents the three summits of the autopolar triangle of 
Si, S 2 . 4°. Eight mixed concomitants (German Zwischenformen). 
These contain both point and line co-ordinates, and may be 
regarded as covariants of the two conics S ly S 2 and the line 
X x = 0. They are as follows :— 


1°. The Jacobian 


Sf\ 

S.f\ S 2 w, 


Ai, A 2 , 


A3 


= 0. (1062) 
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This denotes the locus of a point whose polars with respect 
to Si, S 2 meet on A x . It is also the locus of the poles of A x 
with respect to all the conics of the pencil + IcS 2 = 0 . Tor 
the standard forms of S 1} S 2 its equation is 

Ai (^22 - ^ 2^3 + A 2 (^33 - a u ) x 3 Xi 4 A 3 (^ u - a 22 ) XiX 2 - 0 . 


2 °. The reciprocal form JH 2 = 


Zi (1 \ SiW, 2i (3 \ 

S 3 (l) , 2 3 (2) , 2 3 (3) , 


= 0 (1063) 


X\, X 2 , x 3 


expresses the equation of the line joining the poles of A x with 
respect to Si, S 2 , or it may be interpreted as the enyelope of a 
line whose poles with respect to Si, S 2 are collinear with the 
point A x = 0 . Tor the standard forms the equation is 

&n (^22 ” ^33) A 2 A 3 #i + ^22 (^33 — ^n) A 3 A] 5 ?o + ci 33 (^ix — ^22) AiA 2 5?3 — 0 . 

(1064) 

3 °. The line K Y , whose pole with respect to S 2 is the same as 
the pole of A x = 0 with respect to S v Por the standard forms 


Ki s ^nA^i 4 - a.o 2 X 2 x 2 + tf 33 A 3 a ? 3 = 0. (1065) 

4°. The line K 2 , whoso pole with respect to S x is the same as 
the pole of A x = 0 with respect to S 2 . Por the’standard forms 

-Ho s ^22^33Al^i 4 " ^SS^nAoit^ 4 ^ U a 22 X 2 X 2 = 0. (1066) 

5°. J ( Si, Hi, A x ) differentiations being performed with respect 
to x Y , x 2 , x z . 

6 °. J ($ 2 > -Hi-, A x ) differentiations being performed with respect 
to Xi, x 2 , x 3 . 

7°. J (Si, JH h X x ) differentiations being performed with respect 
to X h Ao,j A 3 . 

8 °. J (^ 2 , 1 2 > K) differentiations being performed with respect 
to Ai, A 2 , A 3 . 
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For the standard forms, these mixed concomitants are, respec¬ 
tively, 

fazz — 3733 ) 371 X 3 X 3 + (^33 ~ ^ 11 ) 372 X 3 X 1 + fan — ^ 22 ) 373 X 1 X 2 = 0. (1067) 

#ll“ fa‘22 ^ 33 ) 3 / 1 X 2 X 3 + d^ffazz ~ 35h) # 0 X 3 X 1 + # 33 ^ (^11 — # 02 ) 373 X 1 X 2 — 0. 

(1068) 

^ 11(3522 **“ a>zz) Xi3?o373 + 0>2zfazz ~~ 37]l) + 37 33 (^n — # 22 ) ^■Z^'l^'2 ~ 0. 

(1069) 

^22^33(3-22—^ 33 ) Xi3?2373 + 3?33^h(^ 33 — 35n) “i" ^W^zzfall “ 3foo) X 3 #j !#2 " 9, 

(1070) 

EXERCISES. 

1. If two triangles be antopolar with, respect to a conic, their six s ummi ts 
lie on another conic. 

Let a conic S he described through three summits of one triangle and 
two summits of the other, which we take for triangle of reference. Then 
because S circumscribes the first triangle an + ^22 + ^33 = 0 , and because it 
goes through two summits of the triangle of reference an - 0 , 022 = 0 . 
Hence ^33 = 0, and therefore S goes through the remaining summit. 

2. In the same case, the six sides of the triangle touch a conic. 

3 . The Jacobian of any conic, its orthoptic circle, and the line at infinity, 
gives the axes of the conic. 

4 . If W be the Jacobian of the conic a x 2 = 0, the circle 

{x - xy + (y - y'f - r 2 = 0 

and the line at infinity, the discriminant of W w T ill, after removing accents, 
be the axes of a x 2 = 0. 

5 . Any two triangles in perspective are polar reciprocals with respect to 
some conic. 

6. If a triangle be autopolar -with respect to a conic, its circumcircle cuts 
the orthoptic circle orthogonally. 

7 . If S s a x 2 = 0, the conic 

C ff no . (ZzZ \ 

a 2z 4. -j #2 £3 = 0 

«23 j 

passes through all the points of intersection of non-corresponding sides 
of the triangle of reference and its self reciprocal with respect to S. 

(Heubeug.) 
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8. If two of the vertices of a self-conjugate triangle with respect to S' 
lie on S', the locus of the third vertex is ®'S — A S' = 0 . 

Def. —The locus of a point whence tangents to a conic malce a given angle 
is called’ the isoptic curve of the conic. 

9 . If S he the conic, X its orthoptic circle, prove that the isoptic curve- 
for the angle <p is 

X 2 tan 2 <£ + 4a$ (#i sin + #2 sin A 2 -f £3 sin X3) 2 = 0 . 

10. If the lines - 0, \' x = 0 intersect on the conic af = 0, 


1 011, 

012, 

013, 

Ai, 

Ah, 

«2I, 

022, 

023, 

As, 

Ah, 

031, 

032, 

033, 

A 3 , 

A 3 , 

Al, 

A2, 

A 3 , 

0 , 

0 , 

A'i, 

A' 2 , 

A' 3 , 

0 , 

0 ‘ 


11 . Transform the central conics 

+ #22#2 2 + 2ai2Xl%2 = 1, &llXl 2 + Z>22#2 2 + 25l2#l#2 = 1 
to a system of common conjugate diameters. 

12 . The points of section of two concentric conics lie on two diameters 
which form a harmonic pencil with their pair of common conjugate 
diameters. 


Method of Identities. 

To demonstrate certain j>roperties of conics it is often useful to consider 
the equation of the curve under two different forms. The following- exer¬ 
cises will illustrate the method:— 

13 . 1°. If a conic S pass through the points of intersection of the conics 
Si and So, and also through those of the conics S3 and Si, the eight points of 
intersection of the conics $1 and #3, So and S.i, lie on a conic. 

Tor the identity aSi — bS> s= cSz — dS.\ gives aS\ — cSz s bSo — dSi, &c. 

Cor. —The intersections of the three pairs of opposite sides of a hexagon 
inscribed in a conic lie on a right lino. 

If ABCJDFF be the hexagon, and we take for Si, So, S 3 , Si the pairs of 
lines [AD, BC), (AB, CD), (AD, FF), ( JDF, FA), the conic aSi — cSz 
consists of the line AT) and the line passing through the points 
{BC, BF), {AB, JDF), {CJD, AF). 
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2 °. Let xiyizi, £22/2-2, ... "be the trilinear co-ordinates of six points 
Ai, A2, ... on a conic A. Then from the six equations of condition we- 
get 


xr, 

S/i 2 , 

"l 2 , 

2/i-i, 


xiyi 


X 2 2 , 

55 

55 

55 

,5 

5, 


#3 2 j 

55 

5 5 

5, 

55 

55 

11 

O 


55 

5, 

55 

5, 

55 



55 

5, 

,5 

55 

„ 


a*G 2 , 

55 

55 

55 

,5 

55 



Adding to the first column multiplied by A 2 the successive columns mul¬ 
tiplied respectively by ^u 2 , v 2 , 2/txv, 2v\, 2 kfx, the elements of the first column 
become (A %i + \x\ji -f* vzf or dr (i =1.2,... 6). Developing this determi¬ 
nant according to the elements of the first column, if i?i, B 2) .. . denote the 
corresponding minors, we shall have the relation 

-Z?i5i 3 + B 2 d 2 2 4- Bsdr + 2-hS.t 2 + *f Ac^e 2 = 0, 

which should be true for all values of A, /a , v. 

Now di is proportional to the distance of the point Ai from the line 
A# + fit/ + vz = 0 ; thus there exists a homogeneous linear relation between 
the distances of six points on a conic from any line in its plane. 

Let us now consider A, /r, v as tangential co-ordinates. The equation 
Si = 0 represents the point Ai ; from the identity (1) we conclude that the 
equations 

I?lSl 2 + I?2&2 2 + £ 383 2 = 0, i? 4 5 4 2 + i? 555 2 + i?G& G 2 = 0 

are identical. Now each represents a conic autopolar with respect to the 
triangle 81S283 = 0, or MsSc = 0. Then if two triangles A\A 2 A 2 , J3\B 2 JBz 
are inscribed in the same conic, they are also autopolar with respect to 
another conic. 

3 °. From (1) the equations 

B 1S1 2 -f B 2 dr 4 - -Z?3?>3 2 -|-B.id.r = 0 , B^dr + Bods 2 = 0 

are identical; the first represents a conic autopolar with respect to the 
complete quadrangle AiA^UAi (two opposite sides are conjugate with 
respect to the curve) ; the second represents two points, harmonic con¬ 
jugates with respect to A 5 and As. Then, if a conic be inscribed in a quad¬ 
rangle A 1A2A3A.il there exists on a chord^5^1 6 two points M, iV", which are 
separated harmonically by the couples (AiA 23 A3A4), [A1A2, A 2 Ai), 
(AiAt, A 2 A 2 ). This is the theorem of JDesargues. 
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4 °. If sis pairs of points A\Ai, A 2 A 2 ... be conjugate with respect to 
a conic, we can demonstrate as above that we have identically 
B&Ah' + . . . + BcSgSg' = 0 , 


where 5 ; = Kxi -f fxyi + vzi, S; = \Xi + j mj{ + vzi, &c. 

5 °. If Si = aA = 0, S 2 s i x 2 = 0, . . . S 6 s f * 2 = 0 

be six conics harmonically circumscribed to the same conic, their equations 
are connected by an identical relation 2fi£i = 0. 

Dem.—Let 2 = 0 be the tangential equation of the conic to which Sj, 
#2, &c., are harmonically circumscribed, then we have six equations con¬ 
sisting of the products of 2, and the coefficients of Si, S 2 , See.; and, elimi¬ 
nating the coefficients of 2, we get the determinant 


tfllj tf22, #J3> ^23) «31> #12, 

#11? >5 33 33 33 33 


C Ht 33 33 33 

^ 11 , 

33 33 33 


33 


= 0 . 


>3 33 33 33 33 

Jlh 33 3 3 3 3 3 3 3 3 

How, multiplying the columns, respectively, by aq 2 , x 2 2 , x 2 2 , 2 x 2 xz, 2 xzx Xi 
2 xix 2 , and adding to the first, the determinant will be changed into one whose 
first column will be Si, S 2 , ... Sq. Hence, denoting the minors of an, &n, 
&c., by l\, h, See., we have 2 hSi = 0. 

Cor. 1.—If Si, S 2 , ... Sc represent line pairs, we have P. Seiiret’s theorem 
that if six line pairs x x x'i, xzx'a, • • • xgx’o be conjugates with respect to the 
same conic, they are connected by a linear relation 2liX X x'i = 0. 

Cor. 2. —If the line pairs coincide, Serret’s theorem becomes—“If six 
lines xij x 2 , . . . Xq be tangents to the same conic, their squares arc connected 
by a linear relation 2ta 2 = 0.” 


Cor. 3 .—If 


hx x 2 H- l 2 xr + hxf = 0, and hx.\r + hx£ + kx<? = 0 , 
by addition, l x x x 2 + hx£ . .. IqXq 2 = 0, 


and we have the theorem of Ex. 1, If two triangles be autopolar with respect 
to the same conic, their six sides touch another conic. 

Cor. 4 .—If 2 hx{ 2 = 0, then 

hxv + h%2 2 + hxz 2 + h%i 2 = — (kxcr + hxc 2 ). 

Hence the left-hand side, equated to zero, denotes a line pair forming a har¬ 
monic pencil with #5, xq, and dividing harmonically the three diagonals of 
the quadrilateral formed by xi, x 2 , x 2) xi. 
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Cor. 5.—If xi, X 2 , xz, %i, x 5 be any five lines, no three of which are con¬ 
current, and /jl, ^ . - . h multiples which make :S7i#i 2 a perfect square, the 
envelope of the line whose square it denotes is a conic which touches the 
five lines. 

14. Prove that the tangential equation of the centre of the conic ay - 0 is 

A k .A sin ^^ 0 . (1072) 

15. If a circle be harmonically circumscribed to a parabola, the locus of 
its centre is the directrix. 

16. If a circle of given radius be harmonically inscribed in a parabola, 
the locus of its centre is a parabola. 

17. Transform the conic 

8 s (^i 2 + xy + xy) = 0 (§ 405) 

to the triangle formed by the poles of the lines a x = 0 , b x = 0 , c K - 0 . 

The substitutions are :— 

xi = a\X\ -1- b\Xz + CiXz, 

X 2 — + box* + 03 X 3 , 

Xz = CtsXi -f hx 2 -f CzXz. 

Then 

S s SiXi 2 +• Soxy + Szxy + 2 f? 23 # 2#3 + 2Rz\XzXi + ZRuXiXz = 0, 

(1073) 

and the equations of the four conics J, Ji, Jz> Jz cutting orthogonally the 
conics 8 - (a x 2 ), S - (5*) 2 , S — ( c x ) 2 , § (405), are 

8 — (#i - a *2 ± a' 3) 2 = 0. (1074) 

18. The equations (1074) can be expressed in terms of the anharmonic 
angles of the conics ; for we have 

/=(l~£l, 1 — <$ 2 j I-/S 3 , 1-JZZ23, 1-J?si, 1 — -Kis) (a?i, ^s ) 2 = 0 . 

(1075) 

And, putting 

1 — Rzz — V (1 — 82 ) (1 — 83 ) cos l]si, 


Then, if 


1 + R 23 = V (1 - 82 ) (1 - 83) cos fi, &c. 

81 = COS 2 pi, So — COS 2 p 2 , S 3 = COS 2 p3, 


we get 

J == (1, 1, 1, -COS^l, -COS^/2, 
Jl = (1, 1, 1, COSiJ/i, -COS^'2, 
Jz = (lj 1, lj — COSiJ/'i, COS^ 2 , 
t73 55 (l, 1, 1? -COS^'l^ -COS^'2, 


- cos \ps) (xi sin pi, xz sinp 2 , x% sin p 3 ) 2 = 0. 

( 1076 ) 

- cos 1I/3) (#i sin pi, Xz sin pz } Xz sin p 3 ) 2 = 0. 

(1077) 

- costi/aH^i sinpi, is 2 sinp 2 , # 3 sinp 3 ) 2 = 0. 

(1078) 

cos^3) (^'1 sinpi, xzsinpz, £3 sinp 3 ) 2 = 0. 

(1079) 
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19. Each of the four orthogonal conies <7, Ji, J 2 , J ,3 has double contact 
with four other conics, the chords of contact being in each case 

x\ sin pi ± % 2 smp 2 ± # 3 sinp 3 = 0. (1080) 

20. Through three given points can he described four conics, each having 
double contact with a given conic S. 

This is a particular case of the four orthogonal conics J, Ji, J 2 , namely, 
when S-(a x ) 2 , S-(b x )~, S—(c x ) 2 denote line pairs; but we can give an 
independent proof. Thus, let 

S = Xi 2 + % 2 2 4 # 3 2 — 2x 2 X 2 C0S-4i - 'IXzXi COaA 2 — 2xix% cos A z — 0. 


Then the four conics are 

S-(x i ± x* ± X 3) 2 — 0. (1081) 

21 . The four conics (1081) have each double contact with each of four 
others, viz., 

S- {xi cos (A 2 - Az) 4 x 2 cos (A z - Ai) 4 x z cos (A i - Az )} = 0, 

(1082) 

and three others got by changing the signs of A\, A 2 , A z in this equation. 

In these exercises A\, A*, A z have been used for facility of demonstra¬ 
tion, and are not necessarily the angles of a triangle. In other words, the 
equality A\ 4 Az 4 Az = ic need not hold; in fact, the angles may be even 
imaginary. 

22 . Find the conditions that three conics Si, S 2 , S z may have double con¬ 
tact with the same conic. 

23. The polar triangle of the middle points of the sides of a triangle ABC 
with respect to any conic is a triangle equal in area to ABC. (Faxjke.) 

24. State the polar reciprocal of Exercise 21. 

25. Given 


S\ 3 4 ct 2 x^ 4 cizx z ~ = 0, S 2 — £i#i 2 4 b 2 x 2 2 4 b z x z 2 = 0, 

find the envelope of A* — 0, if the tangent pairs to Si, S 2) where they meet 
A*, intersect on a conic of the pencil Si — JcS 2 = 0. If the conic on which 
the tangent pairs intersect be c\ x c z x z ~ — 0, the required envelope is 


a\b\ „ a 2 b 2 a z b z 0 . 

-.rr 4 — xr 4-# 3 “ = 0. 

6*1 c 2 c z 


(1083) 


26. Prove that the conics /Si, S 2} and (1081) are inscribed in the same 
quadrilateral. 

27. The Jacobian of the three conics Si, S 2 , Sz (§ 424), is 

Aijx 1 4 A 2 /x 2 4 Az/xz 4 A ±\%d = 0, (1084) 

and the Hermite curve is 

(A2 4 A3 — \i)Am 2 4 (A3 4 Ai — A 2 )I?A2 2 4 (Ai 4 A2 —A3) (?A3 2 --.Z?AiA2A3 — 0. 

(1085) 
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1. The two lines forming any of the three line-pairs, joining four con- 
cyclic points on a conic, are equally inclined to either axis. 

2. The axes of all conics passing through four coneyclic points are 
parallel. 

3. Find the equation of the circle whose diameter is the norm'al at the 
origin to the conic ax 2 + 2 hxy + by- -j- 2 fy = 0. 

Ans. b (« 3 -I- y-) -{- %fy = 0. 

4. Find the locus of a variable point, if the perpendicular from a fixed 
point on its polar with respect to ( a , b, c, f, y, h) (x, y , l) 2 = 0 he constant. 

5. If two lines be at right angles to each other, the diameters with respect 
to them of the triangle of reference meet on the line 

a cos A + £ cos B -f y cos 0 — 0. (M‘Cay.) 

6. If o) he the Brocard angle of the triangle of reference, prove that 

(a 1 ' + + 7 2 ) sin cv — {0y sin (A — a>) + ya sin (B — a>) + a/3 sin (0— w)} = 0 

is the equation of its Brocard circle. 

7. The locus of the point of intersection of the polars of any point, with 
respect to two conics, is a circumconic of them common self-conjugate tri¬ 
angle. 

8. Find the locus of the pole of the line A* = 0 with respect to a system 
of confocal conics given by thc-ir general equation. 

9. If 8 = 0, S' = 0 be two circles in trilinear co-ordinates, and m, m* 
their moduli, find the equation of their radical axis. 

Ans. m'S — mS' = 0. 

10. Find the locus of a point from which tangents to two given conics 
are proportional to their parallel semidiameters. 

11. If two figures be directly similar, and if corresponding points be 
conjugate with respect to a given circle, the locus of each is a circle, and 
the envelope of their line of connexion a conic. 

12. The directrix of a conic, and any two rectangular lines through the 
focus, form a self-conjugate triangle with respect to the conic. 

13. The equation of a tangent to a conic may be written x cos <p -f y sin (p 
— ey = 0, the origin being the focus, and y = 0 a directrix. 

14. If two points on a conic subtend a given angle at a focus, the locus 
of the intersection of the tangents at these points is a conic, having the same 
focus and directrix ; and so also is the envelope of their chord. 
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15. If two semidiameters of an ellipse make a given angle, the line join¬ 
ing their extremities meets its envelope at the point in which it meets f 
symmedian of the triangle formed by it and the semidiameters. 

(D’Ocagne.) 

16. If two tangents to an ellipse intersect at a given angle, their chore 

of contact meets its envelope at the point in which it meets a symmedian ol 
the triangle formed by it and the tangents. ( Ibid.) 

17. Given the base and area of a triangle, prove that the locus of its 
symmedian point is a hyperbola. 

18. A circle S passes through a fixed point 0, and intersects a fixed circle 
in a varying chord X . Show that if Z envelops any curve given by its 
polar equation, with 0 as the origin, the polar equation of the envelope 
of S may be a.t once written down; and hence show— 1 °. If 8 envelop 
a conic concentric with 0 , Z will envelop a conic, having 0 as focus. 
2 °. If S touch a line, Z will envelop a conic. 

(Mr. F. Purser, f.t.c.d.) 

19. Two conics ZT, V are taken; XT inscribed in a triangle ABC ; 

7 touching the sides AC, JBC in A, B. Prove that the pole, with respect 
to TT of a common chord of XT, V, lies on F. [Ibid.) 

20. The locus of the centre of a conic, self-conjugate with respect to a 
given triangle, the sum of the squares of whose axes is constant is a circle. 

(Faure.) 

21 . If a variable conic 8 ' be harmonically inscribed in two fixed conics 
Si, Si, the locus of the centre of perspective of the triangle of reference, 
and its polar reciprocal with regard to S', is a conic. 

22 . Two concentric and coaxal conics XT, V are such that a triangle can 

be inscribed in TJ , and circumscribed to V. Show that the normals to TJ at 
the summits are concurrent, and that the locus of their centre of concur¬ 
rence is a coaxal conic. (Mr. F. Purser, f.t.c.d.) 

23. If a self-conjugate triangle, with respect to a conic section, be inde¬ 
finitely small, the radius of its circurncircle is half the corresponding radius 
of curvature. 

24. If a triangle be formed by three consecutive tangents to a conic sec¬ 
tion, the radius of its circumcirclc is one-fourth the corresponding radius of 
curvature. 

25. If a , jS, 7 be the normal co-ordinates of a point in the plane of a 
triangle, through which are drawn parallels to the sides meeting them 
respectively in the points 1, 4 ; 2, 5 ; 3, 6 ; prove that the trilinoar co¬ 
ordinates of the centre of the conic inscribed in the hexagon 123456 arc 

i (a + b sin C) } l (/3 -|- c sin A), \ (y + a sin B ). 
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26. The locus of the points of contact of tangents from the point a! j3'y' 
to the system of conics a& = 7sy 3 -when h varies, is the conic 

a £' _ 2y' 
a 0 y 

27. If e vary, the locus of the points of contact of tangents from x'y' to 
# 2 4 y 2 — e 2 y 2 is {xx f 4- yy')l 4 y 2 ) = y'/t* 

28. The locus of a point, whose polars with respect to two circles meet 
on a given line, is a hyperbola. 

29. The equation V« sin A 4 Vj3 sin B 4 V- y sin 0 = 0 denotes a hy¬ 
perbola whose asymptotes are parallel to the lines a, /3. 

30. If a circle whose diameter is d passes through the origin and inter¬ 
sects the conic (a, b , c,f , g, h) {%, y, l) 2 = 0 in four points, whose radii 
vectores are pi, p«, p 3 , pi, prove that 

pi pzpspi { 47a 2 4- (ft — b)~ } 2 = cd?. 

31. The lines through the origin, and the intersections of 

(ft, K c, /, g, h) (x, y, l) 2 = 0, with Ax 4 py 4 v = 0, 


are at right angles if 

c{\ 2 + p ~)-2 (ffi + ff\)v + (a+b) v 2 = 0. 

32. In the same case, the locus of the foot of the perpendicular from the 
origin on Ax 4 py 4 v = 0 is the circle (a 4 b) (a* 2 4 y 2 ) 4 2 gx 4 2fy 4 c = 0, 
and the envelope of A# 4 /*y 4 r = 0 is the conic 

c{{a 4 2)(® 3 4y s ) 4 2yft* 4 2jfy 4 £ } = {fr-gyf- 

33. If the axes he oblique, find the equation of the rectangular hyperbola, 
making intercepts A, A'; p, p on them. 

34. Find the condition that Ax 4 py+v=0 should be normal to 


4+p-i = o. 

ft~ 0- 


. ft“ A - ^ 
Ans . —7 4 —— = — • 
A- /r* V- 


35. Find the equation of the locus of the centre of a conic touching the 
four right lines 

a s x cos a 4 y sin a = 0, j3 = ft- cos 0 4 y sin 0 -n - 0, See. 

(Prop. Curtis, s.j.) 
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As in Ex. 3, Art. 188, from the given conditions we have four equations of 
the form 

A 0 X . 0 2PC . 

— cos 2 a 4 — sm 2 a 4 — sin a cos a = j 7 i ( 2 a 4 £>i). 

G C G 

Hence, by elimination, 



cos 2 a, 

sin 2 a, 

sin a cos a, 

pi(2a+pi), 

X = 

cos 2 #, 

sin 2 #, 

sin p cos #, 

P2(2P+Pi), 

cos 2 7, 

sin 2 7 . 

sin 7 cos 7 , 

PzQy + Pz), 


cos 2 5, 

sin 2 5. 

sin 8 cos 5, 

Pi (25 4 pi) 


which is the required equation. If the determinant be expanded, and 

putting A A . A 0 

l ~ sm #7 . sin yS . sm Sj 8 , &c., we get 

X s (2a 4 jpi) - mp 2 (2# + j? 2 ) + npz {-7 +P 3 ) - ^ (28 4 pi) = 0, 
and the origin being transferred to any point of the locus, by putting 
pi = a, P 2 ~ P, &o., this becomes X s /a 2 - w # 2 4 ?* 7 2 — r5 2 = 0 , which, 
though apparently of the second degree, is only of the first; for, on substi¬ 
tuting x cos a. + y sin a ~ pi for a, &c., the coefficients of x\ xy, y 2 vanish 
identically. 

36. If the equation in Ex. 35 be written in the form 

la 2 — nip 2 4 ny 2 = r5 2 4 X, 

we infer that a parabola may be described, having the triangle apy as self¬ 
conjugate, and touching X at the point where it meets 8. (Ibid.) 

37. In the same case, prove that Id 1 — mp 2 = 0 is a pair of common tan¬ 
gents to the parabolae r5 2 + 1 = 0, ny 2 — Z = 0, and ^ 7 2 — ?*S 2 = 0 a pair 
of common tangents to the parabolae mp 2 4 X = 0, la 2 - X = 0, and that 
the former pair intersects the latter on X. 

38. If a vary in position while p , 7 , 8 remain fixed; then, if a touches 
a fixed conic to which P and 7 are tangents, the envelope of X is a conic. 

(Ibid.) 

39. Given three tangents to a conic, and the sum of the squares of its 

axes, the locus of its centre is a circle. (Steineh.) 

40. The distances of three points P, Q, P on a conic from cither focus are in 
arithmetical progression. If Q+V'is the normal at Q, prove that HP = HP. 

(CllOFTON.) 

41. If the joins of the points in which (a, b, c, /, g, h) (a, #, y) 2 meets 
the sides of the triangle of reference to the opposite vertices form two triads 
of concurrent lines ; prove dbc — 2 fgh - af 2 - bg 2 — ch 2 = 0 . 
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Compare the equation with 

IV a 2 + mm’fi 2 + nn'y 2 - (mn f + m’n) fiy - (nV 4 - ril ) ya - (hri + Vm) a/3 = 0, 
which meets the sides in points whose joins with the opposite vertices are 
the two concurrent triads la, = m(5 — ny , Va. = m’l3 = n’y, 

42. Find, in this manner, the equation of the nine-points circle, the 
Lemoine circle, the inscribed conic, and the inscribed circle, &e. 

43. If A, fx, v denote the perpendiculars from the angular points on a 

tangent; prove that A . 2 tan A. + + v 2 tan 0=0 denotes a circle. 

44. From last Example prove by reciprocation, if la 2 + jmjB 2 + ny 2 — 0 
•denote a circle, that 

, tan tan 4/2 tan iK 

l » *• : • —^r> 

a - /3 - 7 - 

where a, /3', y f denote the co-ordinates of the centre, and i|/i, fa, the 
angles subtended by the sides at the centre. 

45. Four concentric equilateral hyperbolas can be described, having the 
four triangles formed by any four arbitrary lines as self-conjugate. 

46. If through any point in the axis of perspective of a triangle and its 
■orthique triangle parallels be drawn to the three sides, these parallels meet 
the sides in six points which are on an equilateral hyperbola. 

47. In a given conic inscribe a triangle whose sides shall pass through 
given points. 

Let the given conic be afi = y 2 , the given points abc } a'b r c\ a'b"c n 3 and 
the parametric angles of the angular points of the inscribed triangle 
$, 0 ', 6 "; then, putting i = tan 0 , &c., we have (Art. 160) the three 
equations 

■a + btV’- c(t+1') = 0 , a'+S'£Y' — c'(t r + t") = 0 , a," + b u l”t — c"(£" +1 ) = 0 . 
Hence, eliminating t', V, we get a quadratic in t , viz.: 

(a'bb" -{■ b'cc" — cc'b" — c'c f, b)t 2 + {2 c(c'c"— a"o') — A} if 

-f {dec" + b'aa " — dac” — da n c) = 0 , 

where A denotes the determinant (ab'c"). Hence, in general, two triangles 
■can be inscribed: the condition for only one is the equation in 11 , having 
equal roots. Hence, if two of the points be given, and the third variable, 
its locus, so that only one triangle can be described, is a conic. 

48. The conics 

- _j_ A 1 — 0 , sinjA. Va -f sinji?.V/3 + sin J G . V 7 = 0 , 
a p 7 

.are confocal. (Lemoine.) 
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.49. In the same case, the symmedian point of the triangle formed hy the 
centres of the escribed circles of the triangle of reference is the common 
centre of the conics. . (Lemoine.) 

50. Let ( A , B) and (a, /3) be the principal semiaxes of a confocal ellipse 
and hyperbola through any point B; draw the tangent to the ellipse at B; let 
X, Hbe the points where it meets two tangents perpendicular to it to any 
confocal ellipse (a, b) ; prove 

XB . BY = / 3 2 + b 2 . (Crofton.) 

51 . A triangle is inscribed in x 2 + y 2 — z 2 = 0, and two of the sides touch 

ax 2 + by 2 — cz 2 = 0 ; <find the envelope of the third side. (Salmon.) 

The condition that \x + /xy + vz shall touch ax 2 + by 2 — cz 2 = 0 is 



and denoting (Art. 159, Cor. 2 ) the parametric angles of the vertices of 
the triangle inscribed in x 2 + y 2 — z 2 = 0 by 0 , 99 ", the equation of the 
join of 0, 9" is 

x cos J (9 4- 0") + y sin J (0 4- 9") - z cos j- (0 - 0") = 0. 

Hence the condition for this touching ax 2 4 - by 2 ~ cz 2 = 0 is 

cosH (0 4 6 ") sin 2 1(0 + 9") cos 2 } (0 - 9") _ _ 

a b o 9 

that is, 

ll 1 1\ /II 1\ , /l 1 1\ . 

- 4 7 -+ — Y-cos 0 cos 0 + ( — -j sin 0 sin 0 '= 0 : 

\a be) \a b c) \b c a) 

or, say, l + m cos 0 cos 9" + n sin 9 sin 6 " — 0. 

In like manner, we get 

l + m cos 0 ' cos 0 " + n sin 0 ' sin 0 " = 0 . 


Hence 


cos J (0 + 0') 9 i sin 9" 


sin -J- (0 + 0 ') 
cos (0 - 0 ') 


l cos {9-9 ')’ l 

How the chord of x 2 + y 2 — z 2 = 0 , which is the join of the points 0 , 0 ', is. 
x cos J (0 + 0 ') + y sin J (0 + 0 ') - s cos J (0 - 0 ') = 0. 

Hence mx cos 0 " + ny sin 0 " + Iz — 0 , 

and the envelope is nrx 2 + n 2 y 2 - l 2 z 2 = 0 . 
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62. The equation of a conic confocal with 

JS s (a, l>, c,f ,; y, A) (a, jS, -y) 2 = 0, 
and touching Aa + ^ 4- yy = 0, is 

n 2 A 2 £ — G 2 F + 'SrM 2 = 0 [if 3 a sin^f + £ sini? + 7 sin O']. 

53. PT, QT are tangents to a conic at the points P, Q; from the centres 
of curvature at JP, (Q perpendiculars are drawn to the chord of contact PQ ; 
prove that the parallels to PT, PQ drawn through the feet of the perpen¬ 
diculars meet on the symmedian line of the triangle PQT drawn through T. 

(D’C)cagne.) 

54. Find in the plane of an ellipse a triangle ABC such that the sum of 

the squares of the perpendiculars from the summits on any tangent is con¬ 
stant. If the triangle he fixed and the ellipse varies we obtain a confocal 
system. (Neubeeg.) 

55. The hyperbola 

1 1 1 A 

« + ^-; =0 ’ 

and the hyperbola 

(cos 2 1 A . a + cos 2 B . £ + sin 2 } C. 7) 2 — 4 sec 2 J A . sec 2 J B . a/5 = 0 

are confocal, and their common centre is the symmedian point of one of 
the triangles formed by the incentre and the centres of two of the escribed 
circles. ' (Lemoine.) 

56. The locus of the foci of all ellipses touching a given circle at two 
fixed points is the perpendicular bisecting the join of those points and the 
circle passing through them and the centre of the given circle. (Ceofton.) 

57. A system of four conics having two points common, and each harmo¬ 
nically circumscribed to a fifth, are such that their points of intersection, six 
by six, lie on three conics. 

For, taking the common points as vertices of the triangle of reference, 
their equations will be of the form 

S s aix 2 -l- 2fiyz + 2g x zx + 2hixy - 0, &c.; 
and there are four relations, 

a x A! + 2/i P' + tyi G' 4- 2 h 1 BC' = 0, &c. 

Hence 

ISi — fflSz 4* nSz —pSi = 0, &c. 

2 M 2 
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58. The condition, that the line (y — y) = m{x — x') should he normal to 


x* y 6 

~ + TT ““ 1 = 0 

a 2 b 2 


m 4 (b 2 x 2 ) - 2 m 3 (b 2 x'y') + m 2 ( a 2 x ' 2 + b 2 y' 2 - c 4 ) - 2 m {arx’y') + a 2 y' 2 = 0 . 


Hence, find an expression for the sum of the angles which the four nor mal s 
from any point make with the axis of x . 

59. The sum of the angles made with a given line by the four normals 
from any point to a series of confocal conics is constant. 

60. The locus of points having the same eccentric angle on a series of 
confocal ellipses is a confocal hyperbola. 

61. A circle passing through three points on any one of a series of con¬ 
focal ellipses, the points always lying on fixed confocal hyperbolae, meets 
the ellipse again, where it is met by another of the confocal hyperbola. 

62. In the last question, supposing the three points to coincide, we have 
a theorem for the circle’s curvature of a series of confocal ellipses. 

63. The locus of the centres of curvature at points on confocal ellipses 
where a confocal hyperbola meets them is 


cos 6 <p sin 6 (p 1 
x 2 y 2 ~~ c 2 


64. If four normals OA, OJB, OC , OD be drawn to a conic from the 
point x'y '; prove that the tangents at the points A, D , and the axis 

of the conic, all touch the parabola 


(xx* 4- yy’ + c 2 ) 2 = 4 c 2 x'x. 


65. Prove that the directrix of the parabola in Ex. 64 is the join of the 
given point x'y' to the centre. 

66 . Given four tangents to a conic, viz., a = 0 , # = 0, 7 = 0 , 5 = 0; 
find the locus of the foci. Let act. + b@ + cy + dd = 0 be an identical 
relation; then 

abed 

—h — H-H — = 0 (Salmon.) 

a p 7 5 


is the locus required. 
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07. If a variable conic pass through two given points, and have double 
contact with, a given conic, the chord of contact passes through one or other 
oi: two given points: prove this, and thence infer that four circumconics of 
it given triangle can ho described, each having double contact with a given 
conic. 

(J 8 . Provo that if (a', /3', 7 ') he a point on the conic Aar + JSfi 2 -b Cy 2 = 0, 
the conics A (a — ka') 2 ~\- A (/3 — a/3 2 ) 2 + 0(y — A 7 2 ) 2 = 0 touch the former at 
that point, A being any constant. The same is true if A = ax -I- by -b c. 

(CitOPTON.) 

09. If ap — 0, hx 2 ~ 0, cj 2 — 0 he three conics, such that each is harmo¬ 
nically circumscribed to tho other two; prove that 

dll <* 2 , « 3 , 2 

bi, b», b 3 , =0. 

<? 2 > C Z 

70. Given a tangent to a variable conic, its eccentricity, and one of the 
foci, prove that the locus of the other focus is a circle. 

71. If two triangles ABC, A'B'C' are reciprocal polars with respect to a 
circle (centra O), tho polar of the centroid of AB C with respect to the circle 
0 coincides with the polar of O with respect to the triangle A'B’C'. 

(Neubeiig.) 

72. If a quadrilateral ho described about a parabola, the three circles 
described on tho diagonals of tho quadrilateral as diameters have the 
directrix for their common radical axis. 

73. A, />, O ; A', B', O' are two triads of points on two lines Z, M. 

Three homothetie conics through ABC', BOA', CAB ' meet M again in 
tho point s Q\ B' ; and three other homothetie conics through AB'C\ 

BO'A', CA’ir meet B again in 1\ Q , B ; prove that the linos IP', QQ\ 
BB' arc parallel. (Mr. F. Purser, p.t.c.d.) 

74. If X, Y ho the co-ordinates of a focus of ax~ -!- 2 hxy + by 2 + c = 0, 
prove that 

r-P _AT_ e 
a - b h ab — li 2 * 

and if y denote tho product of tho perpendiculars from the foci on any 
tangent, prove that 


ii +a ) C +i ) =/i2 - 
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75. Prove that the eccentricity of the conic given by the general equation 
in terms of its invariants If, I'% of the first and second degree in the coefficients 
is given by the equation 

+ _ Jr— 4/2 

1 - e 2 “ J 2 


76. If from the points 1, 2, 3, 4 perpendiculars be drawn to the four 
lines a = 0 , j3 = 0 , 7 = 0 , 5 = 0 ; then 


a b 

0 i, 

7b 

5i, 


ai, 

fix, 

7b 

1 , 

a 2 , 

02 , 

72 , 

§ 2 , 

s 0. Also 

a 2 , 

£ 2 , 

72, 

1 , 

«3, 

03, 

73, 

fa, 


03, 

£ 3 , 

73, 

1 , 

. 04, 

04, 

74, 

64 


04 , 

04, 

71, 

1 


(Pj&of. Cubtis, s.j.) 

77. Hence infer that, if p r , p" 3 p"’ he the perpendiculars of a triangle, 
and r, r\ r”, r r " the radii of its inscribed and escribed circles, 


1 _ 1 J_ _1_. 1 _ _1_ _1_ _ !_ 
r p f p" p'"’ r'~~p" pp° 


&c. 


Also, if A', a", A'" denote perpendiculars from the vertices of any triangle 
on any line through the centre of the in-circle, prove that 


a' 

P' 




(Ibid.) 


78. If L\, X 2 , Z 3 , L.% be perpendiculars from four points A, B, C, JD 

to a line Z; then L\ (BCD) - Z 3 (CDA) + Iz (BAB) — Li (ABC) = 0. 
(Compare equation (216).) * (Ibid.) 

79. Given three tangents to a conic, and the length of the minor axis b, 
to find the focus. Let the co-ordinates of the foci be a/3y, a'jQ'y'; and the 
perpendiculars of the triangle of reference pp ", p ,n ; then, from (106), 
we get 


a', 0 ', 7', 1 , 

.*. 

aa, @13', 77 ', 1, 


5 2 , b“, b 2 , 1 , 

p’> 0 , 0 , 1 , 

0 , p”, 0 , 1 , 

0 , 9, p'", 1 

= 0 ; 

p a, 0 , 0 , 1 , 

0 , p"i 3, 0 , 1 , 

0 , 0 , p"'y, 1 

= 0 ; 

jp'ct, 0 , 0 , 1 , 

0 , p-% 0 , 1 , 

o, 0 , p" 7 , 1 


= 0 ; 


1 , 1 , _o _ a/3 y 

pa p'@ p ,r, 7 b 2> 


where 8 denotes the circumcircle of the triangle of reference. When the 
conic is a parabola, b is infinite, and the equation reduces to S — 0. 
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HO. If ABC Lo a triangle self-conjugate to a conic; X, g, v perpen¬ 
diculars from A, JJ, 0 on tlio tangent at any variable point 2) on the curve; 
prove that 

x{BCB) -I- fi(CAD) + v {ABB) = 0. 


81. The circumtiirolofl of the triangles formed by four right lines a , jS, y, 3 
meet in a point 0; tangents at the vertices of the triangle pyS to its circum- 
cirelo meet a in the points A, A', A”. Similarly are found, on the lines 
J3, 7 , 5, the triads It, .It', It"; C, O', C "; B, B', B". These points lie four 
by four on throe circles, each passing through 0, and through the extremi¬ 
ties of a diagonal of the quadrilateral aPyS. 

82. I f 2 ho the circle through the ciroumcentres of the triangles aj 3 y, 
afic>, uyfi, Pyo, the diameters of the circumeircles of the triangles apy, at 35, 
ayc>, passing through the vertices opposite the common base a, concur in 2 . 

88 . If through the synmie.dian point three antiparallels be drawn to the 
sides of the triangle of reference, the six points of intersection with the sides 
lie on a circle [second, circle of Lemoino]. Find the equation of this circle. 

Am. 'Spy sin A - tan-co 2 a sin-42a cos A cosqc 2 A = 0. 

8 * 1 . Being given a self-conjugate triangle and a tangent to a conic, the 
locus of ils centre is a right line. (See Art. 188, Ex. 3.) 


85. I f one of four sides of a quadrilateral envelop a conic, the other three 
being fixed, (he line through tbo middle points of the diagonals will also 
envelop a conic. 

8 f>. Tangents drawn to a parabola, from tbo centre of a circumconic of 
a self-conjugate triangle of the parabola, arc conjugate diameters of the 
conic. 


87. I f the centre of the conics bo a point on tbo parabola, an asymptote of 
the conic, is a tangent to the parabola. 

88. I r corresponding points of similar figures, similarly described on two 
aides of a, triangle, he the poles with respect to a circle of corresponding 
linos of t he same figures ; prove that tho points are equally distant from the 
centre of the circle. 

81). (*iven A «x~ -|- 2 hxy d by- - 1 - c = 0 ; prove that the equation of any 
pair of conjugate diameters is 


<18 as A 

l x Vmy =0; 

dy dx 


and if the diameters ho equiconjugato, their equation is 


_ s_ = 2(g a + y 8 ) 

ab - /r a - 1 - b 
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90. The equation of the four normals from the point (aj3) to the ellipse- 

x 2 /a 2 + y 2 /b 2 -1 = 0 

is [a 2 jar + j3 2 /5 2 - 1 ) E 2 -f 2 ( axja 2 + (3y/b 2 - 1 ) EL 

+ ( tf 2 / a 2 + 2/ 2 /^ 2 - 1 ) X 2 = 0 , 
where iT = dry (x — a) - b 2 x (yy - l 3), 

Z = « 2 /3 (a — #) — 5 2 a (j3 - y). 

(Cjroeton.) 

91. The equation of the reciprocal of the parallel to the parabola at the 
distance r with respect to the circle x 2 + y 2 = Jc 2 is 

(k 2 x 2 - «V ) 2 = r 2 x 2 (x 2 + y 2 ). 

92. The reciprocal of the parallel to an ellipse at the distance r with 
respect to the circle x 2 + y 2 — h 2 is 

4X 4 r 2 (x 2 + y 2 ) = { (a 2 — r 2 ) x 2 + (b 2 - r 2 ) y 2 — 7j 4 }. 

93. If the base and the Brocard angle of a triangle be given, the locus of 

the centre of the Brocard circle is an ellipse. (Neuberg.) 

94. If a variable conic S, passing through two fixed points I, /, touch a 
fixed conic S' at a fixed point, prove that the locus of the point of inter¬ 
section of a pair of common tangents to S, S' is a conic inscribed in the 
quadrilateral formed by the tangents from the points I, J to S'. 

95. If the axes and a tangent to a conic be given in position, prove that 
the locus of the centre of the circle osculating it at the point where it 
touches the tangent is a parabola. 

96. If the extremities of the base of a triangle be given in position, and 

also the symmedian passing through one of these extremities, the locus of 
the vertex is a circle. (Neubebg.) 

97. In the same case, the envelope of the symmedian passing through, 
the vertex is a conic. 

98. The extremities B, C of a triangle are given in position, and the 

vertex moves on a given conic, passing through the points B, C ; prove, if 
BA, A 0 pass through corresponding points C' } B' of two similar figures, 
that the loci of the points C\ B' are conics. (Heuberg.) 

99. The base BO of a triangle is given in position, and the angle B in 

magnitude ; prove, if A'B’C' be the triangle formed by the tangents to the 
circumcircle at A , J5, C, that the following loci are conics:—1°. of the 
point O '; 2 °. of the symmedian point of ABC; 3°. of the point of inter¬ 
section of BB' and AC. (Ibid.) 



Miscellaneous JEocercises . 


537 


100. Tn 1.1 io .same case, prove that the envelopes of the lines B'C', AA\ 
51,1(1 iIl(i j° in o( ’ tho eiroumcontro and ortiiocontre are conics. (Ibid.) 

101 . 1 rove that the equations of the tlirce axes of perspective of the 
triangle AhC and Brocard’s lirst triangle arc, in normal co-ordinates, 

•siir A . « ( siir li. 0 ( Rin-C.y n 

Hm(-•/••• 2«) 1 iiin(/i—2wj + siTifC'-'ico") = ° ’ 

0 y 


1 °. 


T. 


sin // .sin (O' - 2co) 1 sin 6 '. sin (A - 2w) _l " sin. ^ . sin (B - 2eo) 
0 . y 


Hiii (/>* - ‘ 2 oo). sin <7 ' sin ((J 2w). sin ' sin (A — 2w) . sin i? 
and in hary eon trie, co-ordinates 
« ft 7 


:+ ' 


= 0; 
= 0; 




. a 0 y 

i " • 0, —!.f*y = 


0, 


+■? + * = 

l on 


0 


whei 


/ ■ Ire* ~ — Z* 1 , « = — t' 4 . 


102 . If two trio,ugles circumscribed to a circle he in perspective, their 
(Jorgomm points and their centre of perspective are collinear. (Autzt.) 

1 00 . I f .7', I>'\ (V ho the middle points of the sides of a triangle ABC , and 
//i, /*i, ( \ the fold, of its allitudos ; a, 0, y the douhle points of its line 
pair:; /»Y't, 11 if''; (!'A\, (!\ A '; A'B\, A\B'; and ai, j3i, 71 the double 
point:; of ICC', H\<\) C’A', C\Ai; A'B 9 , AiBi, then the point pairs aai, 
/J/h, 771 form iho opposite summits of a complete quadrilateral, three of 
whoso side:; pass through the points A, B, (\ and the fourth containing the 
point.:; a, /l, 7 in thu Kulcr line of the triangle ABC. Also the lines Aai, 
/> 7 h, ( 71 are each perpendicular to the Miller line. (Schroeter.) 

107. 1 f two vert ices //, C of a triangle he fixed, prove that the two vertices 
A , A ' of the triangles 1U-A, BOA’, which have a common, syrnmedian 
point. A* dene.rihe, when K moves, two inverse figures. 

(Neuhbro and Sciioute.) 

H)f>. Tins chords of contact of tin; ex circles of a triangle ABC with the 
sides produced form a triangle A\H\C\ in perspective with ABC. The cir- 
oumeent re of A\Ih<\ is the orfhocentrc of ABC, and also the centre of 
perspective of the triangles. 

1 (Hi. In the same case the axis of perspective is 

a siir K A I 0 sin 2 A B + 7 sin 2 v C=0. 

This line is perpendicular to tlio join of tlio inccntre and orthocentre 

j.r A n 
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107. If a, j 8 , 7 "be the equations of the sides of a triangle, the equations of 
the sides of its cosymmedian triangle are 

2 / 8 /i -f 2 yjc — aja = 0 , 2 ylc + 2aja — fi/'b = 0 , 2 a/« -f 2 / 8 /i — 7 /c = 0 . 

(Simmons.) 

108. The axis of perspective of a triangle and its cosymmedian triangle is 
the line 

aja + >3/i + y/e = 0 . 

109. The six remaining points in which the lines a, /8, 7 meet the sides 
of the cosymmedian triangle lie on the conic 

5 (njS/ai + j 8 y /be -f 7 a/ea) — 2 ( a 2 ja 2 + /3 2 /£ 3 + 7 2 /c 2 ) = 0. 

110 . The diagonals of the hexagon in Ex. 109 are concurrent. Then- 
equations are 

fi/b + 7/0 — 2 ajct — 0 , &c. 

111 . The equation of the circumcircle of the triangle formed by the poles 
of the sides of the triangle of reference with respect to its circumcircle is 

(a sin A + /3 sin J? + 7 sin G) (a cos A 4- /8 cos JB + 7 cos C) 

+ 4 cos A cos JB cos (By sin A + 7 a sin £ + a /8 sin C) — 0 . 

112 . Let a, / 8 , 7, 5 be four lines cutting any fifth e in A , I?, C, D. Prove 
that the four conics circumscribed to the triangle fiyd, yd a, Safi, a/3 7, and 
touching a, /3, y, & respectively in A, JB, C, D , intersect e in the same point. 

(Neubeeg.) 


TeSCh’s HYPEEBOLiE. 

113. Per. —A line MN through any point M of an ellipse making an 
angle 0 with the tangent MT is called a 0 normal. (Tesch.) 

Theorem. —Through a given point Jik in the plane of an ellipse can he 
drawn four 0 normals. Their feet are tho intersections of the ellipse with 
the Tesch hyperbole JEC — P cot 0 = 0 , where H — 0 denotes the Apollonian 
hyperbolas of hk and T ~ 0 its polar with respect to tho ellipse. Any three 
feet and the point diametrically opposite the fourth lie on a circle. 

Eor if the co-ordinates of M be x'y , and if we form the condition that 
%x[a~+ yy'jb- —1 = 0 makes an angle 0 with the join of the points x'y\ hk, 
we get an equation which after removing accents gives H- T cot 0 = 0. 

Cor .—If 0 varies and the point hk remains constant, the Tesch hyperbola 
passes through two fixed points, viz. the points common to E and T, and 
remains homothetic to AT. 
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1 M. If a Toseh hyperbola of a point hk moot tho ellipse in tlie points 
M] jV, V, Q any two of these points, say MJV, the pole of their chord MN 
and the point hk aro eoneyolie. 

lib. If an equilateral hyperbola whoso asymptotes aro parallel to the 
axes of an ellipse meet it; in. four points Jlf, JV, P, Q, tlio circle through 
J/, N and the pole of JI/IT with respect to the ellipse, and tho analogous 
circles for the point, pair M J\ JSfJ\ &<*,., all pass through a common point. 

(Neueeeg.) 

For tho equation of such a hyperbola is xy q- Ax q- By 4-0=0, and this 
can ho identified with the Tench hyperbola of the point hk. 

1 Hi. I f a, 0, y he the eccentric angles of tlirco points on an ellipse whose 
0 normals an? concurrent, prove that 

2 ab cot, 0 <r (sin (0 -I- 7) q~ sin (7 -I- a) 4- sin (a + J3 )}. 

117. I f a, fi, y, 5 he the eccentric angles of the feet of four 0 normals 
from 11 common point, a -}- 0 q* 7 q- <5 = (211 4* 1 )^. Hence we have a 
general Nation, of JonehimsiaPB circle. 

118. If xiy .rn, :r-,u xt ho the four sides of a quadrilateral, the equation of 

tho conic, which touches ayxi q~ 4 W and is inscribed in the 

quadrilateral, is 

2 (a 1 - fu) 2 (<h - «;$)“ fax* 'I* ^ 2 * 3 ) = 0- (Cayley.) 

11 !). Find tho locus of the centre of a conic which hypcrosculatcs 
4 t.v z | 2 A.tv/ |- by" q- 2 //.i; at tl 10 origin. 

120 . I f he any four points on a conic referred to 

tho centre as origin, 

2 (.r-y.i - .r : ji/s) (x:\y.L - x.ir/ 3 ) (xiyz - xyh) ~ 0 . (Neubbrg.) 

121 . Prove that, llie axis of tho parabola (xjn) i q- (y/A)i — 1 = 0 is 

xjit yjb q* (n‘ z — ft*)! {a* q* b" q- 2 nb cos 0 ) = 0 , 

where 0 is the ungin between the axes. 

122. I f the conics >S U A>, ,V a hyperoseulato in the point A, and meet two 

lines ./.V, .7 r in the point, pairs /fj, C\\ B 3 , Cb; B\ 5 , C 3 , See., the chords 
B[<‘U /ejf-a, />V 3 , &*!., are eoncurrent. (Poncelet.) 

12d. In the satne rase, the tangents at B\, B‘> , J >3 are concurrciit. 

{Ibid.) 

121 . If a variable, parabola touch throe fixed lines, tho chords of contact 
pass through three fixed points. 
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125. All ellipses which have double contact with each of two fixed circles 
(one internal to the other) are similar curves. The locus of their centres is 
the circle on the line joining the centres of the circles as diameter. Also 
the locus of their foci is a circle concentric with the outer circle. 

(Crofton.) 

126. If two conics of a confoeal system whose semiaxes are a, b; a', b' 
respectively intersect in a point if co-ordinates Ay', then if IV, IV' he the- 
centres of the circles osculating the conics at If, the equation of IVAT is 

(l* + b' 2 )xx' 4 (a 2 4 a' 2 ) yy' — a 2 b' 2 + d 2 b 2 . 

127. The same line in terms of the co-ordinates of if is 

(x ' 2 4 y ' 2 - o 2 )xx ' 4- (x ' 2 4- y /2 4- c 2 ) yy = c 2 {x ' 2 — y ' 2 — c 2 ). 

128. If a parabola touch the sides of a given triangle ABO in A', B\ O', 
the locus of the centre of perspective of the triangles ABO ., A'B'G'i s an 
ellipse touching the sides of AB C at their middle points, 

129. If two triangles be polar reciprocals with respect to a circle, the 
barycentric co-ordinates of the centre of the circle are the same for both 
triangles. 

130. Find a point ifi such that parallels through B, 0 , A to A Mi, BM\ t 

CM\ meet in a point if 2 . Show that parallels through 0 , A, B to AM 2 , 
BM«, CM 2 meet in a point M 3 , and prove—1°. that the points Mi, M 2 , M 3 
are isobaryc; 2°. that their co-ordinates satisfy the relation a -1 4 4 7" 1 = 0 . 

(Neubero.) 

131. Prove that IV in Ex. 126 is the intersection of the polar of if with 
respect to the orthoptic circle of the hyperbola with the tangent at if to the 
hyperbola, and IV' is the intersection of the polar of if with respect to the 
orthoptic circle of the ellipse with the tangent at M to the ellipse. 

132. I 11 the same case, if ILfif' be the perpendicular from M on IV/Y', the 
points if, if', and the foci are eoncyclic, and the line MM* is a symmodian 
of the triangle formed by if and the foci. 

133. If Si, S 2 be conics osculating in A and intersecting in A\, then if 

any line through A meet the conics again in B\, B 2 , the tangents at B\, J? 2 
meet on AA\. (Pluckeu.) 

134. If a cos 6 , b sin 6 he the co-ordinates of a point on the ellipse 
x 2 jd l 4 y 2 /b 2 = 1 ,' prove that the co-ordinates of the second point in which 
the osculating circle there meets the curve, are a cos 39 , — b sin 30. 

(Crofton.) 
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135. If ri, r- 2 , be central vectors of a conic whose semiaxes are a, b y 
prove that 

(2 ja 2 + 2jb 2 ) sin (r^rl) sin(r 3 ri) sin (nra) = 2 sin 2 (tv*a)/** 3 *. 

(Fauhe.) 

136. In the^same case, 4 sin 2 (r]T 2 ) sin-^rs) sm 2 (rtf'i)l(a 2 P) 

= 2.'Ssin 2 (?*ir 2 ) sin 2 (?*ir 3 )/(r2 3 r3 2 ) — 2 sin 4 (riraj/r* 4 . (Ibid.) 

137. The locus of the centre of a conic circumscribed to a given triangle 
•and whose axes have a given direction is a conic. 

138. Find the loci of the extremities of the minor axis of a conic touching 
two sides AB, AO of a given triangle, if the foci be points on the third 
side. 

139. Find in the plane of a triangle ABC a point M such that the per¬ 
pendiculars from A , B , C on BM> CM, AM meet in the same point M\ and 
prove that the locus of M and M' are JSTeuberg’s Hyperbolae. 

140-144. Prove the following properties of the common chord of an 
•ellipse and its osculating circle— 

1°. Its envelope is (xja + y/bfi 4- (xja - yjbf — 2. 

2°. The locus of its middle point is (x 2 la 2 + y 2 /£ 2 ) 3 = (&* 2 /# 2 ~ y 2 jb 2 ) 2 . 

3°. The locus of its pole is x 2 la 2 + y 2 \P - (x 2 ja 2 — y 2 /Z> 2 ) 2 . 

4°. The locus of the projection of the centre of the ellipse on the chord is 
(a 2 + y 2 ) 2 (arx 2 + Py 2 ) = (arx 2 - Py 2 ) 2 . 

5°. Its length is a maximum at the point whose eccentric angle 

= tan -1 (Jp + V (c 4 + dr P) / a). 

145. The centre of the equilateral hyperbola determined by any four points 
(A, B, C, D) lies on the pedal circle of any of them (JD) with respect to the 
triangle formed by the remaining three (ABC). 

Derm.—Let BFG be the pedal triangle of I> with respect to ABC , bisect 
BC, DC, AC in II, /, J; then the circles through E, JEC, I; I, J, F are 
evidently the nine-points circles of the triangles BCD, CD A. Hence K, 
their second point of intersection, is the centre of the equilateral hyperbola 
ABCJD. Join KB, KI, KF. Then [Euc. III. xxn.] the angle BKI-1FLO 
= JDBC , because JELI is parallel to BJD = BGB [Eue. III. xxi.] In like 
.manner IFF = JDGF. Hence BKF = FGF, and the proposition is proved. 
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149. The twin point of D, with respect to the triangle ABC, and its 
symetriques with respect to the sides of ABC are concyclic. 

150. If D, 2)' be isogonal conjugates with respect to the triangle ABC, 
and collinear with the point a\0iyi, their locus is the cubic 

2aai (/3 2 — y 2 ) — 0. 

151. A conic inscribed in a triangle touches its sides in P, Q, R ; if the 
normals at P, Q, R concur in S, the locus of S is the cubic 

2 a (@ 2 — 7 2 ) (cos A — cos B cos C). (Neuberg and Schoute.) 

152. The point S and its isogonal conjugate with respect to ABC are 

collinear with the symetrique of the orthocentre with respect to the circum- 
centre. (Ibid.) 

153. The circumcentre is the centre of symmetry of the cubic (Ex. 151). 
For the symetriques of P, Q, R with respect to the middle points of the 
sides of A, B, C are points of contact of another satisfying the question. 

(Neuberg.) 

154. If the lines AT, BQ, CR (Ex. 151) intersect in T\ the locus of Pin 
barycentric co-ordinates is 

2 a (fi 2 — 7 2 ) cot A — 0. (Ibid.) 

155. In the same case the locus of the centre of the inscribed conic in 
barycentric co-ordinates with the complementary of ABC as triangle of 
reference is 

2 a (|S 2 — 7 2 ) cot A = 0. Ibid.) 

156. If ABCJD, A-B’C'D' be two quadrangles so related that A, A' are 

isogonal conjugates with respect to the triangle BCD; B, B' with respect 
to CD A; C, C' with respect to DAB; D, D' with respect to ABC , then 
the sides of A'B'C'D’ are bisected perpendicularly by the sides of ABCD, 
yiz., A'D' by BC, B'C' by AD, &c. (Ibid.) 

157. In the same case, if Pbe the mean centre of the points A', B', O', D 

the nine-points circles of the triangle A'B'C, B'C'D, &c., are the symetriques 
with respect to P of the pedal circle of D with respect to ABC, of A with 
respect to BCD, &c. ; and the equilateral hyperbola A’B'C’D' is the syme¬ 
trique of the hyperbola ABCD. (Ibid.) 

158. If I be any of the excentres of the triangle ABC, and IE a tangent 
from I to the circumcircle, the isogonal transformation of IE is a parabola 
touching IE in J, and passing through the points A, B, C. If the isogonal 
conjugates of AE, BE, CE meet IE in FGH, the medians through A, B, C 
of the triangles IAF, IBG, ICH are tangents to the parabola. 
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Miscellaneous Exercises. 


159. Find in the plane of a triangle ABC a point M such that the sum 
of the powers of A with respect to the circles on BM and CM as diameters 
shall he equal to the analogous sum relative to B, and also equal to the 
analogous sum relative to C. Show that this point is the symetrique of 
the centroid of ABC with respect to the circumcentre. (Lemoine.) 

160. Let A', B', C' he the middle points of the sides of the triangle 
ABC, and 0 its circumcentre. On A'0, B'O, C'O are taken, either 
towards 0 or in the opposite sense, equal lengths A'P a = B'Pb = CP c = X. 
When X varies the sides of the triangle P a BbB c move on three parabolae 
7 T fl , 7 T&, i r c whose foci are the projections of 0 on the bisectors AX, B1, Cl, 
and whose directrices are the internal bisectors of the triangle A'B'C. 

(Mandart.) 

161. Being given a triangle ABC and a point M, we draw through M 
three lines, so that if is the middle point of the parts NzPfz, PzPi, QiQi, 
intercepted in the angles A, B, C ; let NP 2 , Qz be the points where those 
lines meet the third side of the triangle. The six points 2X 2 , IV 3 , Pz, Pi, Qi, 
Qz lie on a conic whose equation in barycentric co-ordinates is 

xyz ~{x~~ 2a) (y - 2/3) (z + 2y) = 0, 

a, 7 being the co-ordinates of if. It is an ellipse or hyperbola according 
as M is interior or exterior to the ellipse E w'hich touches the sides of ABC 
at their middle points; it is an equilateral hyperbola if if is situated on the 
radical axis of the circumcircle and nine-points circle of ABC. If if is on 
the ellipse E, the points JPzPzQi, JPzPiQz are on two parallel lines which 
■envelope two curves whose tangential equations are 

X/yU + fj. jv 4- vjX = 3, Xjv + jmjX -f vjfx — 3. 

The line PfiP 2 Qz has for equation 

&]a + y//3 -f zjy — 2. 

The triangles N%PzQi, NzPiQz have for area 

ABC \_2^y - 2 a 2 ] / 2a 2 ; 

if this area is constant the point if describes an ellipse. 

(Steiner, Lemoine, and ISTeuberg.) 

162. There exists an ellipse which has the incentre of the triangle ABC 
for its centre, and which passes through A', B', C the feet of the internal 
bisectors A I, BI, Cl. Its equation in normal co-ordinates is 

x~(b + c - a) + y 2 (c + a - b) + z 2 (a + b-c) - 2 ayz — 2 bzx — 2 cxy = 0. 
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The semi-axis of this conic are r and 



; the major axis is parallel to 


the line joining the feet of the external bisectors of the triangle ABC. 

(De Longchamps.) 


163. Let Mi, M 2 , M 2 he the points of intersection of the sides BC, CA , 
AB, of a triangle ABC, with the lines AM, BM, CM joining the summits 
with any point M. The conic which has M for centre, and which passes 
through Mi, M 2 , M 2 has for its equation, in barycentric co-ordinates 


2 —; (j 8 i + 71 — ai) 
ar 


2 2 


g&yi 

ai/3i 


= 0 , 


ai, Si, 71 being the co-ordinates of M. 


(Ibid.) 



NOTES. 


I.—Page 60.— Example 6. 

This theorem, being subsequently quoted, should be proved. 

On AB, CD as diameters describe circles. Let 0, O' be their centres, 
P one of their points of intersection: then OPO ' is equal to one of the 



angles of intersection of the circles. Now if the sides OP, PO', O'O be 
denoted by a, b, c , we have 

sin 2 J OPO' = {s a) (s — b) / ab = (b + c — a) (c +a -b) j 4 ah 
= (BL . AO) I {AB . CD), 

or denoting the angle OPO* by 6, we have sin 2 *J# = OA / CD : BA / BD, 
and similarly for the other ratios. 


II.— Page 128. 


It should be shown that the circle whose equation is 

PysinA + yasmB + afi&mC — 0, 

passes through the cyclic points. The co-ordinates of the cyclic points 
(I.J.) are ia is iv -ia -ip -iy 

e . p. <0 1 * 
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substituting those of I., we get 

e i{l3+y) . sin A + e Hy+a) . sin B + e i{a+p) . sin G = 0 , 

or [cos (£ + 7) 4 i sin (£ + 7)] sin (£ - 7 ) 4 &c. 4 &c. = 0 , 

which being simplified, vanishes identically. Hence the circle passes 
through I. Similarly it passes through J. 

Ill,— Page 135.— Example 5. 

¥e give the proof here for a similar reason to that in Note 1. 
Transform the equation 

(a 4- £ 4 7 ) {la 4 mi 3 4 ny) - (a 2 /3 7 4 b 2 ya 4 c 2 a&) = 0 
into Cartesian co-ordinates by the substitution 

a = £ ay sin 0, /3 = bx sin 0, 7 = J ( ab — ay - bx) sin C, 

and we get 

x 2 + y~ 4 2xy cos C 4 (m - n — a 2 )x / «4 {l — n — b 2 )y / b 4 « = 0, 

which denotes a circle such that the powers of the points A, B, C, with 
respect to it, are respectively l } m , n. 


IY. —Page 159.— Equation 383. 

This requires a short discussion. 

Let 2a be the angle, between 0 and 71-, which has for tangent 2 h / («-£). 
Then we can put 26 = 2 a 4 nir. Hence 

9 = a, a 47 r/ 2 , a 4 27r/2, or a 4 37 r/ 2 . 

These values give four possible distinct positions for the new positive 
axes, viz. 

(OX', OY'), (OF, OX"), ( OX ", OE"), (OF', OX). 

That is, we can turn the primitive axes OX, OY through any one of the 
four angles a, a + Tr/2, a 4 27r/2, Zir / 2, in order to get the new 
axes. Taking 6 = a, from (379), (380), we infer 

a'-b‘ = (a~b) cos204 27isin20 = 2 /isin 20 [l 4 -^- c °t 20 ] 

= 2 Asm 2 fl [l + (^) 2 ]. 
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And since sin 20 is positive, a* — b ' lias the same sign as 2 h. Thei 
a' — V = -f E or — E. 


According as h is positive or negative. 
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Absciss.®, 4. 

Allersma, ‘218. 

Andre Desire, 28. 

Angle between two lines whose carte¬ 
sian equations are given, 36, 
37. ' 

same for trilinear equations, 73. 
between two lines given by a 
single equation, 53. 
between two tangents to an 
ellipse, 224, 234. 
same expressed in terms of focal 
vectors to points of intersection, 
225. 

between focal vectors bisected by 
tangent and normal, 221. 
between central vector to, and 
normal at, a point on ellipse, 
244. 

between tangents to a parabola 
in terms of their lengths and 
chord of contact, 191. 
between focnl radius vector and 
tangent, 221. 

between asymptotes, 166, 268. 
of intersection of two circles or 
curves, 107. 

of intersection of two parabolae, 
199. 

eccentric, 206. 
intrinsic, 175, 177. 
same half polar angle of point on 
parabola, 191. 

first and second, of Steiner , 
426. 

subtended at focus by portion of 
variable tangent intercepted by 
two fixed tangents, 238. 
tbe Brocard , 64, 409, 411, 459. 

2 


! Angles 

eccentric, of extremities of conju¬ 
gate diameters how related, 209. 
sum of for four coneyclic points 
on conic, 241, 280. 
theorems concerning, how pro¬ 
jected, 353. 

Anomaly. 

true, 189, 236. 
eccentric, 206. 

Antifoci, 311, 512. 

Antiparallel, 77. 

Anharmonic ratio of four eollinear 
points, 55, 163. 
of four rays of a pencil, 57. 
of four lines whose equations are 
given, 59. 

of four conics of a pencil of conics, 
4-74. 

six of four points, 59. 
same expressed by trigonometrical 
ratios, 60. 

of four eollinear points equal to 
that of pencil formed by their 
four polars, 106. 
of four tangents to a conic, 385. 
of pencil from variable point to 
four fixed points on conic, 343. 
of pencil formed by two legs of 
an angle and the isotropic lines 
of vertex, 353. 

of pencil from any point of conic 
through four fixed points, to 
the four points, 473. 
of pencil same as that of the 
four points in which any trans¬ 
versal is cut by rays, 58. 
of points in two projective rows, 
372. 
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Him- 


Anharmonic ratio of rays in two pro¬ 
jective pencils 375. 
of double points and homologous 
point pairs, 376. 

of lour points in which tangent 
at any variable point meets 
tangents at four fixed points on 
conic, 344. 

of pencil unaltered by projection, 
351. 

Apollonius, 

circles of, 146. 

first and second theorems of, 210. 

Areas, signs of, 2. 

Area 

of triangle or polygon in terms of 
co-ordinates of vertices, 10, 
79. 

of triangle formed by three lines 
whose equations are given, 81. 
of triangle formed by a given line, 
and a given line pair, 80. 
of triangle formed by three points 
on a conic, 11, 12. 
of triangle formed by focus and 
two points on parabola, 196. 
of triangle formed by two tangents 
and chord of contact, 104, 196, 
240. 

of triangle formed by three tan¬ 
gents to hyperbola, 271. 
of triangle formed by three tan¬ 
gents to a parabola half that 
formed by points of contact, 179. 
of triangle formed by asymptotes 
and any tangent, 271. 
of triangle formed by three points 
on, or three tangents to, an 
equilateral hyperbola, 283. 
of triangle formed by three points 
in tripolar co-ordinates, 306. 
of triangle formed by asymptotes 
and normal at any point on an 
equilateral hyperbola, 282. 
of triangle formed by joining ex¬ 
tremities of conjugate semi¬ 
diameters, 210, 259. 
of triangle self-conjugate with 
respect to, inscribed in, or cir¬ 
cumscribed to, a conic, 243. 
of triangle which is the harmonic 
transformation of a given tri¬ 
angle, 299. 


Area of triangle which is the pedal tri¬ 
angle of a given point, 297. 
of triangle which is the polar re¬ 
ciprocal of a given triangle, 
299. 

of parallelogram circumscribed to 
ellipse, 210. 

of parallelogram formed by 
asymptotes and parallels to 
them through any point on 
curve, 269. 

of parabolic sector, 199. 
of hyperbola and hyperbolic 
sector, 273-275. 

conic given by general equation, 
331. 

Argument, 24. 

Aronhold’s notation, 333. 

Artzt, 292, 537. 

Asymptotes 

defined, 166. 

hyperbola referred to, as axes, 
167, 269. 

of conic given by general equa¬ 
tion, 166, 465. 

of equilateral hyperbola are at 
right angles, 106, 268. 

, intersect in centre, 167. 
secant of half angle between, gives 
eccentricity, 268. 
equation of, for hyperbola, 268, 
279. 

are self-conjugate, 167. 
equation of, differs from equation 
to curve by a constant, 268. 
chord of contact of, 167. 
divided homograpliicully by pa¬ 
rallels to from a series of points- 
on curve, 280. 

polar of any point on either is 
parallel to that one, 281. 
equal intercepts on any chord be¬ 
tween curve and, 270. 
lines joining extremities of any 
diameter to extremities of 
conjugate are parallel to,. 
268. 

points of intersection of anyr 
tangent with, and two foci 
are coneyclic, 281. 
constant length intercepted on, by 
joins of variable to two fixed 
points on curve, 271. 
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Arcs of conics, theorems concerning, 
322, 323, 324. 

Axes 

rectangular and oblique, 4. 
transverse and conjugate, 203. 
of conics, 158. 

of conic given by general equa¬ 
tion, 519. 

are parallel to a pair of conjugate 
diameters of conic in whose 
equation coefficient of xy 
vanishes, 157- 

magnitude and direction of, given 
two conjugate diameters of 
conic, 210, 271. 

of conics confocal with a given 
one, and passing through a 
given point, 232, 233. 
lengths of, for conic given by 
general equation, 330. 
of parabola, 158, 159. 
of similitude, 119. 
of perspective, 72, 130. 
radical, 115. 

radical, of three circles are con¬ 
current, 116. 

Bisectors 

of sides or angles of a triangle are 
concurrent, 62. 

of angles between lines given by 
a single equation, 53, 54, 465. 

Boscovich, method of generating 
conics, 205, 253. 

Brianchon’s theorem, 147, 319. 

Briot and Bouquet, 21. 

Brocard, 166, 174, 179, 195, 198, 441, 
459. 

Burnside, 225. 

Cathcart, 510. 

Cayley, 468, 499, 539. 

Centre, 

theory of mean, 14—16. 
of circle. 97, 

of circle, cutting three circles 
orthogonally, 117. 
of incircle, in terms of co-ordi¬ 
nates of vertices and lengths of 
sides, 16. 

of conic, 153, 154, 203, 251. 
of curvature, 185, 186, 216, 264. 
of parabola, 154. 


Centre of inversion, 408, 411. 
of involution, 379. 
pole of line at infinity, 167. 
radical, 117. 
of similitude, 118, 393. 
of similitude, six of three circles, 
lie three by three on four right 
lines, 119. 

of reciprocation, 385. 
reduction of general equation to, 
155. 

recherche of, 154. 
of perspective, 72, 130. 
line of centres, 155. 

Chasles, 219, 225, 235, 324, 343. 

Chord 

joining two points on circle, 102, 
130, 133. 

joining two points on conic, 175, 
208. 

of contact of two tangents to a 
conic, 183, 223, 256. 
of conic which touches confocal, 
proportional to square of pa¬ 
rallel semidiameter, 225. 
locus of pole of, subtending a 
right angle at a fixed point, 
104, 195, 277. 

through a focus, 183, 222, 277. 

Chords, 

locus of middle points of parallel, 
155, 156, 179, 208, 255. 
of intersection of two conics, 213. 
of contact of common tangents to 
two circles, 103. 
conjugate, 15S. 
supplemental, 213. 

Circle, 

equation of, 96, 108-11L 
auxiliary, 206, 266. 

Boscovich, 205. 

Brocard , 408, 411, 422, 524. 
centre of, 117. 

circum, of triangle of reference, 
i28. 

circum, is polar conic of symme- 
diau point, 127. 

circum, in baryeentric co-ordi¬ 
nates, 131. 

circum, of polygon, 129. 
circum, of triangle formed by 
three tangents to a parabola, 
passes through focus, 178, 190. 
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Circle circumscribed to quadrilateral, 
143. 

cutting three given circles at given 
angles, or orthogonally, 108, 
149. 

director, 164. 

diameter of, cutting three given 
circles orthogonally, 148. 
equation of, on join of two points 
as diameter, 77, 150. 
equation of, referred to two tan¬ 
gents and chord of contact, 143, 
342. 

equation of tangents from any 
point to, 103. 
focal, 311. 

geometrical representation of 
power of point with respect to, 
98. 

having side of triangle of reference 
as diameter, 144. 
having triangle of reference as 
autopolar triangle, 339. 
having as diameter chord of con¬ 
tact of tangents to a given 
circle from a given point, 
102 . 

having as diameter the intercept 
made by a given circle on a 
given line, 100. 

Dr. Hart's, 147* 

inscribed in triangle of reference, 
131. 

JoachimsthaVs , 185, 187, 18S, 
218, 264. 

Lionnets ', 401. 

Lemoine, 419. 

nine-points, 125, 126, 147, 303, 
434, 435, 444, 445, 451, 454. 
nine-points, touches both in- and 
ex-circles, 125, 138, 149. 
of inversion, 104. 
of curvature, 185, 312. 
of reciprocation, 386. 
of similitude, 119, 395. 
orthoptic, 164, 509, 510. 
orthogonal projection of, 206. 
osculating, 189. 
orthocentroidal, 436. 
pedal of a given point, 137. 
Steiner's , 315. 

tangential equation of, 138, 139, 
140, 141, 143. 


Circle through 3 points, 110, 111, 

136. j 

touching three others, 110, 111, j 
121 . 

through feet of perpendiculars, 

144. 

Circles, I 

annex, 401. j 

all pass through cyclic points, j 

308. . i 

a system of tangential, 120. j 

of Apollonius , 146. j 

coaxal system of, 114. j 

concentric, when, 97. j. 

concentric, have double contact at | 

infinity, 328. * 

equation of, in pairs, touching j 

three given circles, 120. 
escribed to triangle of reference, j 

132. | 

Fit hr man's, 431. I 

Cay's, 427, 454. ! 

Mutual power of two, 107, 108. j 

Neitherg's, 423-427, 443, 444, j 

452, 459. ! 

Tucker's, 415, 419, 421. 

Clebsch, 333, 337, 462. 

Coates’ theorem, 68, 93, 127. j 

Complex variables, 24. j 

Concomitant, mixed, 463, 517. 

Condition that a line should pass [ 

through origin, 33. 
that a line should pass through a 
given point, 86, 89. 
that a line should he perpendicular 
to itself, 76. 

that a line should cut a conic in 
two points which subtend a : 

right angle at the origin, 34S. 
that a line should touch a conic, 

161, 163, 261, 335. 
that a line may be cut harmoni¬ 
cally by two conics, 371. 
that a line should be cut in invo¬ 
lution by three conics, 505. 
that two lines should intersect on 
a conic, 336, 520. I 

that two lines should be at right f 
angles, 36, 37, 53, 74. 
that three lines should he concur- 
rent, 48. | 

that two lines should be parallel, j 
36, 74. | 
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idition that a circle may be cut 
orthogonally by four given 
circles, 110. 

that any number of circles may 
have one common tangential 
circle, 122. 

that two circles should touch, 
107. 

that two circles should cut ortho¬ 
gonally, 107. 

that four circles should cut a fifth 
orthogonally or be tangential to 
it, 112. 

that two circles should be con¬ 
centric, 97. 

that two conics should he homo- 
thetic, 326, 327. 

that two conics should touch, 
osculate, 309, 469, 471. 

that two conics inscribed in the 
same conic should cut orthogo¬ 
nally, 495. 

that two conics are so related that 
a triangle may he inscribed in 
one and circumscribed to the 
other, 46S. 

that three conics may have a 
common point, 517. 

that four conics should cut a fifth 
orthogonally or be tangential to 
it, 497. 

that a triangle self-conjugate 
with respect to one conic may 
he inscribed in, or circumscribed 
to, another, 475. 

that a triangle may he circum¬ 
scribed to one conic and have 
its vertices on three other 
conics, 4S5. 

that a triangle may be inscribed 
in one conic, and have its sides 
touching three other conics, 
484. 

that triangle of reference may be 
in perspective with one the co¬ 
ordinates of "whose vertices are 
given, 82. 

that general equation should re¬ 
present two right lines, 51, 52, 
334. 

that general equation should re¬ 
present a circle (in Cartesian 
co-ordinates), 96. 


Condition that general equation should 
represent a circle in normal co¬ 
ordinates, 134. 

that general equation should re¬ 
present a circle in barycentric 
co-ordinates, 137. 
that general equation should re¬ 
present an ellipse, a parabola, 
or hyperbola, 340. 
that general equation should re¬ 
present an equilateral hyperbola 
or a parabola, 509. 
that when general equation re¬ 
presents two lines they should 
he parallel or perpendicular, 
77. 

that three points may be collinear, 

8 . 

that two points may be conju¬ 
gate with respect to a conic, 
334. 

that two points may be conjugate 
with respect to two lines, 
336. 

that two-point pairs should he 
harmonic conjugates, 57, 368. 
that four points should be con- 
cyclic, 110. 

that four points on conic should 
be coney die, 241, 2S0. 
that three-point pairs should 
form an involution, 379. 
that four convergent rays should 
form a harmonic pencil, 59. 
that normals at three points on 
parabola should be concurrent, 
1SS. 

that normals at three points on 
ellipse, should he concurrent, 
2i5. 

that joins of vertices of triangle 
of reference to points in which 
general conic meets sides should 
form two concurrent triads, 
527. 

that la + + ny — o should be 

antiparallel to y = O, 77. 
that intercept made by circle on 
line should subtend a right 
angle at a fixed point, 100. 

Cone, 

right and oblique, sections of, 
363. 
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Confocal conics, 224-227, 232—236, 
239, 247, 248, 279, 311, 324, 
331, 332. 

conics are inscribed in the same 
imaginary quadrilateral, 311. 
conics, cut at right angles, 333. 
conics, general equation of, 312, 
512. 

conics, length of arcinterceptedbe- 
tween tangents f rom, 322—324. 

Conic, 

number of conditions sufficient to 
determine a, 170. 
eight points of contact of common 
tangents to two conics lie on a, 
.488. 

nine-point of quadrangle, 165. 
equation of, given focus and three 
tangents, 391. 

isotomic transformation of, 296. 
isoptic curve of, 1S4, 520. 
polar conic of point, and pole of, 
27. 

which reciprocates the j Brocard 
ellipse into Kiepert's hyper¬ 
bola, 509. 

fourteen-point, 487. 
fourteen-line, 490. 
through, five points, description 
of, 172. 

Conics, 

classification of, 165. 
diametral, 445. 

conjugate with respect to quadri¬ 
lateral, 514. 
homothetie, 326. 
for which 0i and 02 vanish, 482. 
harmonic properties of, 479. 
harmonic system of, 482. 
invariant theory of, 462. 
invariant angles of two, 471. 
mutual power of two, 493. 
orthogonal, 499. 
osculation of two, 471. 
point and line harmonic conics 
of two, 371. 

pencil and net of, tangential and 
trilinear, 463. 

Conjugate diameters, 157, 258. 

equation of conic referred to as 
axes, 211, 259. 

are parallel to a pair of supple¬ 
mental chords, 213. 


Conjugate sum of squares of, 209. 
eccentric angles of extremities 
of, 209. 

area of triangle included by, 
210, 259. 

Conjugate points and lines, 106, 334, 
336. 

hyperbola, 257. 

Conjugates, 

harmonic, 13, 56, 117, 368, 369. 
isotomic, 13, 65. 
isogonal, 63. 

Constants, 31. 

Contact, 

of different orders, 309. 
double, 318, 513. 
four-pointic, 318, 321. 

Contra variants, 50S. 

Co-ordinates, 

areal or barycentric, 64. 
areal of some important points, 66. 
biangular or biradial, 61. 
Cartesian, 4. 
current, 31. 

complementary and anticomple¬ 
mentary of a point, 81. 
elliptic, 233. 
normal or trilinear, 61. 
normal of some important points, 
64. 

of point of intersection of two 
lines whose equations are given, 
42. 

of point of 'intersection of two 
lines given by a single equation, 
52. 

of point dividing in a given ratio 
the join of two given points, 
12, 65. 

of orthocentre of triangle formed 
by tangents to ellipse and 
chord of contact, 245. 
of incentre of triangle in terms 
of co-ordinates of vertices and 
lengths of sides, 16. 
of double points, 334. 
of pole of line with respect to 
conic, 338. 
polar, 17. 

tripolar or tricyclic, 301. 
transformation of, 19. 
tangential or line, 86. 
point and line, comparison of, 86. 
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€c iriant, 462, 477. 

Cr lona, 349. 

Cr bon, 136, 239, 244, 279, 284, 
322, 344, 528, 530, 531, 533, 
536, 540. 

Cm is, Prof. S. J., 145, 146, 477, 
47S, 527, 52S, 534. 

€i mature, 

radius of, 185, 186, 216,264, 313. 

circle of, 185, 312. 

centre of, 185, 186, 216, 264. 

Ci re, Her mite, 506, 507. 
isoptic, of conic, 520. 

Ci r es, pencils of, 114. 

Ci .c, the seventeen point, 460. 

Bi clelinand Quetelet, 365. 

B’ ;agne, 526, 531. 

Bi 30UX, 111. 

B< ongchamps, 436, 461, 545. 

B( trgues, 521. 

B< :artes, 5. 

D< srminant, 40, 41, 74, SO, 108. 
of transformation, 462. 

Bf ulf, 

Dj ;onal, 

triangle, 69. 
points, 71. 

Di aeters, 155, 179. 

equation of pair of general conic, 
534. 

conjugate, 157, 534. 
equiconjugate, 534. 
through intersection of two tan¬ 
gents bisects chord of contact, 
108, 212, 261. 

Di mce, 

between two points, 6, 78. 
between centres of two circles, 
107. 

of point from vertices of triangle 
of reference, 79. 

of four points in plane, how con¬ 
nected, 29. 

between points of intersection of 
a given line with two given 
lines, 79. 

Di ctor circle, 164. 

Di ctrix, 173,201,223, 250, 311,510. 

Di riminant, 51, 334. 

D< ble contact, 318, 320, 513. 

equation of two conics having 
double contact with a third, 318. 


Double contact, properties of two conics 
having double contact with a 
third, 319. 

properties of three conics having 
double contact with a fourth, 
319, 320. 

problem to describe one conie 
touching three others, each 
having double contact with a 
fourth, 499. 
equation to same, 498. 
lines and double points, 285. 


Eccentric angle, 206. 

angles, sum of, for four concyclic 
points on conic, 241, 280. 
angles, sum of, for feet of normals 
to ellipse, 220. 

angles of extremities of conjugate 
diameters, 209. 

Eccentricity, 201, 250. 

of conic given by general equa¬ 
tion, 532. 

of any section of cone, 366. 
of hyperbola and conjugate, how 
related, 279. 

Ellipse, 201-249. 

area of, given by general equa¬ 
tion, 331. 

axis of confocal, 232. 
equation of, referred to pair of 
conjugate diameters, 211. 
equation of, referred to the equi- 
conjugate diameters, 212, 279. 
evolute of, 216. 

polar equation of, with focus as 
pole, 236. 

the JBrocard, 391, 408, 411, 420. 
equation of tangent and normal 
to, 20S, 214, 

polar equations of tangent and 
normal to, 237. 
orthoptic circle of, 224. 
parallel to, 470. 
parallel to, reciprocal of, 534. 
pedal of, with respect to focus, 
221 . 

pedal of, with respect to centre, 
241. 

reciprocal polar of, 228. 

Steiner's , 362, 421, 451. 

Elliptic co-ordinates, 233. 
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Envelope 

of axis of perspective of a tri¬ 
angle circumscribed to one 
conic and its polar reciprocal 
with respect to another, 479. 
of chord of conic subtending 
a right angle at a fixed point, 
35S. 

of chord of contact of tangents 
to a hyperbola from any point 
on conjugate hyperbola, 262. 
of chords of osculation of para¬ 
bola, 189. 

of chord of conic subtending a 
right angle at focus, 524. 
of line joining extremities of 
con j ugate diameters of ellipse, 
241. 

of line, if sum of squares of 
perpendiculars on it from any 
number of fixed points be 
constant, 347. 

of line, the product of the per¬ 
pendiculars on which from 
two fixed points is constant, 
221, 266. 

of line cutting three conics in 
involution, 505. 

of line cutting a conic in points 
whose join, subtends a right 
angle at origin, 348. 
of line which cuts two conics 
harmonically, 371. 
of line joining extremities of 
two perpendicular central vec¬ 
tors of ellipse, 242. 
of line joining corresponding 
points on two lines divided 
homographically, 385. 
of lines whose poles with respect 
to three conics aro collinear, 
507. 

Her mite, of a net of conics, 506. 
of the eight tangents to two 
conics at their points of in¬ 
tersection, 490. 

of the sides of Kiepcrfs tri¬ 
angles, 458. 

of the polar of a given point 
with respect to any circum- 
conic. of a quadrilateral, 386. 
of the six sides of two inscribed 
triangles of a conic, 386. 


Envelope of a system of confocal 
conics, 347. 

of polar of a given point with 
respect to a confocal system 
of conics, 348. 

of third side of a triangle in¬ 
scribed in a conic, two of 
whose sides touch another 
conic, 348, 529. 
of Tucker's circles, 421. 

Envelopes, theory of, 346. 

Equation, 

defined, 33. 

of axes of conic, 159, 519. 
of asymptotes of conic given by 
general equation, 166, 4G5. 
of bisectors of angles between 
two lines, 53, 54, 465. 
of bisectors of angles, of medians, 
and of perpendiculars of tri¬ 
angle of reference, 62. 
of Jiroccird line and diameter, 67. 
of circle circumscribed to tri¬ 
angle of reference, 127, 128. 
of circle inscribed in or escribed 
to triangle of reference, 131. 
of circle cutting three given 
circles at given angles, 108. 
of circle cutting three given 
circles orthogonally, 109, 149. 
of circle through three points, 
110, 136. 

of circle on join of two points 
as diameter, 77, 09, 150. 
of circles in pairs touching three 
given circles, 120. 
of eight circles tangential to 
three given circles, 109. 
of conic referred to tangents 
and chord of contact, 308. 
of tlio cyclic points, 75, 88, 
509. 

of conic referred to focus and 
directrix, 338. 

of conic confocal with, a given 
one, 312, 512. 

of conic confocal with a given 
conic and touching a given 
line, 529. 

of conic having double contact 
with two conics, 318. 
of conic, given focus and three 
tangonts, 391. 
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Equation of conic having triangle of 
reference as autopolar triangle, 
337. 

of four conics having double 
contact with a given conic 
and passing through three 
given points, 522. 
of directrix of parabola, 164. 
of directrices of Mrocard’s 
ellipse, 421. 
of Euler's line, 67. 
of evolute, 187, 216, 264. 
of four common tangents to 
two conics, 4S8. 
of four tangents to a conic at 
points of intersection by 
another conic, 491. 
of foci, 322. 

general, of line or curve through 
the intersection of two lines 
or curves, 39, 40. 
general, of three concurrent 
lines, 62. 

general, reduction to normal 
form, 158. 

homogeneous represents lines 
through the origin, 51. 
of join of two points, 40, 66. 
of join of two points on circle, 
102, 130, 133. 

of join of two points on conic, 
176, 208, 270, 338, 342. 
of line through a given point 
making a given angle with a 
given line, 44, 45. 
of line through a given point 
parallel to a given line, 76. 
of line perpendicular to the 
given line, 45, 76. 
of line joining centre and syrn- 
median point, 67. 
of line dividing angle between 
two lines into parts whose 
sines have a given ratio, 
46. 

of lines equally inclined to bi¬ 
sectors of angles of triangle 
of reference, 63. 
of medians of triangle, 41, 62. 
of normal, 184, 190, 214, 237, 
262, 273. 

of orthoptic circle of conic, 164, 
224, 341, 510. 


Equation of point pair in which a line 
intersects a conic, 336. 

of polar of a given point, 105, 
163. 

of perpendiculars of triangle, 
49, 62. 

of reciprocal of conic, 387. 

result of substituting co-ordi¬ 
nates of a point in, 37, 9S r 
137. 

of symmedian lines, 63. 

of six common chords of two' 
conics, 465. 

of tangent to circle, 101, 130, 
134. 

of tangent to conic, 129, 161, 
176, 189, 208, 237, 256, 271, 
273, 338, 342. 

of tangent pair from point to 
curve, 103, 163. 

of tangent to nine-point circle, 
at its point of contact with 
incircle, 126. 

tangential, 13S, 161, 335. 

Eagnanis’ theorem, 227. 

Eaure, 524, 526, 541. 

Figures, 

complimentary and anticompli¬ 
mentary, 81. 

inversely similar, 285, 393, 395. 

Focus, 173, 201, 250, 211, 322, 511, 
512, 532. 

of parabola touching four right 
lines, 178. 

Eregier’s theorem, 227. 

Erobenius, 111, 495. 

Geometrical signification of the 
vanishing of a coefficient in 
general trilinear equation of 
the second degree, 337. 

Gob, 85. 

Graves, Dr.,[311, 322. 

Gugler, 360. - 

Gundelfinger, 473, 490. 

Hamilton, Sir William, 205, 253. 
law of force, proof of, 232. 

Hart, Sir A., 132. 

Hadamard, 299. 

Harmonic chords, theory of, 406. 
system of conies, 482. 
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Hesse, 32, 516. 

Hermes, 95. 

Hermite envelope of net of conics, 
506. 

Hervey, 94. 

Hexagon, 

Lemoine , 419. 
harmonic, 437. 

Homothetic figures, 326. 

Homographic division, theory of, 368. 

Homogeneous equations represent 
lines through the origin, 51. 

Hyperbola, 251. 

Apollonian, 453, 504, 217, 264. 
conjugate, 25S. 

conjugate, polar equation of, 267. 
co-ordinates of point on, expressed 
in terms of a single variable, 
245. 

equation of, referred to conjugate 
diameters, 259. 

equation of asymptotes to, 26S. 
equation of tangent and normal 
to, 256, 262, 273. 
equilateral, 252. 

equilateral, polar equation of, 
267. 

equilateral, area of between 
asymptotes and two diameters, 
273. 

equilateral, generation of, 289. 
polar equation of, centre being 
pole, 267. 

polar equation of, focus as pole, 

272 . 

tangents at extremities of focal 
chord meet on directrix, 277. 
Kiepcrt’s , 431, 442—445, 449, 
452 453. 

Jerabekh, 44S, 449, 4S3. 

Hyperbohe, ifeub erg's, 429, 430, 431, 
540. 

Hyperbolic functions, 275. 

Identities, 520. 

Infinity, equation of line at, 74. 

every parabola touches line at, 
308. 

centre is pole of line at, 167. 

Intersection of line and conic, 153. 
of two lines, co-ordinates of, 42. 
of two lines given by a single 
equation, co-ordinates of, 52. 


Invariants, 159. 

calculation of, 467. 
number of independent, &c., of 
two conics, 517. 

Invariant angles of two conics, 471. 
harmonic, of a system of conics, 
482. 

orthogonal, of a system of conics, 
495. 

tact, of two conics, 469. 
tact, of product of six anharmonic 
ratios, 472. 

Inverse points and lines, 105. 

Inversion, 

of line or circle with respect to 
circle, 105. 

quantities unaltered by, 113. 

Involution, central point of, double 
points of, hyperbolic, elliptic, 
symmetric, isogonal, 378-380. 

Isogonal transformation, 428. 


Jacobian, 502, 517. 

Jacoby, 503. 

Jerabek, 448. 

Joachimsthal, 220, see circle. 
Join of two points, 8. 
Jonquiers, Be, 481. 

Kiehl, 297, 302. 

Koehler, 484. 


Lachlan, 111, 114, 138. 

Lagrange, 27. 

Laguerre’s theorem, 219. 

Laisant, 94, 143. 

Lame, 172, 233, 465. 

Lame’s equation, 462. 

Latus rectum, 160, 174, 203, 252. 

Lemoine, 144, 418, 529-531, 544. 

Length of axes of conic given by 
general equation, 330. 
of perpendiculars from foci on 
tangent, 220, 265. 
of perpendicular from point to 
line, 37, 38, 39, 73. 
of direct common tangent to two 
circles, 10G. 

Lhnilier’s problem, 359. 

Limiting points of a coaxal system, 
115, 117. 
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Line, Euler's, 67, 449. 

EascnVs 3 328. 

Simson's , 13G. 

Lines, conjugate, 106. 
double, 285. 
four coneyclic, 200. 
inverse, 105. 
isotropic, 75. 
symmedian, 63, 440. 

Locus, 

of centre of conic through four 
points, 171. 

of centre of circle harmonically 
circumscribed to parabola, 
521. 

of centre of conic inscribed in a 
quadrilateral, 355, 3S3. 
of centre of equilateral hyperbola 
described about a given tri¬ 
angle, 266, 290. 

of centre of circle touching fixed 
line and circle, 196. 
of centre mean of feet of normals 
to a parabola, 185. 
of centre of conic through three 
points, having an asymptote 
parallel to a given line, 172. 
of centre of reciprocation, when 
reciprocal conic is an equi¬ 
lateral hyperbola, 386. 
of centre of conic harmonically 
inscribed in four conics, 478. 
of centre of curvature, 187. 
of centre of inconic through cir- 
cum- and orthocentre, 342. 
of centre of conic touching four 
given lines, 526. 

of centre of circumcircle, given 
three tangents and sum of 
squares of axes, 527. 
of centre, given a self-conjugate 
triangle and a tangent, 533. 
of centre of Brocard ellipse, given 
base and Brocard angle, 534. 
of incentre given base and sum 
of sides, 204. 

of double points of a given net of 
conics, 501. 

of double points of lines cutting 
three conics in involution, 503. 
of focus of variable conic, given 
tangent, one focus, and eccen¬ 
tricity, 531. 


Locus of foot of perpendicular from 
focus on tangent, 177, 178, 
221, 266. 

of intersection of tangents at 
extremities of a pair of con¬ 
jugate diameters, 241. 
of intersection of normals at ex¬ 
tremities of a chord passing 
through a giveu point, 188, 
466. 

of intersection of tangents at two 
points, whose join subtends a 
given angle at focus, 524. 
of middle points of a system of 
parallel chords of a conic, 155, 
156, 179, 255, 208. 
of middle points of chords of 
ellipse passing through a given 
point, 239. 

of middle points of variable 
chords of a circle subtending 
a right angle at a given point, 
101 . 

of middle points of chords of 
parabola subtending a right 
angle at the vertex, 196. 
of orthocentre, given base and 
vertical angle, 99. 
of point whence sum of tangents 
to two circles is given, 239. 
of point the area of whose pedal 
triangle is given, 135, 297. 
of point whence tangents to conic 
contain a given angle, 184, 
520. 

of point, fixed in line of given 
length sliding between two 
fixed rectangular lines, 205, 
213. 

of point whence tangents to 
two confocals are at right 
angles, 225. 

of point whose pedal i angle has 
a constant Brocard angle, 300. 
of point where parallel chords of 
a conic are cut in a given 
ratio, 355. 

of point whose polars with re¬ 
spect to three conics are con¬ 
current, 502. 

of point whence tangents to three 
conics form a pencil in invo¬ 
lution, 507. 
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Locus of point -whose polars with re¬ 
spect to two circles meet on a 
given line, 526. 

of point the chord of contact of 
tangents from which to a given 
circle subtends a right angle 
at a given point, 104. 
of points of contact of parallel 
tangents to a system of con- 
focal ellipses, 236. 
of points having the same eccen¬ 
tric angle on a system of con- 
focal ellipses, 236. 
of points the sum of the squares 
of the sides of whose pedal 
triangles is given, 300. 
of points on a system of confoeal 
conics, the osculating circle at 
which passes through a focus, 
331. 

of points whence tangents to two 
conics form an harmonic pencil, 
370, 477. 

of pole of a chord of a conic sub¬ 
tending a right angle at a given 
point, 195, 277. 

of pole of line with respect to a 
confoeal system, 235. 
of polo of normals to ellipse, 241. 
of pole of chord of equilateral 
hyperbola such that the oscu¬ 
lating circle at cne extremity 
passes through the other, 284. 
of polo of variable chord passing 
through a given point, 341. 
of pole of line with respect to an 
in conic satisfying any con¬ 
dition, 339. 

of symmedian point, given base 
and vertical angle, 331. 
of symmedian point, given base 
and area, 525. 

of vertex, given base and vertical 
angle, 99. 

of vertex, given base and sum of 
sides, or product of tangents of 
base angles, 204. 
of vertex, given base and differ¬ 
ence of sides, or difference of 
base angles, 252. 
of vertex of a given triangle 
whose two other angular points 
move on two fixed lines, 213. 


Locus of vertex, given base a 
Broeard angle, 423. 
of vertex of all right cones out 
which a given ellipse can 
cut, 367. 

of vertex of a triangle circui 
scribed to one conic, two 
whose angular points move 
another conic, 486. 
of vertex of triangle self-conj 
gate with respect to one con 
two of whose vertices lie 
another conic, 527- 
of vertex of a circnm. polygon 
a conic when all the other v< 
tices move on confoeal coni 
324. 

of vertex of a variable triam 
whose sides pass through fh 
points, and v'hose base ang 
move on fixed lines, 376. 

Lucas, 283, 304, 306. 

Maelaurin’s method of generati 
conics, 376. 

Malet, J. C., 471. 

Malet’s theorem, 317- 

Mannheim, 211, 220. 

Mandart, 461, 544. 

Mathesis, 306, 429, 441. 

Mathieu, 68. 

M‘Cay, 96, 247, 332, 403, 404, 4 
447, 459, 525. 

M c Cay’s extension of FeurbaeWs tb 
rem, 329. 

M‘Cullagh, 242, 243, 324, 362. 

Minors, 52. 

Modulus, 24, 137. 

Modular quadrangle, 

Negative, 1, 5. 

Neuberg, 28, 29, 50, 90, 91, 93, 
143, 144, 150, 198, 200, 2 
300, 301, 302, 303, 314, 3 
360, 361, 363, 367, 398, 4 
401, 404, 423, 429, 441, 4 
460, 461, 519, 531, 533, 5 
537, 538, 539, 540, 543, 5 

Neuberg and G-ob, 458, 459. 

Neuberg and Schoute, 300, 537, 5 

Newton’s theorem, 167. 

method of generating conics, 2 
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Newtonian of quadrilateral, 91. 

Nine-point circle, 125, 126, 144, 302, 
434, 435, 444, 445. 
conic, 171. 

Norm, 121, 122, 139. 

Normal, 184, 214, 262. 
sub, 1S4. 

polar equation of, 190, 237, 273. 

Normals, 

three can be drawn from any 
point to parabola, 184. 
four can be drawn to ellipse or 
hyperbola, 216, 264. 
feet of, from any point to parabola 
lie on circle, 1S5. 
feet of, to ellipse or hyperbola lie 
on hyperbola, 216, 264. 

Number of conditions to determine a 
conic, 170. 

of independent invariants, &c., of 
two conics, 517. 


Ordinates, 4. 

Origin, 1, 5. 

change of, 152. 

Orthocentre, 

co-ordinates of, 64, 66. 
of triangle formed by three tan¬ 
gents to a parabola, 172. 
of triangle is a point on directrix, 
178. 

lies on circumscribing equilateral 
hyperbola, 290. 
join of to centroid, 67, 77. 

Orthogonal 

system of circles, 107, 109, 110, 
117, 118. 

conics, 495, 497, 499, 501, 502. 
invariant of two conics, 495. 
projection of circle, 206. 

Orthologique triangles, 50. 

Osculation, 309, 471. 
chord of, 313. 

four chords of through any point 
in plane of conic, 314. 
hyper, 318, 321. 

Osculating circle, 1S5, 309, 310. 

circles, six of given conic can he 
described to cut a given circle 
orthogonally, 316 ; and their 
centres lie on a conic, 317. 
conic of a given circumconic, 310. 


Pascal’s theorem, 145, 328. 

theorem proved by projection, 
354. 

theorem, reciprocal of, 385. 

Parabola, 154, 157-160, 169, 173- 

200 . 

referred to any diameter and 
tangent, IS2. 
axis of, 158, 159. 
centre of, 154. 
directrix of, 164. 
co-ordinates of origin in, 1(50. 
even*, touches line at infinity, 
308. 

is first negative pedal of right 
line, ITS. 

a tangential equation of, 198. 
parameter of, 115, 1G0, 203. 
polar equation of, focus being 
pole, 189. 

pedal of, with respect to focus, 
178. 

subnormal in constant, 184. 
Purser's, 220. 

JHepert's , 458. 

Parabolae, 

Artzt's , 441, 4S3. 

Artzt's directrices of, 442. 
Procard, 439. 

Pedals, positive and negative, 177, 
221, 266, 416. 

Pedal and antipedal triangles, 296. 

Pedal and antipedal triangles, area 
of, 297. 

Pencil, of conics, 463. 

of lines when harmonic, 59. 

Pencils, inversely equal, 2S8 

Perpendicular, length of from point 
to line, 37, 73. 

Perpendiculars of triangle are con¬ 
current, 62. 

Perspective, 

triangles in, axis and centre of, 
72. 

axis of, is trilinear polar of centre 
of, 130. 

triangles in multiple, 82. 
triangle of reference and that 
formed by tangents tc cir¬ 
cumconic at vertices are in, 
129. 

Plucker, 540. 

Pohlke, 205. 
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Point, 

director, 399. 
power of, 37. 

Steiner’s , 133. 

Tarry's , 446, 452. 

Points, 

co-ordinates of a few important, 
64, 66. 
adjoint, 399. 

Brocard , 64. 

complimentary and anticompli- 
mentary, 81. 
conjugate, 106. 
cyclic, 75, 88. 
diagonal, 71. 

distance between two, 6, 78. 
double, 2S5, 376, 393. 
double, found geometrically, 377. 
harmonic system of, 56. 
invariable, 397. 
inverse, 105. 
isobaryc group of, 85. 
isodynamic, 303. 
limiting, of coaxal system, 115. 
Nagel’s and Gcrgonne , 95, 133, 
394, 409, 461. 
symmedian, 407, 438, 456. 
twin, 292. 

twin, are isogonal conjugates of 
inverse points with respect to 
circle, 293. 

W'hich correspond to infinity, 373. 
Polar co-ordinates, 17. 

Pole and polar trilinear, 68. 

Pole and polar of circle, 105. 

Poles and Polars, 163. 

Pole normal, 218. 

Polar reciprocal of curve, 228. 

reciprocal of one conic with re¬ 
spect to another, 480. 

Poncelet, 221, 484, 539. 

Positive, 5. 

Projection, 3, 349. 

orthogonal of circle, 206. 
of a system of concentric circles, 
351. 

of a system of coaxal circles, 352. 
orthogonal, 358. 

Projective properties, 351. 
rows, 371. 
pencils, 374. 

Ptolemy’s theorem, extension of, 
329. 


Purser, F.R.P.I., 248, 249, 331, 
357. 

Purser, F.T.C.D., 199, 200, 220, 315, 
331, 526, 533. 

Purser’s parabola, 220. 

Quadrilateral complete, 69. 

complete, each diagonal of divided 
harmonically by other two. 
70 . 

harmonically middle points of 
three diagonals collinear, 43. 
harmonically diagonal points and 
triangle of, 69. 

harmonically Newtonian of, 91. 
standard, 70. 

Quadrangle complete and standard, 
69, 70. 

pencil of, 391. 

Quadrangles, metapolar and metapole 
of, 392. 
modular, 397. 

Radius vector, 17. 

of circle given hy general equa¬ 
tion, 97- 

of circle of coaxal system, 115. 
of curvature, 1S5, 186, 216, 264, 
313. 

of curvature of conic at origin, 
310. 

Eadical axis and centre, 115, 117. 

Ratio of section, 55. 

Reciprocal polars, 384. 

polars, some theorems proved by, 
385. 

Reciprocation, centre of, 3S6. 

centre of, that polar reciprocal of 
a given triangle may bo similar 
to another triangle, 388. 

Reduction of general equation of line 
to standard form, 35. 
of conic to centre, 155. 

Relation between area of triangle, 
lengths of its sides, and normal 
co-ordinates of any point in 
its plane, 62. 

between normal co-ordinates of 
isogonal conjugate points, 63. 
between normal and barycentric 
co-ordinates of a point, 65. 
between barycentric co-ordinates 
of isotomic points, 65. 
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Relation identical connecting any fonr 
lines no three of which are 
concurrent, 70. 

between coefficients of general 
equation when it represents a 
circle, 134. 

between eccentric angles of two 
points whose join passes through 
focus, 222, 277. 

between tripolar and normal co¬ 
ordinates, 303. 

between Brocard and Steiner 
angles, 459. 

Relations, three special, which a tri¬ 
angle can have with respect to 
a conic, 46S. 

identical, 513. 

Ritchie, 190, 191. 

Roberts, R.A., 196, 197, 246, 283, 
318, 332. 

Roberts, M., 236. 

Rule of signs, 1. 


Salmon, 68,70,321,333,344, 371,465, 
473, 477, 479, 487, 530, 532. 

Schooten, 213. 

Schoute, circles, 300, 403. 

Schroeter, 535. 

Self-conjugate or autopolar triangle, 
337, 468, 491. 

Serret, P., 522. 

Similar conics, 326. 

conics h ave equal eccentricity, 327. 
rows, 373. 

Similitude, 

centre and circle of, 118, 119. 
six centres of, for any three circles 
lie three by three on four right 
lines, 119. 

Simmons, 538. 

Smith, H. J. S., 475, 4S1. 

Sollertinsky, 542. 

Staudt, 114, 371, 477. 

Steiner, 17, 37, 50, 69, 147, 239, 315, 
329, 528. 

Stewart’s theorem (Sequel), 304. 

Sum of reciprocals of segments of 
focal chords of ellipse, 237. 
of eccentric angles of four con- 
cyclic points on conic, 241, 280. 
of squares of two conjugate semi¬ 
diameters of ellipse, 209. 


Sum of reciprocals of two chords of 
ellipse at right angles and 
touching confocal, 248. 

Supplemental chords, 213. 

Symmedian point, 63, 407, 413, 418. 
lines, 414, 440. 

Sylvester, 503. 

Tact invariant of two conics, 469. 

Tangent, 161. 

to circle, 101, 130, 134. 
to conic, 161. 
at infinity, 166. 

to nine-points circle at point of 
contact with incircle, 126. 
sub, bisected at vertex in parabola, 
177. 

Tangential circles, a system of, 120. 
equations, 161, 335. 
equation of all conics confocal 
with a given one, 312, oil. 
equation of circle referred to two 
tangents and chord of contact, 
344. 

equation of circle, given radius 
and centre, 143. 

equation of circle circumscribed 
to triangle of reference, 138. 
equation of circle inscribed in 
triangle of reference, 140. 
equation of conic, 161, 344. 
equation of conic having triangle 
of reference as self-conjugate 
triangle, 341. 

equation of conic given a focus 
and circum triangle, 390. 
equation of hyperbola, 261. 
equation of cyclic points, 75, 508. 
equation of centre of conic, 344. 
equation of parabola, 19S. 
equation of four points common 
to two conics, 489. 
equation of envelope of line cut 
in involution by three conics, 
505. 

pencil and net of conics, 463. 

Tarry, 395, 397, 418. 

Tesch, 538. 

Townsend, 218, 325, 345, 376, 381. 

Transformation of co-ordinates, 
harmonic, of triangle, 298. 
harmonic, area of, 299. 
isogonal, 428. 
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Transformation of co-ordinates , 
determinant of, 462. 
of general conic, 152, 155. 

Triangle, diagonal, 69. 

KieperCs, 443. 
of similitude, 395. 
invariable, 397. 

Triangles, annex, 399. [46S, 491. 

autopolar or self-conjugate, 337, 
circimi. vertices of two lie on a 
conic, 3S6. 

formed by three points and tlicir' 
three polars with respect to any 
conic are in perspective, 340. 
inscribed sides of touch a conic, 
3S6. 

first and second, of Brocard , 422. 


Triangles, Lionnct's , 389, 401 403 
404. * * 

orthologique, 50. 

' pedal and antipodal, 29G. 

Tucker, 441. 


Value of k so that S + 7cS f = o 3nft y 
bo^an equilateral hyperbola, 

Variables, 31. 
complex, 21. 


Whewell, 177. 
Wright, 149. 
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